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Abstract

We develop Gaussian approximations for high-dimensional vectors formed by second-order
U and V-statistics whose kernels depend on sample size under independent but not identically
distributed (i.n.i.d.) sampling. Our results hold irrespective of which component of the Hoeffding
decomposition is dominant, thereby covering both non-degenerate and degenerate regimes as
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U- and V -statistics and two-sample U- and V -statistics as special cases, which cover estimators of
parameters in regression models with many covariates, many-weak instruments as well as a broad
class of smoothed two-sample tests, to name but a few. In addition, we extend sharp maximal
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may be of independent interest.
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1 Introduction

In modern applications, the number of target parameters of statistical inference can be large and
one might wish to conduct simultaneous inference on such high-dimensional parameters, as noted
by many authors (e.g. Belloni et al., 2018; Chernozhukov et al., 2022, 2023). For example, such
situations arise when there are many outcomes, groups or time points (or combination thereof), and
parameters are estimated for each outcome, group, and time point (Belloni et al., 2018, Section
1.1); when economic theory implies a large number of testable conditions (e.g. Chernozhukov et al.,
2019); or when one seeks to conduct uniform inference over some parameters for the purpose of
adaptive inference (Horowitz and Spokoiny, 2001), sensitivity analysis/robustness check Armstrong
and Kolesar (2018) or post-selection inference Kuchibhotla et al. (2022).

As auseful tool for such problems, Chernozhukov et al. (2013) established Gaussian approximation
for the sum of high-dimensional independent random vectors. Notably, their approximation is valid
even when the dimension p is much larger than the sample size n and does not restrict correlations of
the coordinates of the random vectors. Since then, many authors have extended the remarkable result
to several directions including U-statistics type statistics (Chen, 2018; Chen and Kato, 2019, 2020;
Song et al., 2019, 2023; Cheng et al., 2022; Chiang et al., 2023; Koike, 2023; Imai and Koike, 2025).
Among them, the most closely related work to ours is Imai and Koike (2025). In Imai and Koike
(2025), they provide Gaussian approximations for high-dimensional with size-dependent kernels under
1.1.d. sampling. The point of their results is that the approximations remain valid regardless of which
term in the Hoeffding decomposition is dominant and even in the case such dominant component is
absent.

In this study, we establish Gaussian approximations for high-dimensional second-order U and
V -statistics with kernel functions which depend on sample size under independent but not identically
distributed (i.n.i.d.) sampling. Our bounds on Gaussian approximation errors are analytical and
explicitly express the dependence on the dimension p and remain valid regardless of whether the first-
or second-order Hoeffding component dominates or such dominant component does not exist. As
special cases, we allow non-degenerate cases and degenerate cases with known degrees.

At first glance, the results in this paper appear to be straightforward extensions of the Gaussian
approximation results for high-dimensional U-statistics under the i.i.d. setting by Imai and Koike
(2025) to the i.n.i.d. setting. However, allowing i.n.i.d. observations substantially enlarges the class
of applications. First, the extension enables us to directly handles settings where each observation
can have its own distribution. Second and more importantly, the resulting U-statistics have important
subclasses such as weighted U-statistics and two-sample U-statistics, etc (See Section 4).

Two-sample U-statistics typically appears as test statistics for the equivalence of parameters or
underlying distributions across two samples, and for related problems; for example, our consid-

ered class of U-statistics covers the smoothed version of classical statistics for two sample problem



such as Mann—Whitney and Cramér-von-Mises type statistics and their extensions. Among them, in
Section 4.2, we consider a maximum mean discrepancy (MMD) based nonparametric adaptive ho-
mogeneity test (Gretton et al., 2012) which concerns whether two independent samples come from a
common population as an application of our Gaussian approximation for high-dimensional U-statistics
with size-dependent kernels. The high dimensionality in this application is induced by adaptation; In
the framework of adaptive tests, we construct test statistic uniformly in smoothness over some function
space, because smoothness of some functions associated with data generating processes are typically
unknown (cf. Chetverikov et al., 2021; Imai and Koike, 2025). In our application in Section 4.2,
the resulting test statistic is defined as maximum of single test statistic over the space of bandwidths
whose cardinal diverges to infinity as the sample size grows.

In the recent econometrics and statistics, the high-dimensional covariates and many-weak instru-
mental variables (IVs) settings are commonplace and second-order weighted V' and U-statistics play
an important role in such settings. We first explain the motivation for using many covariates. As
noted by (Cattaneo et al., 2018a, Section 1), one of the motivations using many covariates is to make
unconfundedness assumption more credible by conditioning on a rich set of controls (potentially
including interactions or/and non-linear functional of covariates and fixed effects) in observational
studies. Another motivation is efficiency gain in randomized controlled trials (Imbens and Rubin,
2015, Section 7) and the theoretical analysis have been conducted under high-dimensional covariates
settings Lei and Ding (2021); Chiang et al. (2025). We next document that many-weak I'Vs situations
frequently occur in practice. In terms of the strength of IVs, Andrews et al. (2019) and Lee et al. (2022)
document that a nontrivial share of papers in American Economic Review report F'-statistics below
the conventional threshold of 10 and conclude that weak instruments are frequently encountered in
practice. Also, many-IV situations frequently arise in application, for example, Quarter-of-Birth in the
famous paper Angrist and Krueger (1991), Hausman IVs (Berry et al., 1995; Nevo, 2001), judge IVs
(Kling, 2006; Dahl et al., 2014; Dobbie et al., 2018; Mikusheva and Sun, 2022; Frandsen et al., 2023),
Bartik IVs (Adao et al., 2019; Goldsmith-Pinkham et al., 2020; Borusyak et al., 2022, 2025), wind
direction IVs (Deryugina et al., 2019; Bondy et al., 2020), granular IVs (Gabaix and Koijen, 2024)
and Mendelian randomization (Davies et al., 2015) etc. Motivated by such surroundings, as concrete
examples of application of weighted V' and U-statistics, we consider the many-weak IVs asymptotics
by Chao et al. (2012) and the many covariate asymptotics by Cattaneo et al. (2018a) (also closely
related to Cattaneo et al., 2018b; Jochmans, 2022), respectively. In this framework, the estimators of
parameters of interest have second-order V' and U-statistic forms and whether the linear term or the
quadratic term is dominant depends on the assumption. In particular, in the many-weak IV asymp-
totics, it depends on the ratio of I'Vs to the dimension of IVs. Also, in the many-covariate asymptotics
by Cattaneo et al. (2018a), the ratio of the number of covariates to the sample size. One advantage
of these asymptotic frameworks is that the required restrictions on these ratios are relaxed relative to

classical asymptotic regime. In addition, Cattaneo et al. (2024) show that Gaussian approximations



is more accurate in the case of density weighted average derivatives estimators (Powell et al., 1989)
under an asymptotic framework called small bandwidth asymptotics (Cattaneo et al., 2014), whose
mathematical structure is shared by many-covariate and many-weak IV asymptotics (Cattaneo et al.,
2018a, Section 2.1-2.2 and Cattaneo et al., 2024, Section 5), we expect comparable improvements. In
Section 4.1, we suppose that the high-dimensionality comes from a large number of outcomes groups
and/or moment conditions, etc following (Belloni et al., 2018, Section 1).

On the technical side, we strongly rely on technical lemmas and the proof of Theorem 2 in Imai
and Koike (2025). In particular, we directly utilize their high-dimensional central limit theorem
via exchangeable pairs (Imai and Koike, 2025, Theorem 6) as the starting point for our analysis of
Gaussian approximation error. However, in evaluating the Gaussian approximation error, Imai and
Koike (2025) make substantial use of auxiliary results by Dobler and Peccati (2019) and several lemmas
they develop, some of which can be applied only in the i.i.d. setting. Accordingly, we reconstruct parts
of the argument and several auxiliary lemmas tailored to the i.n.i.d. setting. In the i.n.i.d. case, the
underlying probability measures are not common across observations and this loss of common measure
symmetry makes the multi-index summations and o-field conditioning substantially more delicate for
the analysis of U-statistics. Among these, the most important technical contribution is an extension of
the maximal inequalities for U-statistics with size dependent kernel (Imai and Koike, 2025, Theorem
7 and 8) to the i.n.i.d. setting. We state these results as Theorem 2 and Theorem 3 and they may be of
independent interest beyond our application. Nevertheless, as noted above, several technical lemmas
due to Imai and Koike (2025) still play an important role. In particular, we can directly use their
maximal inequalities for high-dimensional nonnegative adapted sequences and for high-dimensional
martingales (Imai and Koike, 2025, Lemma 1 and 2), with due care in the construction of the filtration,

to retain the Gaussian-approximation error bounds as sharp as in the i.i.d. case.

Organization: The rest of the paper is organized as follows. Sections 2 and 3 introduce the formal
setup and state the main theoretical results, respectively. Section 4 discusses several concrete examples
of potential applications. Section A presents the two key building blocks of the proofs of main results,

and the proofs of main results are in Section B. In Section C, we prove the auxiliary results.

Notations: For a positive integer m, we write [m] := {1, ..., m}. Wealsoset [0] := () by convention.
Given a vector x € RP, its j-th component is denoted by z;. Also, we set |z| := ;’:1 :c? and

|%||oo := maxcp) |2;|. Given a p X ¢ matrix A, its (7, k)-th entry is denoted by Aj,. Also, we set
| Alloo 1= max;cp) kelq |4jk|- R, denotes the set of all rectangles in R”. For a normed space X, its
norm is denoted by || - [|x. We interpret max () as 0 unless otherwise stated. For two random variables
¢ and n, we write £ < norn 2 & if there exists a universal constant C' > 0 such that £ < C'n. Given
parameters 0y, ..., 0,,,, we use Cy, 4, to denote positive constants, which depend only on 6, ..., 6,

and may be different in different expressions.



2 Notation and Setting

Given a probability space (2, A, P), let X, ..., X, be independent random variables taking values
in respective measurable spaces (51, S1), . .., (Sn, S,). Write P; for the marginal distribution of X;.
77777 [, Si. = R is symmetric if

Vi) Tirs - i) = Vi 1),io o) (o (1) -+ 5 To(r)) for all (wl, cooxy) €L, Si,and o € S,,
where S, is the symmetric group of degree . To lighten notation we write 1) (X;,, ..., X; ) or ¢,

For r > 1 and each (iy,...,%,), we say that a function v;,

for 1, ,..i.) (X4, ..., Xi,) whenever no confusion can arise. Let 1 = {w (ir ZT)}(zl e be a

..........

family of ®_,S;,-measurable symmetric functions 1);,

.....

U -statistics is defined as follows

1
R@)= Y X)) = Y U X)),
1<ii <—<ir<n (i1.yiv)EDn
where I, = {(i1,...,%) : 1 < dy,...,i, < n, i5s # i, foralls # t}. We define a function
— Pt 11, Si; > Ras

r—S8

Hpkl 11, . X ) = /Qﬁ(X“, e ,Xl-s7a;k1, PN ,ilj'kr_s) Hdpkl(‘rkl)
1=1
For a kernel v, . ;) with Hz L Py, = 0, we say Y, 4, 18 degenerate if P, i)
0 for every 1 <[ <r. Foreach (iy,...,1), define K, ,_s(i1,...,0s) = {1 < ki,.... ks <mk #
ky, foralll # mand k; ¢ {iy,...,is}foralll <1 < r — s}. Then, for 1 < s < r, Hoeffding
projections are defined as follows

T (irniin) ¥ (Xiy s - - -5 Xi,)

1
Jr(¢> - ]E[JT(lp)] = Z ; Z 7Ts,(i1 ..... zs)w( Q19 e Xzs>
s=1 " (i

Notations for Second-Order U-statistics: In this paper, we focus on Gaussian approximation in
the case of r = 2, though some technical results for higher-order U-statistics are required. For reader’s
convenience, we restate, in the case of r = 2, some definitions introduced above. First, the second

order U-statistics is given by

B = Y XX =g Y e(X X,

1<i1<i9<n (i1,92)€In 2



Then, for s = {1, 2}, Hoeffding projections are defined as follows

ma(Xi) =Y (0, = P) Put (X, Xom),
" )
7T2,imw(Xi> Xm) = (5XZ - Pl)(éXm - Pm)w(X“ Xm)

Finally, Hoeffding decomposition of .J5()) is

) = ELLW)] = S ma(X) +5 Y mamt (X X,

(ivm)elnﬂ

3 Main Results

In this section, we provide main results, that is, Gaussian Approximation for high-dimensional second-
order U-statistics and V -statistics with size dependent kernels. We prove theorems in this section in
Section B.

3.1 Gaussian Approximation for High-dimensional U -statistics

Let p be a positive integer. We assume p > 3 so thatlogp > 1. Forevery j € [p|, we consider a family
of kernels ¥; = {1} i.m) : Si X Sm = R} (im)e I..»» Which are §; ® §,,-measurable, symmetric, and
satisfy 1 ;.m) € L*(P, ® P,,) for all (i,m) € I,,». We suppress (¢,m) in ¢; ¢ m)(;, ) When no

confusion can arise and simply write ©;(z;, Z,,). Also, 0; = \/Var|Jy(1;)] > 0. Define

W= (1) = E[L(91)]- .., Ja(th,) — E[L(,)])

Our main result is an explicit error bound on the normal approximation of P(W &€ A) uniformly over

A € R,. To state the result concisely, we introduce some notation. Set

1
AO 2 [72,imt) i Toutellr2Pasn)
1 =N AmaX max y
(4,k)€lp)? (i,m,l)€[n)? ;0%

m,l#i

171,085 *F T2 im W || 2P

Y

Agl) =n*? max max
(4,k)€E[p]? (i;m)Eln 2 00k

where we define 7 ;1) *% 772,il¢k(Xma Xl) = f 7T2,im¢j(37i, Xm)ﬂz,iz%ﬁk(l“i, Xz)dpi(ﬂii) and 7y ;1; *%
To,im WUk (X)) = [ 71,05 (2:) T2 im Vs (i, Xy )dPy(;), and

x| 1T iilliamy @0y 4 iyl
A5 (1) = nmaxmax —————, Ay (1) = n"/ | max max ——— logp
Jj€lp] i€n] 0 Jj€lp] i€[n] 0; La(P)
and
||772 imwj“%ﬁl P,@P ||Pm(|7T2 zm¢]|2)||%2
AM(2) = n? max max — FiOPm) 163 - AP(2) == nPmax max :
2(2) i€lp] i€n] oy 8 £a.2) j€lp] (im)eln 2 o}

J J

(P;) 10g2p7



P b )A(X
A§32(2) =nkE [max max m(m2,im¥;)"( z)} log4p,

j€lp] (im)€ln 2 o}
A2q(2> =nY%|lmax max =7 log (np),
’ j€lp] (im)eln2  0j La(P)
Po(|maimth; ) ||
A®) (9) = p2+4/a mAT2im T log®(np).
a(2) = e max = e o)

J La/2(P)

Then, the error bound on the normal approximation is explicitly given as follows. The following
Gaussian approximation is an extension of Theorem 2 in Imai and Koike (2025) and is valid regardless
of whether the first- or second-order Hoeffding component is dominant or neither is as long as the

approximation error bound converges to 0 as n — oo.

Theorem 1. There exists a universal constant C such that

sup [PV € 4) ~ P(Z € ) < C (VAT + {(Bay(1) + Ay 1o"p} ) . @)

where Z ~ N(0, Cov(W)) and

3
Nog(1) = ASJN) + APN(1),  Agg(2) =Y AN+ all2),

/=1 (=4
mWs 1/4
Ag — A:(lo) 10g3p + Agl) 10g5/2p + n1/2 ma[)p}}( ma[){} Hﬂ'l, wﬂ HLQ(Pm) (Ag5i<2) logg p> )
J€[p] mE[n 0;j ’

As noted by Imai and Koike (2025), it is often easy to evaluate the quantities in terms of kernel
functions rather than those of Hoeffding projections, in application. The following corollary is an

extension of Corollary 2 in Imai and Koike (2025) and is useful for the purpose.

Corollary 1. Under the assumption of Theorem I, there exists a universal constant C' such that

sup [P(W e A)—P(Z e A)| < C (\/EH {(Az,qu) +As4(2) log5p}1/4) ,

A€ER,

where

3 5
Agy(1) = A1) + ADN1), Agy(2) =Y Al@2)+ Y Al (2),
(=4

(=1

~ X Y V Pm j Xi; Xm X 1/4

Al = Ago) log® p + Agl) log®? p 4+ n*?max max v Var[Prns( ) (AQ(Z) log? p> :
JElp] (i,m)ElL, 2 0; ’

with

1

~ 1, (2,m *i % m

Aﬁo) =n? max  max 15 6m) %1 Vi 2 ®PZ),
(5,k)€[p]? (i,m,lgi[n}s 00k




Agl) = n*?max max \/V&r[mej<Xi’Xm)] \/ATIO),

JEP] (Gm)El, 2 of

where we define 1 ; m) * V(1) (Xims X0) f% T3, X ) U5, X;)dPy(x;), and

~ Pm¢ i,m 7 A ~ Pm j,(1,m !

Agll(l) =n"max max H 2 ’4)“L4(Pl), Ag(l) = n*™7 lmax  max m log p,
J€lp] (i;m)€ln 2 o JElp] (i;m)€ln,2 0j La(P)

and

~ ¢ j,(2,m ; ) ~ P ¢ i,m)

Agli(Q) =n’max max s )HT(P@P’”) log® p, Ag@) =n’max max 1 (195 Pz log D,
J€lp] (i;m)€ln 2 0; J€lp] (i;m)€ln 2 0

A Pm j,(i,m 4 XZ x i (im 4

A;s*(2) =nkE [max max (%,(47 ) q log* p, Ag};(Z) = nt/ max max —W}j’(’ ) log®(np),

J€lp] (i,;m)€ln 2 O—jwj Jj€[p] (¢,m)ElL 2 0; La(P)

2

P (105,6,m)|?)

max Imax 2

JElp] (i,m)Eln 2 O'j

AJy(2) =n2tn log (np).

La/2(P)

3.2 Gaussian Approximation for High-dimensional 1/ -statistics

In applications, we often need to handle not only U-statistics but also V' -statistics. Once Theorem 1
is established, the Gaussian approximation for the second-order high-dimensional V -statistic with
size-dependent kernels follows immediately. To facilitate applications, we state it explicitly as a
corollary.

Before stating the corollary, we introduce notations used below. We write the second order
V-statistics as Jy (1p).

=303 X

i1=110=1

For s = {1, 2}, Hoeftding projections are defined as follows

1
}/z (X) = 2<5 XlaX + Z z mw<XZ7X )

WQ,imw(Xi, Xm) = (5X1- - Pi)(éXm - Pm)¢(Xi, Xm)-

Then, Hoeffding decomposition of Jy (1) is

- 1
Jy () —E[L) (¥)] = ZWY,W(XD +t3 Z T2,im W (Xi, Xim).
i=1 (i,m)€1n,2
Then, the error bound on the normal approximation is explicitly given as follows. As in the case
of U-statistics, the following Gaussian approximations are valid regardless of whether the first- or
second-order Hoeffding component is dominant or neither is as long as the approximation error bound

converges to 0 as n — oo.



Corollary 2. There exists a universal constant C' such that

sup [PV € 4) — B(Z € 4)] < € (VIR + {(A5, () + 20, 10g"p} ) . )

where

AY (1) = (AIDY (@) + (ATHV (1),

g ; 1/4
(A = A(10) log® p + (AP)V log®? p + n'/? max max Il (Aﬂ(z) log? p) ,

J€[p] meln] of
with
(A(1)>v — 13? max  max ||7T¥,i¢j *} 7T2,im1/1kHL2(Pm)
' (Gh)EI? (im)ely » 0% ’
and
(Aéli)v(]-) — n5 MAax max H 1, ‘7[|1|L4(Pz)7 (AgQ;)V(l) — n4/q max max ’ 1,7,1/}]’ 1ng
; Jj€lp] i€n] o; ’ j€lpl €] 0 L)

Proof. Replacing m1; in quantities associated with Theorem 1 with 7} ¢); completes the proof. [

To facilitate applications, we formulate an analogue of our result expressed solely through bounds

on quantities in terms of kernel functions, for the V -statistic case as well.

Corollary 3. There exists a universal constant C' such that

sup [P(WY € A) —P(Z € A)| < C( (AN + {(A;fq(l) N AQ,q(Q))IOgSp}1/4) |

AER,,

where

AY.(1) = (AY)V (1) + (ADH" (1),

A/ (0) A 1/2 171 sl 2(p) (5) 9 /4
(ADY = AV log® p + (A ) log®? p + n*/? max max Ay (2)1log”p)
jlp] meln] o; ’
with
(Agl))v =n%?max max \/Var [Prn0j, (i,m) (Xi)] A(O)
Jj€[p] (i,m)€El, 2
+ n'/? max max \/Var (05,6, (X5, X5)] A(O),
jE€lp] i€n]
and
X /lp 'Lm /l/} 'L'L
(Agll)v(l) ‘= n’max max —H 2 HL4(P) + nmax max s HT(P(@P),
’ JEIP] (i;m)Eln 2 aj j€lp] i€n] o;
ANV 444 |¢j(im)| ! 4 W}j(ii)‘ !
(Ay )V (1) =n"" /4 |lmax max —200 log p + n*/? || max max —2-= log p.
’ JEp) (im)€Elns O La(P) jelpl i€l 05 || e

9



4 Special Cases and Potential Applications

U-statistics constructed from i.n.i.d. observations admit several subclasses of practical importance.
In what follows, describe these subclasses in the second-order case. Alongside this discussion, we

present concrete application examples rather than provide full technical proofs.

4.1 Weighted U -statistics

Suppose we have an i.i.d. sample X = (X;)", and a non-random or i.i.d. sample (independent of
X) (W(i,m))im)er,.- Then, the second-order weighted U-statistics Z(i’m)em Wi,m)P(Xi, Xon) 18
exactly our defined U-statistics associated with ;) (Xi, Xm) = wm@(Xs, Xin), Where ¢ is an
index-independent kernel in the sense that ¢ does not depend on (i, m). See also (Dobler and Peccati,
2017, pp. 7) for this point.

As an application of high-dimensional weighted U-statistics, we consider designs where the
target parameter becomes high-dimensional due to a large number of outcomes, groups and moment
conditions, etc. In the case of a single sum of independent variables, Belloni et al. (2018) consider
these problems as application of high-dimensional central limit theorems and name the framework
“many approximating mean (MAM)” framework. In the U-statistics counterparts of this framework,
we consider (i) many-weak instrumental variables asymptotics by Chao et al. (2012) and (ii) many
covariates asymptotics by Cattaneo et al. (2018a) for the partially linear models (also closely related
to Cattaneo et al., 2018b and Jochmans, 2022).

Example 1 (Many-Weak Instrumental Variables Asymptotics in MAM framework). Chao et al. (2012)
proposed an asymptotic framework for instrumental variable models which is robustly valid under a
wide range of identification strength of instrumental variables. Our Gaussian approximation can be
used to extend the asymptotic theory of Chao et al. (2012) within MAM framework.

Suppose the following instrumental variable model for each j € [p].

-
Y;j = XUGJ- + uij,
T
Xij = Vo2 + gy Bluy | Ziy] =0, Eley; | Zy] = 0.
where Y;; is scalar dependent variable, u;; and €;; are scalar and d;-dimensional error terms respec-
tively, X;; is a d;-dimensional vector of explanatory variable, Z;; is a K, j-dimensional vector of

instrumental variables and §; € R% and ~,, ; € R%" are non-random coeflicients. For the coeflicient

Vn,j» W€ assume that

1

Vnj = %Mn,jﬂj (5)

where /1, ; is a scalar n-dependent sequence and 7; is a (K, ; x d;)-dimensional matrix of constants.

10



In this paragraph, we consider the JIVE2 proposed by Angrist et al. (1999):

n—1 n T n—1 n
) J = (ZZX sz,]XT) ZZX sz]ija

i=1 m#i =1 m#i

where Py, ; is (i,m)-th element of the projection matrix P; == Z;(Z] Z;)~'Z]. We show that
én,j — 0; has a weighted U-statistic form which does not always have Hoeffding dominant component.
We assume \/_n] Ju? ; — 0asn — oo to ensure the consistency of an estimator defined latter. Since
Y = XTQ + u;j, it can be seen that

Onj = 0; + 1,15,

- — n—1 n —
where I, ; = ,unj. Yoy Zm#X Pm”X and S, ; = ,unE. Yo Zm# mjUmj.  Some
evaluations using our developed maximal inequality introduced later (Theorem 2) give

. B 1 “
On; —0; ~ Fné‘ A Z([ - Pii,j)<ZT j)uij + Z Z Pim,j <52Jumj + 5myuw> ;
Mn’]\/ﬁ i=1 ,] i=1 i<m
with T, j == £ 37" (1 — Py ;) (] Zi;)(w] Zij) " = O,(1). Note that the convergence rate of the first
term is O, (1/41,, ;) and of the second term is O, (/K ;/ 1 ;). Then, it can be seen that

Case (i) : K, ; is fixed and y,, ; = O(n'/?) <= the linear term is dominant,
Case (ii) : K, ; — oo and K, ;/u5 ; — K € (0,00) <= the linear term < the quadratic term,

Case (iii) : K,,; - oo and K, ;/ '“n,j — 00 <= the quadratic term is dominant.

These three cases are corresponding to (i) the ordinary instrumental variable regression model, (ii)
linear regression model with many instrumental variables, and (iii) linear regression model with many-
weak instrumental variables. In U-statistic terms, Case (i) corresponds to dominance of the linear
term, Case (ii) to absence of the dominant term and Case (iii) to dominance of the quadratic term.
Therefore, ém ; — 0, has a weighted U-statistic form which does not always have Hoeffding dominant
component.

Applying their Lemma A.2, Chao et al. (2012) established normal approximation of én,j for a fixed
J. Their approximation is valid for any of the three regimes above. We can use our high-dimensional
CLT (Theorem 1) to extend this result to the (d; x p)-dimensional joint vector 8, = (6,1, ... ,0n,)
with possibly diverging p. Notably, it accommodates heterogeneous regimes across coordinates, for

example, Case (i) holds for coordinate ;7 whereas Case (iii) holds for coordinate k.

Example 2 (Many Covariates Asymptotics in MAM framework). Cattaneo et al. (2018a) proposed
an asymptotic framework for the partially linear models with high-dimensional covariates. This

framework enable us to conduct inference based on asymptotic normality of estimators for parameters
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of interest even when the dimension of covariates to grow as fast as sample size. Our Gaussian
approximation can be used to extend the asymptotic theory by Cattaneo et al. (2018a) within MAM
framework.

Suppose we have an i.i.d. sample (Y}, X}, Z;) = (Yi;, X,

i Zi)iey (€ [p]) and consider the

following partially linear model

Yij = X358+ 9;(Ziy) + ey, Eley | Xij, Zij] = 0,

J

where Y;; is a scalar dependent variable, X;; and Z;; are d x;-dimensional and d 7, -dimensional random
vector. Let pg, ,(Z;) be a K,, j-dimensional vector of approximating functions, such as power series

and splines, and its definition is given by as follows
Px..,(Z) = [p1(Z), - ., (Z7)]
Also, let Py, ; be (n x K, ;) matrix whose i-th row of P, ; is pn;(Zi;), that is

PKn,j = [pKn] (le)7 ce 7pKn7j (Zn)]T

To describe estimator, define M; := I, — Pr, ;(Pyx, . Pk, ;)" Py, .. Then, the series based estimator

for (3 is given by

n n -1 5 n

= (3 00T, )33 M
i=1 m=1 i=1 m=1

where M;; ; is the (i, m)-th element of M/;.

Next, we show Bj — B; has a weighted U-statistic form whose Hoeffding dominant component
is absent. Since Y;; = X} 8; + g;(Zi;) + e, it holds that \/n(3; — B;) = I';1S,,;, where T',,; :=
NS Yot Mim Xy X gy and Sy o= V250 ST M Xij(95(Zing) +€m;)- To describe
the asymptotic representation of fn,j and S, j, we define h;(Z;;) = E[X;; | Z;;] and v;; = X;; —
hj(Zi;). Assume, for all j € [p], rank(Px, ;) = K, ;. In addition, assume that there is a positive
constant C' > 0 such that C' < M;; ; and for some ay ;, oy ; > 0 and there is a C' < oo such that

. —204,;
min K [9;(Zi;) — %ijxn,j(zz")m <CK,; ",
Yg,jERT I
. —2ay,
min K [||h;(Z;) — Pk, (Z;)|?] < CK, ;™"
xdx .

K
YhjER ™ j

for all j € [p|. Then, an evaluation using our developed maximal inequality (Theorem 2) gives

R 1 —
Fn,j ~ E Z Mii,j]E[UijU;; | ZU]
i=1

12



Also, Hoeffding decomposition of S,, ; is given by as follows.

1 n n
Snj = 7 Z > Min ;i Xij(9;(Zm;) + €mj) = Buj + W + Ruj + Unj,

i=1 j=1

with

1 n n 1 n
By = n Z > M ihi(Zi)9i(Zmi), Uy = NG ; Mi; jvijeis,

i=1 m=1

1 n n 1 n n
Ry j = 7n SN M (019 (Zimg) + hj(Zimg)eig), Unj = SN DD Min[vijem; + vmgess],
i=1 m=1 i=1 m#i
where @, ; is (7, m)-th element of the matrix PKnyj(P;anKnyj)*lP}(rnj. From some evaluations
using our developed maximal inequality (Theorem 2), we can see that B, ; and I?, ; are negligible.

Finally, we have the influential function:

1 n n
Spi =V, ;i +U,; = % Z Z M, jVij€m;-

i=1 m=1

In the fixed dimensional setting, Cattaneo et al. (2018a) apply Lemma A.2 of Chao et al. (2012)
and show the asymptotic normality which captures the uncertainty of both the linear term W,, and
the quadratic term U,,. Similarly to the case of many-weak IV asymptotics, we can use our high-
dimensional CLT (Corollary 2) to extend this result to the (dx,; X p)-dimensional joint vector B, =

(Bml, ey BA,W) with possibly diverging p.

4.2 Two-sample U -statistics

LetZ = {1,...,n} and J = {n + 11,...,n + m} be index sets for two independent samples
(X)iez & Pand (V));esr % Q. We write N == n + m. Define Z := (Z,)_, by Z, = X, for
1<a<nand Z, =Y, , forn < a < N, and set the marginals P, = P for a < n and P, = @ for
a > n, then Z is i.n.i.d.observation.

Let 1, 2,03 1 S x S — R be index-independent symmetric, possibly different kernels and for

(a,b) € Iy and some constants ¢y, ¢o, c3 € R, define

V(ap)(2zas 2) = c101(2a, 20)1{(a, b) € T}
+ c20a(2a, 2)1{(a,b) € T} + c3p3(2a, ) 1{(a € Z,b € T)U (a € T, b€ I)}.

Then, we can see that the two-sample U-statistic is exactly our defined second-order U-statistic
associated with 4 p).

As an application of high-dimensional two-sample U-statistics, we revisit theoretical analysis of
Li and Yuan (2024) on an adaptive kernel based homogeneity test, following Imai and Koike (2025)’s

theoretical analysis on an adaptive goodness-of-fit test.
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Example 3 (Adaptive Kernel Based Homogeneity Test). Z = {1,...,n}and J = {n+1,...,n+m}
be index sets for two independent samples (X;);cr "X P and (Y;)jeq "X © and define the densities
of P and Q as f and g, respectively. We define N := n + m and Z := (Z,)Y, by Z, = X, for
1<a<nand 7, =Y, , forn < a < N, and set the marginals P, = P fora < n and P, = () for
a > n, then Z is i.n.i.d.observation. We aim to test whether two independent sample X and Y come

from a common population or not. Namely, we consider the following hypothesis testing problem:
H()IP:Q, \B) Hlp%Q

Let K : R? — R be a bounded positive definite function. For every positive number & > 0, write
. 1 u

on(z,y) = Kp(x —y), with Kp(u) = WK (ﬁ) :

Lemma 6 in Gretton et al. (2012) give the following distance between P and Q);
MMD(PQ) = [ u(e.) (@)~ 9(a)}((0) ~ 9(0)bdndy,
R xR

which can be seen as the squared maximum mean discrepancy (MMD) between P and (), based on the
kernel oy, (cf. Eq(10) in Sriperumbudur et al. (2010)). In particular, MMD?(P||Q) = 0 if and only
if f = g a.e, provided that ¢, is a characteristic kernel in teh sense of (Sriperumbudur et al., 2010,
Definition 6). This suggests rejecting the null hypothesis when an estimator for MMD?(P||Q) = 0 is

large. As a sample analogue of MMD?(P||Q), Gretton et al. (2012) propose;
WiieTy 14 UiicT i UG eT
S wien(Z 7)) with wy = tujely WijeJy UHEeTjeJ)u(ied.jel}
n(n —1) m(m — 1) mn

(6,5)€IN,2

Recently, Li and Yuan (2024) have shown that the test based on the normalized version of this estimator
is minimax optimal against smooth alternatives if K is Gaussian kernel and / is chosen appropriately.
To be precise, denote by P, the set of probability density functions on R¢. Fix a constant R > 0.
Given a constant o > 0 and a sequence p,, of positive numbers tending to 0 as n — 0o, we associate

the sequence of alternatives as

Hi(pn; @) = 11,9 € Pa, [ fllme Vllgllae < B[ = gllL2gay 2 pn}-

In Theorem 5(@i) in Li and Yuan (2024), if we choose h < n~2/(4¢+d) the aforementioned test is
consistent for the alternative f, g € H,(p,; ) aslongas p,/p:(a) — oo, where p (o) = n~2e/(4a+d),
Moreover, Theorem 5(ii) in Li and Yuan (2024), liminf,, . p,/pk () < oo, there is no consistent
test against f, g € Hy(pn; ) for some significant level. To conduct the test without prior knowledge
on «, letting the family of kernels v, be ¢, = {wij¢h}(i7j)e Ino» L1 and Yuan (2024) considered
the maximum of J5(1)y,) over a range of h and showed that this test is adaptive to « > d/4 up to a
logarithmic factor; see Theorem 10 in Li and Yuan (2024). In the same way as Theorem 4 in Imai and
Koike (2025), we can refine the theory of Li and Yuan (2024) using our theory (cf. Remark 6 in Imai
and Koike, 2025).
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Appendix

A Auxiliary Results

A.1 High-dimensional CLT via generalized exchangeable pairs

Since Theorem 6 in Imai and Koike (2025) does not assume identical distributions of observations,

we can use the theorem even under i.n.i.d. setting. For convenience, we restate the theorem below.

Lemma 1 (Theorem 6 in Imai and Koike (2025)). Let (Y,Y") be an exchangeable pair of random
variables taking values in a measurable space (E,E). Let W : E — RP be E-measurable and
set W = W(Y), W := W(Y'), and D := W' — W. Suppose there exists an antisymmetric
E®%-measurable function G : E*> — RP (i.e. G(Y,Y’) = —G(Y",Y)) such that G := G(Y,Y") satisfies

E[G|Y]=—(W+ R) (6)

for some random vector R € RP. Let Y. be a p X p positive semidefinite symmetric matrix and write

0 = minjep) \/2Lj; > 0. Then there exists a universal constant C' > 0 such that for any € > 0,
sup |[P(W € A) —P(Z € A)|
AER,

¢ — € — €
< Z{ENR ) viogp + e E IVl (l0gp)* + = E[1¥] (log )" +=/logp}, ()

where Z ~ N(0,%) and 3 := e ' log p, and we define
, o1
R = R+E[Glypjssy | Y], Vo= SE[GD Lpjassyy [ V] -2,

e .= E| |G;DyD,D,,| 1 -3 | Y.
3555, ELIGs DeDi Dl Laotessy | Y]

A.2 Maximal Inequality

The following theorems are maximal inequalities for high-dimensional U-statistics based on i.n.1.d. ob-

servations.

777777777777

degenerate, symmetric kernels of order r > 1 for all (i1, ... ,i,) € I,,,. Then there exists a constant

C,. depending only on r such that

‘ J

J.(1;
rga[ﬁ! ()]

La(P)
r—Ss r+s

< (C.maxn 2z logp) =

< G max (q +logp)
r—s 1/2

2
X [lmax  max max (X, oo X Ty T P (dxy,
JE[P] (i1, is)€In,s (k1,..kr—s)EKn r—s(i1,..., la)\/wj( v T v " S)H l< l)

=1 L1Va/2(P)



Theorem 3. Let ¢ > 1 and, and v; = {0} i, ..i) }ir,oiv)eln,- ASsume ;. € L1Y*(®0_ P;)
be non-negative, symmetric kernels of order r > 1 for all (iy,...,i,) € I,,. Then there exists a

constant c, depending only on r such that

max J, (1)
J€lp] ! La(P)
< r—Ss S
< ¢ max n (¢ + log p)
X |lmax  max max ity ey Xigy Thys o Thy_. Py, (dx
jE[P] (ilvmyis)eln,s (kh K s)eKnr s 217 -t /w‘j ! h F )H kl( kl) Lq(]P)

The following inequalities are the extension of Lemma 3 in Imai and Koike (2025) to i.n.i.d.
setting.

Lemma 2. For j € [p]and (i,m) € L5, let ;) € L*(P; ® P,,) be degenerate symmetric kernels
of order 2. There exists a universal constant C' such that

4

max [E max/ Z Yi(zi, Xp)| dPi(x;)

el e ) | e

§C<n2max max || P, (¢ )HL2 )logp

J€lp] (im)€ln 2

+nmax max ||yl 7apep,) log’ p+ E [max max  Pyj(X )} 10g4p>, (8)

J€lp] (i;m)€ln,2 J€lp] (i;m)€ln2
and
4
maxE | max (x;, X)) | dP(x;
iefn] je[p]/ Z A )| )
me[n]:m<i
< C|n*max max |P, ylo
< ( mase ma (1P (03) ey 1oz
4+ nmax max log®p + E |max max Pt log'p |, 9
el (et s ”%Hm (P,®Py) 108 P o et W (X )} g P) )
and
4
E |max WX X,)

JEP]

=1 |me&n]:m#i

JElp] (i,m)El, 2

<C’<n max max || Pn(¢3)[172(p, log® p
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+n’max max 4, log®p +nE {max max P, }10 4
€lp] (im)EDn.2 19illzssr, log™p €lp] (im)Eln.2 05 (Xom) | log"p

+n*E| max max{szpQ( )}2] log?’(np)—i—]E{ max  max ¥ (X;, Xy, )] 1og5(np)>.

(4,m)EIn,2 jE[P] (i,m)€lIn,2 jE[P]

(10)

B Proof of Main Result

B.1 Proof of Theorem 1

We may assume o; = 1 for all j € [p] without loss of generality. For the rest of the proof, we proceed

in 5 steps.

Step 1 Regarding X = (X;)", as a random element taking values in the measurable space

®",(S;, S;), we are going to apply Lemma | to

W(X) := (Jox (1) — E[Jax (1)), ..., Jox () — E[Jox (1,)])

For this purpose, we need to construct an appropriate exchangeable pair (X, X”) and an antisymmetric
function G. Let X* = (X )", be an independent copy of X = (X;)_,. Also, let & be a random index
uniformly distributed on [n] and such that X, X* and « are independent. Then, define X' = (X)),
as X|:= X/ ifi = a and X| := X; otherwise. It is well-known that (X, X") is an exchangeable pair.

In addition, define a random vector G = G(X, X') inRP as G == nD;, +§D;oforj =1,... p,

where

D, = Z{m i (X Wl,i¢j(Xi>}’
Z {7T2 zmw] lea X7/n> - 7T2,im7w/}j (Xza Xm)}

1<i<m<n

(11)

G is antisymmetric by construction. From Lemma 3.2 in Dobler and Peccati (2017), it holds that

[ g1|X __Zﬂ-lﬂ/}j [ j2|X - Z 77-2@m¢](XuX )
1<z<m<n
so we have E[G | X] = —W. Therefore, applying Lemma 1, we obtain for any ¢ > 0

sup [P(W € A) —P(Z € A)|
AER,

SE[|R o] Viogp + e E[|[V]loc] (logp)*? + e * E[I¥] (log p) " + e/log p,

where R°, V¢ and I'® are defined in the same way as in Lemma | with R = 0 and (Y, Y”) replaced by
(X, X"). From the same argument as proof of Theorem 2 in Imai and Koike (2025),

sup [P(W € A) — P(Z € A)|

AER,
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< n+/logp
~BAP

where V = 1E[GD" | X] — ¥ and I, := nmaxep) E[|D;,|* | X] for s = 1,2. In the remaining

proof, we will bound the quantities on the right-hand side and then choose ¢ appropriately.

P(|Dljsc > 67") + e E[[|V]|s] (log p)*/* + e P E[T'y + T (log p)”/? + £1/log p,

Step 2 In this step, we bound E[||V||o](log p)*/2. First, we derive a U-statistic representation of
Vi = 3 E[G; Dy | X] — E[W;W,] for j, k € [p]. For j, k € [p], observe that
n

GjDk = (Tle’l + 9

Dj,2> (D1 + Dya)
From Eq. (11), we can see that
HE[Dj,le’l | X]

=nkE Z Z{ﬁ,ﬂﬂj(x;) - Wl,iwj(Xi)}{Wl,mwk(X;n) - Wl,mwk(Xm)} | X]

[ n

=B |30 o Lammy (it (X7) — 75 (X0 Hmm ok (X3) = 7ot (Xon)} | X]

Li=1 m=1

=n Y B [Lami{mithi(X]) — manhs (X)) Hman(X7) — mahe(Xi)} | X]
=1

= 0> Bl iy (Bl 055 (X7 )1 ithe(X0)] + 0 (X m an(XG)
=1

= Z (Pi{ﬂl,i%’ (X )me(X7)} + 7T1,i¢j(Xi)7T1,i¢k(Xi)>

i=1

= Z (Pi{ﬁl,i¢j (Xi)m e (X5) } + 7T1,i¢j(Xi)7T1,i¢k(Xz‘)>7

where the second equality follows from the definition of (X)?_,, the third equality holds because the
event {& = i} and {« = m} are disjoint for i # m, the fourth equality follows from the degeneracy
of Hoeffding projections (E[my ;4;(X )] = 0), the fifth equality holds since « is uniformly distributed
on [n], and the final equality follows from the fact that (X)?_, is an independent copy of (X;)%,.

Similarly, from Eq. (11), we can see that
TLE[DJ'JD]C’Q ‘ X]

=nkE (Z{le%(Xz/) - Wl,i¢j(Xi)}) ( Z {WQ,imwk(Xz{’ X7/n) - W?,imwk(XiaXm)}> ’ X]

1<i<m<n

=nlk (Z Lia=iy{m,0;(X]) — 7T1,¢”¢j(Xi)}> ( Z Lia=ip{m2,m V(X Xin) — T2,m®u(Xs, Xin) }
L \i=1

1<i<m<n
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+ Z 1{a:m}{72,im¢k(XiaX:1) —Wz,im@/)k(Xi,Xm)}) |X]

1<i<m<n

=n Z E |:1{a:i}{7Tl,i¢j(X:> - 71,i¢j(Xi)}{W2,imwk(X:7Xm) - WQ,imwk(Xth)} | X]

1<i<m<n

+n Z E [1{oc:m}{7rl,m1/)j(X:n) - 7T1,m¢j(Xm)}{7T2,z’m¢k(Xi,X:n) - W2,¢m¢k(Xi, Xm)} ’ X]

1<i<m<n

= > (P (X maam (X, Xon)} 0,085 (X0 it (X, X))

1<i<m<n

Y (Pl Mt () ot (X, Xi)} + 71ty (Xon) T, im i X, X))
1<i<m<n

n n—1

= Z Z <Pi{7rl,iwj (Xi)7r27imwk (Xza Xm)} + Wl,iwj(Xi)W2,im¢k<Xi, Xm)> ,
i=1 m#i
where the final equality follows from the symmetric property of the Hoeffding projections (7 i, ¢r (Xi, Xy ) =
To.miVk(Xm, Xi)). In the same way, it holds that

n
5 E[D;2Dy1 | X]

n n—1

= % Z Z <Pi{7rl,iwk(Xi>7T2,imwj<Xiy Xm)} + Wl,iwk(Xi)ﬂ'Q,imwj (XZ, Xm>) .

i=1 m#i

Also, from Eq. (11), we can see that

n
—E[D;2Dy2 | X]

2
n
= §]E ( Z {WZ,imwj(Xz{aX;n) _7T2,im1/}j(Xi7Xm>}>
1<i<m<n
x( > {m,z-mm(X;,X;Z)—wQ,imm(Xi,Xm)}) |X]
1<i<m<n
n *
:§]E ( Z Lia=iy{m2,im; (X, Xim) — Toim¥j(Xs, Xon) }
1<i<m<n

+ 1{a:m}{72,im¢j(Xi7X;> - 7T2,¢m¢j(Xi, Xm)}) < Z 1{a:¢}{7T2,im1/1k(X¢*,Xm) - 7T2,im¢k(Xia Xm)}

1<i<m<n

+ 1{a:m}{7T2,z‘m¢k(Xi, X:,}) - 7T2,z‘m¢k(Xi,Xm)}) | X]

SEPIDID I

i mua<m <l

EPIDID:

i ma<ml:l<i

Liami{m2,m¥; (X[, Xom) — To,im ¥ (Xi, Xon) Hmro,an (X, Xi) — moatn(Xs, X) } | X]

1{a:i}{ﬂ'2,im¢j(X:7Xm) - Wz,imwj(XmXm)}{ﬂzliw;c(Xz,Xf) - 7T2,lz'¢k(Xl, X@)} ’ X]
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EPIDIDY

i mu<m l:m<l

E

1{a:m}{7r2,im¢j(Xi7X:n> - 7T2,¢m¢j(Xi, Xm)}{772,mlwk(X:le) - Wz,ml¢k(Xm, Xl)} \ X]

EPIDIDY

i mua<mli<m

E

1{a:m}{ﬂ—2,imwj (X’H X;) - WZ,imwj(Xia Xm)}{ﬂ2,1m¢k(Xl7 X:n) - 7T2,lm'¢k(Xl7 Xm)} ‘ X]

n n—1n-—1

-5 Z Z Z (P {72, (X7, X)) mo,athe (X7, X0) b+ om0 (X, Xon) 2,000 (X, Xl))-

i=1 m#i l#i
Then, since E[W; W] = 1 E[G;Dy], we have

n n—1 n n—1n—1
2‘/Jk - Z le 1) + Z {X'Lm Jk Xl? X ) + Xzzmlj)k XZ? X } + Z Z Z Xzi%lQ)]k: Xi7 Xma Xl)a
i=1 m##i i=1 ms#i l#i

with

X@(,lj]i)(Xi) = (10 (Xm0 (X)) — Pi{m (X)) mive(X5) )
Xow D (X, Xon) = 0,005 (X0) T Xy Xin) + Pty (Xi) oo (X, Xon) ),

1
1(m J)k(Xu X ) 2 (7T1,i@/)k(Xz‘)7T2,im¢j(Xu Xm) + H{W1,i¢k(Xi)7T2,im¢j(Xi, Xm)}) )
(2,2) 1

Xt (X Xmy X1) 1= 5 (it (X, Xon) o athn (X, X0) = PP P it (X, Xon ) 00,0 (X, X1)}
+ Pz'{@,z‘mwj(szXm)@,iz%(Xm X))} — Ple[Pz'{sz‘m?/fj(Xia Xm)ﬁ,il%(Xz‘a Xz)}])

Observe that

X’ETan])k(X“ Xm)

= <7T1 i (Xo) T, im ¥ (Xi, Xon) — Pi{ 1,600 (Xi) To,im 0k (X, Xm)}> + 2P {10 (X)) 72, im Uk (X3, Xon) }

= Xirlni)k(Xi? Xm) + 2Pi{ 1,05 (Xo) mo,im ¥ (Xi, Xin) }

and

2,1

l(ﬁ iwk(X')W2 imwj(sz Xm) - H{Wl,iwk(xi)ﬂzimwj (Xz‘, Xm)}> + Pi{ﬂl,iwk(Xi)WQ,imwj(Xia Xm)}

)
= X (X, Xon) + Pt (X0) T, (Xi, Xon) },
and

Xz(fri)]k(Xl’ X, X1)

20



= %(Wz,imwj (X, Xon) T2, (Xi, Xi) — Pi{mo,im i (Xs, X))o athn (X, Xl)})
+ (Pi{ﬂ?dmwj(Xz‘a X))o (Xs, X1)} — PiPp P{m2,im (X5, Xm)WQ,ilwk(Xi,Xl)})

_(2,2)

= Ximijk(Xi> Xy X1) + (Pi{ﬂ2,im¢j(Xi7Xm>72,il¢k(Xia X))} = PPy P{mo im0 (X, X)) mo,uthi (X5, Xl)})-

Therefore, letting

PO (X)) =Y 2P (X Ta,imton(Xi, X)),

:m£i
ngjl)g(Xm) = Z P{my ithn(Xi) T, im V5 (Xi, Xim) }
i:m£i
D (X X1) = > (Pi{m,imwj(xi,Xm)wQ,ilm(Xi,Xl)} - B-sz%{m,imwj(xi,Xm)m,m(xi,Xz)}),
iim,l#i
we have
n n—1 n n—1n-—1
2V = Zxﬁ 20+ D e (Ko Xon) X (X Xon) 23030 X (X X, X0)
i=1 m##i 1=1 m##i 1#i
1,2)
+Z{90£n]k +90ka }+Zz¢mlﬂc Xomy X1).
m=1 [=1

Also, define
2 (X, Xop) = { 02 (X, Xon) + X2 (X, X)),

2,1 —(2
Xgmj)k(XZ’Xm) - { zm]k(XhX )+X£ml])k(XmaXz)}a

2,2),dia, 2,2
Xgmj)kd g(X X ) = { zmm]k(Xi7Xm7X ) +X£m7,)]k(Xm7XZ7X2)}7
(2,2 2 2
Xz(ml,)jk(Xl’Xm7Xl Z X ) (X0(1)7X0(2)7XU(3))7

0683

~(2,2 . (2,2 2,2 2,2) dia 2,2
90( ) (meXl) — {90 ) (XmaXl) +§Dl(m,j?k(Xl7Xm)}a QD( ')d g(Xm) - (pfnm)jk(Xm7Xm)a

ml,jk ml,jk m,jk

where S? is the symmetric group of degree 3. We use boldface to indicate families of ker-

nels over their sample coordinates; for example x1?) := {le 7 k(XZ, Xm)}m)er, .- Noting that

~(2,1 y 1,2
Maxj k)ep]? JQ(X;k ) = L maxj e J2(X§k 2)) and max; ey J1(90§k ') = § max( pep: J1(90§-k D,

we can see that
E[l|2V o]

3 1,2) (2,2),dia (2,2)
<E| max |J 2 +—E[max Jo (% ]+E[max J. & +E| max |J
<E | moc O]+ 5B | max IRGE2] +E | max 1RG4 B | max 13

3 (1,2) } [ (2,2) } [ (2,2),dia }
+ 5B | max |J +E | max |J. +E | max |J; 11 .
2 LJ k)elp)? | 1(¢]k ) (j,k)€[p)? | Q(QOJk ) (j,k)€E[p)? | (60];@ )
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In order to obtain a simple bound on E[||V||], we introduce the following lemma. The proof of

this lemma is in Section C.3.

Lemma 3. Under the assumptions for Theorem I, there exists a universal constant C' such that

E L max \J1(X§-k )|} (logp)®/? < C’\/<A 1,2( 1)+ Ag(l)) log® p, (12)

J:k)€[p]?

~(1,2) 3/2 3/2
E| m Jo (X 1 +E| m J 1
LM)?{;P | 2(Xjk )|] (logp) L )gx]z | 1(90];: )@ (logp)

1/4
< C’(A( " og®? p + n'/? maxmax||7r1 Wille2 ey (Aé*( )loggp)

JElp] i€[n]

+ \/(Agv*u) + Ag.(2)) log® p>, (13)

E [ e [Jp(%22 d“‘g>|] (logp)*/2 + E [ max |J3<>z§-i’2>>|} (log p)*2
(4,k)€[p)? (4,k)€lp)?

(2,2),diag

E J. logp)*? + E J log p)3/?
+ Ljrlggxpl 2 (P4 )q(ogp) + Lr,ggf BACA )!}(ogp)

<C<A )log P+ /A0 (2 )log5p>. (14)

where Ny (1) = Y7 A(Ql’)*(l) and Ny .(2) = >0, Agl(?) with

Ay
Agl(l) =E maxmaxM log p,
/ sl il o]
. N(X. X )
A(4) 2) — (7r2,zm'l/jj)( »aAm) |y 5
R T S e’
Pm m )2 Xz 2
Aé5z(2) =n?E |max max (P (m2,5m5)"(X:)) log? p.
’ JElP] (i;m)€ln 2 oy

From these evaluations, it follows that

E[I|V]l](log )2 < c(Aa /(B (1) + Ao (2)) Tog” p>.

Step 3 In this step, we bound E[I';] and E[I'5]. Observe that

Iy = nmax E[|D;,|* | X]
Jj€lp]
4

Xi) = mat(Xa) | | X

=nmax[E
JEP]
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n 4
=nmaxE || Loy {m ) (X]) — m (X))} | X
i=1

J€[p]
= max E [[{m,i;(X7) — w5 (X) ' | X]
=1
< 8?&%2 {Pi(m i)t + (miby) (X)) -
=1

By Lemma 9 in Chernozhukov et al. (2015),

n

D (mat) ' (X)

i=1

E

+E [maxmax(m,iwj)‘L(Xi)} logp

i€[n] jelp]

max 710N X)) | < maxE
e D (i)' 4_

JEP]

< pmaxmax ||y ;0|4 +E{maxmax7r . ‘4Xi}lo
max mad 1716951 sy e je[p}( 1,i¥5)"(X;) | log p
4

log p

< nmax max ]\Wl,iwj]\i4(]3i) + ||max max | ;]|

J€Elp] i€ln] i€[n] j€(p] La(P)
1 2
<ALN1) + AZ)(1) = A 4(1).
Therefore
E[Fl] 5 AZq(l)'
Next, observe that
Iy = nmax E[|D;|* | X]
JEP]
B 4

=nmaxE || > {moumt (X}, X},) — Toimthi(Xi, Xin) }

j€
J€lp) 1<i<m<n

| X

=nmaxE Z ]—{a:i}< Z {m2,m i (X5 Xin) — T2,imtby (Xi, Xin) b
=1

JEP]
4
|x]

me[n]:i<m

+ Z {WQ,miwj(XmaXz‘*)_7T2,mi¢j(XmaXi)}>

me[n]:m<i

=max » E Z {2, (X[, Xin) — T2,imj(Xs, Xon) }
J€lpl i=1 me[n]:i<m
4
Y it (X, X7) = Tomithj (X, Xi)} |X]
men]:m<i
n 4 n 1
ss(max Ell > moumty (X, X)| | X| +max > m,@-mwxxi,xm))
T N | (R TS el
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= 8(I'y1 + o).

Noting that { X}, is an i.n.i.d. sequence and independent of X, from Eq. (8) and Eq. (9), we have

4
]E[Fgl <E maxZ/ 7T2,im¢j(xiaXm) d.PZ(lL‘Z)
JEP] et
4
< nmaxE | max ToimWi(Ti, Xm)| dP;(z;
= " ieln) je[m/ Z 2?3 )| dbiw)

<n’max max ||P, (|7T2zm1/)]| )HL2 log p
JEl] (im)eln s

+n’max max ||Toim lo 4+ nE |max max P;(mim log* p.
e (a8 P 0E fmax max Praint) ') | gy

Also, from Eq. (10), we have

E[l22] < n’max max HPm(l/J?’)H%ﬂ(Pi) log” p
J€lp] (im)€ln,2

+n*max max log’p +nE |max max P, log*
j€lp) (zm>efn2”%||L4P®P’”) e r [Je[p] (im)eln 2 WX )] o r

+n°E| max max{P,y?(X )}2] 10g3(np)—i—E[ max max ¢ (X;, X, )} log® (np).

(i;m)€ln,2 j€[p] (i;m)€ln.2 j€[p]

Therefore
E[l] < Agqe(2).
Summing up

E[Ty + Do) S Qg (1) + Ag4(2)
Step 4 In this step, we bound P(|| D||, > 5~'). By Markov’s inequality

Pe(I1D] > 57) < SEIIDIL] < 267 (B x| sl + 8 x| sal] ).

| |

= E |max Y oo {mit;(X]) — m(X,)}
=1

By definition, it holds that

n

E [%?IDJ-N] =B [max | Y " {m (X)) — mt(X,)}

€l |

JEP]

|

1 n
= L5 [ v (0) — mats CON'
=1
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n

3 i
< — max |7y ;
oo sebl - gy
< 24 | |q < 21 A%(l)l/‘* '
I@r&ﬁ)}(rjré?px 7T1177ZJ] Lq(P)— nl/q(logp)l/4 .
Also,
1 « '
E D5l = — im X17X im XZaX:n
masIDsal] = T3 s 2, raamty (X Xo) = 7ot ”]
q
< E m XuX im X’L,X:n
< x| 3 (oot (Xio Xon) = magml ”]
q
< 29max E | max 72,im Vi (Xi, X
- i€[n] J€lp] Z ? % )]

Then, Lemma 1 in Imai and Koike (2025) yields
q]

q
q
<cmax< m?x\/ZP (mamtsP)XD)| V108 p) + |[masx mast [t (Xs, Xon)| log%np))
J€lp]

m#i jE[p] La(P)

max E
i€[n]

max

im®; (Xi, Xim
J€lp] Zﬂz vl )

’L

La(P)

q
< C|n"?| max max \/P (|7m2,im ;) (X5) log?(np)
(i;m)€lpn 2 jE[p] La(P)
q
+ || max max |mm1;( Xy, Xm)| log®(np)
(i,m)€ln2 jE[p] La(P)

max max P, (|mimil?)(X;
J€lp] (5;m)EIn 2 (Im2,im 151 °) (X5)

o[
d

o ({Aé?;@) + Aéﬁi@)}l/‘*)q_

8 n/tlog! (np)

La/2(P)

a/2
i)

log(np)> )
La(P)

Consequently, in conjunction with 3 = £~ ! log p, there exists a universal constant C' > 0 such that

1/4\ 4
P (| D]l > B7') < e~*(logp)? (C{Az,q(1)+A2,q(2)} ) |

log!/*(np)

max max |To;m¥i(X;, X
J€lp) (i,m)eln,2| 23 )

Step 5 In this step, we choose the value of ¢ appropriately and complete the proof. Let

1/2 "
_ (A’l /(Do (1) + As,(2)) log’ p) +C ((Dag(1) + Agy(2)) logp) |
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Then, from the same argument as Step 3 in the proof of Theorem 2 in Imai and Koike (2025), we have

the desired result.

B.2 Proof of Corollary 1

Before the Proof of Corollary 1, we provide the extensions of Lemma 4 and Lemma 6 in Imai and
Koike (2025) to i.n.i.d. setting. The first result is extension of Lemma 4 in Imai and Koike (2025).

...............

kernels of order r > 1 for all (i1, . .. ,i,) € Ip,.

]E[p} (il ~~~~~ i'rfl)eln,rfl (kl 77777 kl)eKn,l(il 77777 (.

l
E | max max max )H P’ftwj}(h7---,ir—z,k17---7/€z)(Xil7 - 'Xirz)]
l
t=1

rl
< E |max max (X, X)) |-
— (r—=1)! [je[p] (i1emyin)EDn ¥ (X, )}
(15)

Proof of Lemma 4. In line with the proof of Lemma 4 in Imai and Koike (2025), the claim for general
[ follows from repeated applications of the claim for [ = 1. Hence, it suffices to consider the case of
[ = 1. Also as in that proof, we can assume p = 1 and ¢/; > 0 without loss of generality.

Under this assumption, we prove the lemma by induction on . When r = 1,

I [max Pkw(k)} = max By < B [gé?ﬁ o) (Xk)} ,

ke(n]

so Eq. (15) holds. Next, suppose that » > 1 and Eq. (15) holds for any symmetric kernel ¢y ;, ... ;,) of

-----

order s < r — 1. Classifying whether £ is n or not,

E [( max max P (i1 i) (X - - ~Xz'r1)]
i1

11 ey iT,1)61n7T71 kEKnyl(il ..... ’L'Tfl)

S E |: max in17(i1,...,ir71,n) (Xi17 ct Xir—l)}

(il ----- ir—l)eln—l,r—l

(i1yeesir—2)Eln_1,r—2 kEKp_1,1(%1,... ir—2)

=I1+1I.

+E [ max max Pk¢1,(i1,...,iT_27k,n) (Xil, - Xir727 Xn):|

Since X, is independent of G := o (X}, ..., X,,_1), we have

I=E|  max E [41,661,ir 1) (K - - Xy 15 X)) | g]]
L (i1,esir—1)€In—1,r—1
S E . ) max ’l/}l,(zj,...,irfhn) (Xi17 o Xi7-17Xn>]
| (G15esir—1)E€ln—1,r—1
<E ity (Xigy - Xa ) |
<E| max Y in(Xa 7)}




where the first inequality follows from Jensen’s inequality.

Il = /E [ max max ) szﬂl,(ih,..,u,g,k,n) (Xi17 e -Xinw 'rn):| dPn(In)

(41,00, tp—2)E€lp_1,r—2 k€EKn_1,1(i1,....0r—2)

In terms of /1, applying the assumptions of the induction gives

I<@-1 / E [ max Ui (Xirs an)} 4P, ()

(i1yeir—1)€In_1,r—1

=(r—1)E { max U1 G 1m) (X - -Xu_an)}

(il ----- irfl)ejnfl,rfl

<(r—1E { max Y1, Giy,..in) (Xip, - - ~Xir>} :

(il ..... ’L'T)Glnyr

Summing up, we have

I+[I§TE|: max l/)l,(z'l ir)(Xilw--Xir)]

(il 7777 i?")elnﬂ" .....

The following result is the extension of Lemma 6 in Imai and Koike (2025).

Lemma 5. There exists a universal constant such that

172,im 5 % T2l 22 (p,0m)
< C’(H%,(i,m) *; Uil L2(Posp)
+ 1P im) | 2Py 10k, | 2Py + ij,(i,m)”LQ(PZ@Pm)Hpiwk,(z’,l)HL%Pl))-
Proof. From the definition of 7 ;,1; *11 2,1k, we have

H7T2,¢m¢j *il Wz,ilwk ”LQ(Pm@PZ)

= ' /Wz,im%(l’i,xm)ﬂz,ilwk(l'i,xl)dpi(ﬂfi)

From Eq. (1), w2 m% (X, X,n) we have

L2(Pn®P)

7T2,im¢j (Xza Xm) - (6X1 - -P’L)w] (Xza Xm) - (Pm - PmR)¢] (Xz; Xm)v
Toae(Xi, Xi) = (0x, — P)vr(Xi, Xi) — (P — PPy (Xi, Xa).

This and the triangle inequality imply

||7T2,z'm¢j *} 7T2,il¢k ||L2(Pm®Pl)

< |(6x, = Py ) *i (0x, — Po)w o2 pner)
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+ [(6x, = P)Yjm) *i (Pr— PP Uk o2 (pmer)
+ (P — P Pi) Vg im) i (0x, — Pi)wip | L2(Pner)
+ (P = P P)Yj im) *; (P — PP Uy il 22 (Prsp)-

_ S

~

Then, the triangle inequality and Schwarz inequality give

||7T2,im¢j *1-1 7T2,il¢k ||L2(Pm®Pl)

< s m) *i Uil 2 ener) + |1 Pbiam | z2cem |Ur,60 | 22(Pom)

+ 1105, 6,m) | 2B o) | Pitor, iy | 22y + 11 Pt am) | 22 (o) [ Ptk il 22 ()
+ 1y.6.m 2P P | P, le2 e + 1P, 6.m) | 2P 1| Ptk i [ 22
+ 105,6.m) | 2P o) | P Pt iy | (| P 5. | L2 o) | P Pt i) |
+ |1 Py, iom | 2y 1¥k, .0 |22 P my + [ PPty m) |19k, | 2Py
+ 1 Pnts i.my L2 | Piton i | 22y + | PPt a.m) | it iy | 22
+ 1Pt i) | L2 ) || P, i || 202y =+ | P P, (i,m) [ P, i |

+ Hmej,(i,m)HLQ(Pi) Piplwk,(i,l)‘ + ‘PmPiwj,(i,m)HPilek,(i,l)‘-

L2(P)

This result and Jensen’s inequality give

HWQ,imwj *11 7Tz,¢l¢k HLQ(Pm®Pl)
S 5 6.m) *i Vi || L2 (o)

+ 1 Pbs m) | L2y 10k [ L2 Riwo )+ 15,60m) [ 2 (Pio o) 1 Ptk iy | L2y -

]

Proof of Corollary 1. From Eq. (1), Lemma 4 and Jensen’s inequality, we have A, (1) < Ay (1),

Ay y(2) < Ayy(2) and A§52(2) < 5553(2) Next, from Lemma 5, we have

AP0¢3p = n? max  max |y, o log?
LB RIS e (i,mfgi[n]gn 2mi %3 Mooy log"p

<np? max max T i log®
T GkElp? (z’,m7l)e[n]3”w]’(’ )% Vit i) log"p

m,l#i
+n?log® pmax ma P im max ma i . )
&P je[p)]( (i,m)E}I(n,z | Vit )HLQ(P’”) ke[p)]( (i,z)ef)i,z Hwk’( ’””LQ(R@P’)

Therefore, AM-GM inequality and Lyapnov inequality give

AP70¢3p < n? max  max (i) K i log?
LB RS e <i,m,z>e[nl3“¢j’(’ ) Vsollesraer log”p

m,l#i

+ n°?1og’? pmax max ||H¢j,(i,m)||%z(pm) +n3?1og™? pmax max ||wk7(i’l)||%2(pi®pl)

J€lp] (i,m)€ln,2 kelp] (i,0)€ln 2
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<n? max max T i log®
. <j,k)e[p}2(i,m,ll>§£n]3H%’(’ )% Vil og"p

+n5/2 log® max max ||P; (i,m) +n3/210 /2 ax max P .
g pje[p] G, )GI”H Wi ||L4 (Pm) g Pke[p} (”)GIM“ Wk l)||L2 (P)

< A 1og’p + /(AL + A0W) o,
Finally, we evaluate Agl). From [ 7y ;4;(x;)dP;(x;) = 0 and Fubini’s theorem, it holds that

Wl,iwj *} 7T2,im¢k(Xm)
:/mﬂwmwm=mwm Po)u (s, Xon) AP (1)

= /7T17i1/1j($i)77bk((l}i,Xm>d-Pz‘(xi) —E {/ Wl,ilbj(xz‘)iﬁk(%Xm)dpz'(l’z‘)] :

This result and applying Schwarz inequality repeatedly give

H7T1,i¢j *} WQ,imwk”L?'(Pm) < H/7T1,ﬂ/Jj($i)¢k($i,Xm)dpi(ivi)

L2(Prm)

s”ﬂmwﬁ@mm<>/ww@w WP ()

L2(Pm)
= [lmisllzey || | () (20, Xon)dPi(as)
L?(Pm)
< 1/2
~ ||7T1,i¢j||L2 ||77Z}k (i,m) * wk (3,m) ||L2 (Pm)"
Therefore
AL _ 3/2 s K T
v max, max Imas s Taam el
< 3/2 a a ) a a (3,m * (i,m) i
< n masemaxc|m iy aey max max ([ im) % Vi l2p,)
= n'? maxma WA,
n T maxma x ||l 2cm) V A
Observe that
maxmaXHﬂ“@/)]HLg ) < n®max max Var[P,i; im (X))
Jj€lp] i€ln] J€lp] (i;m)€ln 2
Thus
AE” < n®?max max \/Var [Prn0j,(i,m) (Xi)] A(O).
Jj€[p] (i,;m)€El, 2
Now, the desired result follows by inserting obtained bounds into Eq. (2). ]

29



B.3 Proof of Corollary 3
Proof of Corollary 3. As shown in the proof of Corollary 1, it holds that
X 5 A
B2(2) < Doy(2),  ATY(2) < AJ(2)

and

A 10g'p £ A0 log’p-+ (3822 + A1) ) og .

Also, from Eq. (3), Lemma 4 and Jensen’s inequality, we have Ay (1) < AY (1). Finally, we evaluate

(Agl))v. In the same way as the evaluation Agl), we have

(A§”)V < n'/? max max ||7r1 Z@Z)J||Lz RV A§°>.

JElp] i€n]
Observe that
max ma
E[p}]( E[XHM szHLQ(Pi)
<n’max max Var[P,i; i m (Xi)] + maxmax Var[yh; ;. (X;, X;)].
Jelpl (t;m)€ln 2 J€lp] i€[n]
Thus
Agl) < n®*?max max \/Var [Prnj,(i,m) (X3)] A§°)
J€lp] (i,m)El, 2
+n'?max max \/Var TINO. O ¢ A,
max max (5.6 ( VA
Now, the desired result follows by inserting obtained bounds into Eq. (4). ]

C Proof of Auxiliary Result

C.1 Proof of Theorem 2 and Theorem 3

Lemma 6. Letq > 1, ’(pj = {wj,(il ,,,,, ir)}(il ,,,,, ir)EIn,r and ¢2 {’% (i1 zr)}(ll ..... ip)Eln,r Assume ”%

.....

LI(®._,P,)(j =1,...,p) be degenerate, symmetric kernels of order r > 1 forall (i1, . ..,i,) € I, .

Then, there exists a constant C,. depending only on r such that

< Cy(q +logp)™? | max 1/ J,(1h?)

JE[p]

max |/ (1;)]
JE[P]

La(P) La(P)

Proof. The proof of Lemma 13 in Imai and Koike (2025) relies only on (i) the randomization theorem
for U-statistics (Theorem 3.5.3 in de la Pefia and Giné, 1999), (ii) hypercontractivity of Rademacher
chaos (Theorem 3.5.2 in de la Pena and Giné, 1999), and (iii) the identity E.[|.J7 (v;)|* | X]| = J,(¢7),
none of which requires the assumption of identical distributions. Thus the same inequality holds even

under i.n.i.d. setting. O
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Remark 1. Although de la Pefa and Giné (1999) state the hypercontractivity of Rademacher chaos
and the randomization theorem for U-statistics with index-independent kernels, we can regard (i, X;)

as a single coordinate so we can utilize both theorems in our setting.

Proof of Theorem 3. The following argument is essentially same as that of proof of Theorem 8 in Imai
and Koike (2025).

First, since max;cp,) Jr(¥;) < n' maxjep maxg,,. iver,., [¥j(Xi, ..., X, )|, the claim trivially
holds if ¢ 4+ log p > n; hence it suffices to consider the case ¢ + logp < n.

We prove the claim by induction on 7. It is trivial when » = 0. Next, suppose > 0 and that the
claim holds for all non-negative integers less than . We are going to show that there exists a constant
c1 > 1 depending only on r such that the statement of Theorem 3 holds. By Hoeffding decomposition,

we have

I .= |lmax J,.(v;)

J€[p]

La(P)

1
< maxE[L ()] + ) 5 max > i (X Xa)
i€l = 5 || €
s=1 (11, ,Zs)elns Lq(]P’)

For every s, Lemma 6 gives
mnax Z 5(117 % 77Z)]( 217"‘ X’Q)

J€lpl (i1,0yis)EIn, s La(P)

< Cr(qg+ logp)s/2 max Z (s (i1,in) ¥5) 2 (Xiys -, XGi,)

i€l A\ . 5
(’Ll,...,ls)eln,s Lq(]P)

Recall the definition of Hoeftfding projections;
s, (i1, zs)¢( AR 7Xis)

> (H x, — P Hpkmwj XXka)>
)

(kla-~-,k'r75)€K'n,r75(il7--~ais =1

Cauchy-Schwarz’s inequality and so-called c,.-inequality
(st(il’nwis)wj)Q(X’il ] XZS)

s 2
< C.n* Z (H X, — Zz H Pkmz/;] 117"'7Xis7Xk17"'7Xkrs))

(kl, r S)EKW,'I .s(ll, -t ) =1

TEOIDY 2.

m=01<i(1)<--<l(m)<s (k1,...kr—s)EKn r—s(i1,...,is)



11 Py, T Prtbs(Xuays -+ Xy X+ Xs X3 X, )

(U1 stts—m ) EK 0 (I(1),...,1(m))

Thus

Z (Ws,(il,...,is)¢j)2(Xi17 cee ,Xz's)

(Zl7 5 )GI’”S

Gy Y 2. 2.

m=0 1<l(1 <-- <l(m)<8 (117 'Ls)eln,s (kl7---k"r75)eKn,7‘75(i17"'7i5)

11 MHPW/;J (X1, - s Xigmys Xurs -+ s Xuw s Xgs -+ Xy L)

(Ul seeests—m )EKs s—m (1(1),...,L(m)) =1

< Gy~ Z <7‘;) D 3 >

m=0 1< <-<tm<n (u1,...,us_m)EKsys_m(il,...,im) (kl7~~~akT—S)EKn,’I‘—S(i17~-'7i57u17"'7u5—m)

s—m r—s 2
( P, P (X, .. le,Xul,...,Xus_m,Xkl,...,Xkr_s)>
<

T—S8 - §
O, )Z(m) Z Z (kl,...krfs)eKn,fi%i{ ,,,,, is U1

1<ip < <im<n (ula~~~7us—m)EKs,s—m(il7"~7im)

S—m rT—S 2
( P, || P (X, ... sz,Xul,---,Xusm7Xk1,---7Xkrs)>
1
<

_ S
C,n2r=s) E nsm E max max
m—0 m Usfm)eKs,sfm(il zWL) (k17~ i

1<y <oy < (u17~~1 ~~~~~ ~-krfs)€Kn,r75(Zl7-~-7is,u17~-~ausfm)
Sl m>

s—m r—s 2
< P || Poti(Xiy,s ... szaqu”-:Xusmanm--'anT-s)>
1
:Cr 2(r—s) s—m [ S
n mzzon .
r—m 2
X Iy X177Xz ,X ,...,X _
D e (E i (X, D CHES m)>

1<it << © L m SR e m s tm)
S
2(r—s s—m
<O’y max max HPkle(Xil,...,Xim,Xkl,...,XkT_m)
0 1§'Ll<"'<2m§n(kl7~~~7kr—m)€Kn,T—m('Ll7"~7Zm)
m= =

oy (T v )

1<i1 < <im<n

From this result, the inequality /= +y < \/x + ,/y for any x,3y > 0, Minkowski’s inequality and
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Cauchy-Schwarz’s inequality, it holds that

max Z (WS,(il,...,is)wj)Q(Xil, . 7Xis>

JEP]
(’51, 7la)elna Lq(IP’)
< C,n"* max ns~™/?
0<m<s
o 1/2
X |lmax  max max H P,
]E[p] (ilv---vim)eln,m (k’l7---7kfr7m)6Kn,r7m(i1,...,’im)
=1 La(P)
1/2
r—m
X ||max g max Py,
]e[p] (kl7--~7kr7m)€K'n,7"fm(il7~--,im)
(117 77/m)eln7n =1 Lq(IP)
Therefore we have
T
§ : Hé?p)}( E : 71—8,(2'17~--,is)¢(Xi17 s 7Xis)
J ) -
s=1 (31,e-85)EIn,s La(P)
T
<C, E n"~*(q + log p)*/? max ns=™/2
0<m<s
s=1
1/2
X |lmax  max max H Pr;
je[p] (11» ﬂm)elnm(kly Y- m)EKn'r TYL(117 ’Zm)
La(P)
1/2
X ||max g max H Pp;
JE[P] (klz 7k7‘ m)EKn'r m(lly ﬂm)
(11, 774m)€Inm Lq(]P)

Now, by the assumption of the induction, for every 0 < m < r, there exists a comstant ¢,,, > 1

depending only on m such that

m?x | Z max H Pkl Q/JJ

I< p] (7»1 ..... ’L7n)€In m (kl’ 7kr m)eKn o zl’ ot LQ(P)
< ¢, max n" g+ logp)t [[max  max max P
B OStSm (q gp) ]E[p} (1/17 77ft)€In t (k17 Jfr t)EKn r—t 7/17 50 H klw] Lq(P)
The remainder of the proof is identical to that of Imai and Koike (2025). [l

Proof of Theorem 2. The theorem is the immediate consequence of Theorem 3 (cf. Imai and Koike,
2025). [

C.2 Proof of Lemma 2

Before the proof of Lemma 2, we restate Lemma 16 in Imai and Koike (2025) adapted to our

i.n.i.d. setting.
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Lemma 7. Let t > 1. Assume 1j ;) € L'(P; ® P,,) for all j € [p] and (i,m) € I, 5. Then, there

exists a universal constant C' such that, for every i € [n]
t

E | max {0 (X, ) — (Pty) (@) }| dPi(a;)
JG[P}/mE%;n#

t/2

<C(t+1ogp) B max [ | Y 02w Xo) | dP)] - (16)

s€lp] me[n]:m#£i

Proof. With fixed 7, the proof is almost identical to that of Lemma 16 in Imai and Koike (2025); we

only replace the law of common distribution with the index-dependent laws. [

Proof of Lemma 2. First, we prove Eq. (8). By Lemma 7,
4

I = max[E |max (2, Xpn)| dP;(z;
i€[n] je{p]/ me%;m%( ) (=)

I 2
< max[E [max / i, Xm dPi(x;) | (logp)?
gy | (03050 ) oo o

= max E maxmax/ <Z(mej2)(:vl) +¢32-(:vi,Xm) - (quﬂjz)(x,)) dP;(z;)| (logp)?

i€[n] i€[n] j€(p| i

< max <maxmax/ <Z(Pm¢]2)(xz)> dP;(z;)

1€[n] i€n] J€[p] vy
2

dP;(x;) ) (logp)?

+ maxE maxmax/ Z{wz iy Xom) — (mejz)(l'z)}

1€[n] i€[n] j€[p]

= [1 + IQ.
By definition,

I, <n’max ma P (V)2 oy log? p.
V< ntmax max (P03 [y log”p

Applying Lemma 7 to functions (y, z) — ¢;(y, x)?, we have

max/z¢4 xiy Xm)dP;(x;)

JEP]

(log p)* = maxE

IQ < maxE
i€[n]

1€[n]

maxZPz/J ] (log p)®.

J€lpl

By Lemma 9 in Chernozhukov et al. (2015),

max Pt (X < max P.Py*+E {max max P } lo
jElp] Z X ] ™ el ; i€ mem#i je[p) 13 (X) | logp
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< nmax max , + E | max max P, lo
ma max 6 [fup o, + E | ma max Psd(X,,)| logp,

Consequently, we have Eq. (8). The proof of Eq. (9) is almost same as that of Eq. (8).
Next, we prove Eq. (10).

4
n

IT:=F |max > (X Xon)
iclp) i=1 |meln]:m#i
4 4
<8 | E |max Z Y (X, Xpn)| | +E [max Z Vi (Xi, Xon)
i€l <= menlm<i el = me >

We can construct a bound on //; likewise the proof of Lemma 3 in Imai and Koike (2025), which uses
Lemma 2 in Imai and Koike (2025). Define a filtration (G;)!, as G; == o(X1,...,X;) for i € [n].
Also, for every i € [n], define a random vector 7~ = (1;, ..., 7;) "
4
mi=1 Y. U(Xa X)L i=1....p.
me[n]:m<i

Then, (n;)!", is adapted to the filtration (G;)?_,. Hence Lemma 2 in Imai and Koike (2025) gives

I SE —|—E{maxmax77w} logp = 111, + IV} logp,

i€[n] jelp]

max » E[ns |G-
s Dl |G

where we set Gy := {0, }. Since X; is independent of G;_; for every 7, by the same argument as that
of the proof of Lemma 3 in Imai and Koike (2025), Eq. (9) gives

111, < P, ()| log?
1 S nrjrée&%c(l%g | P ()| 2(p,) log™ p

Fntma a4 ror, 108" 0B [max max ()] g
To bound IV, observe that

4

I'V; = E | maxmax Z (X, Xn)| | =E maxmax

i€[n] jelp] melmn<i i€[n] jelp]

ZY,;”)

where Y= = ;(X;, X )1{m < 1}. Unlike Imai and Koike (2025), we can not use time-reversal
symmetry, so we define Gy = o(X1,...,Xm, X;). Then, (Ynf( j))m=1 is a martingale difference

sequence with respect to (gm )
(2025) gives

n_oforalli € [n] and j € [p]. Hence Lemma 1 in Imai and Koike

2
I'V; < E | maxmax (ZE [ o (ind)) )2 Qm 1]) log?(np) + E| max max|Ynf ”)|4 log*(np)

icn] j€lp] (i;m)€ln,2 jEp]
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<n*E| max max{P,;(X )}2} logz(np)qLE[ max max ¥ (X;, X;n) log*(np).
(i,m)EIn 2 jE[p] (i,m)EIn 2 jE€[p]

Define a filtration (G), as G = o(X;, Xi11, ..., X,). Also, forevery i € [n], define a random
vector 17 = (17, - - 777ip>

4

=] Y G(XaXw)| . i=1p

me[n]:m>i

Then, (n;")!, is adapted to the filtration (G;”)" ;. Hence Lemma 2 in Imai and Koike (2025) gives

n

HlaX E[nz] | g1+1]
Jelpl <

I, SE

+E {maxmaxnm] logp =: I11, + IV, logp,
i€[n] jelp]

where we set G, = {0, Q2}. Since X; is independent of G, ,, for every 7, by the same argument as
that of the proof of Lemma 3 in Imai and Koike (2025), Eq. (8) gives

I, < P, ()| log?
2 S nrjré%(z%g [ ()22 (p,) L0g™ P

+n’max max log® p +nE |max max Pyi(X log* p.
E[P} ( )an ||w]HL4 P®Pm) g b |: E[P} (1m)€In2 w ( ):| g P

To bound IV5, observe that
4 4

IV, = E | max max Z Vi( X, Xm)| | =E maxmax ZY;”

i€[n] jelp] i€[n] j€(p]
where Y7 . o = 1;(X;, X, )1{m > i}. Observe that (Y, , -)),—, is martingale difference sequence

me[n]:m>i

with respect to (G,, ) _, forall < € [n] and j € [p]. Hence Lemma 1 in Imai and Koike (2025) gives

2
IV, < E | max max IE Yoo i Gm-1 log2 np) +E | max max|Y, log4 np
J) ( )

i€[n] jeElp] i,m)€ln 2 jE[p]

gnQ]E{ max  max{ P17 (X )}2] log2(np)+]E{ max max 1} (X;, X, )} log*(np).

(i;m)€ln,2 jE[P] (i,;m)€ln,2 jE[p|

Summing up,

IT <n*max max || P, (v )HLz )log P
J€lp] (i;m)€ln 2

+n’max max 4, log®p +nE {max max P, }lo 4
bl (el ||¢J||L4(PZ®PM) gp e )t @/) (Xm)|log™p

+n°E | max max{P,¢5(X )}2} log®(np) + E { max  max ¥ (X;, Xy, )] log® (np).

(i,m)Eln 2 jE[p] (i,m)Eln 2 jE[p]

]
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C.3 Proof of Lemma 3

Before the proof of Lemma 3, we introduce the following auxiliary results. The proof of these results

is in Section C.3.1.

Lemma 8. It holds that

(1’1) 2 4
max max i z;)dP;(z;) < maxmax ||my ;45 N, (18)
(G.k)€Elp)? i€n] /(X g ) (@i)dBi (@) jelp] i€ln] Imitbsliace)
max max(xglj’l))Q(Xi) <E {maxmax(m,iwj)‘l()(i)} : (19)
(G.k)Elp]? i€n] ~ L1(P) j€lp] i€[n]

Lemma 9. It holds that

max  max /()Zl(rlnzj)k)Q(xl,xm)dPZ(xZ)de(xm)

(j,k)e[p]Q (i’m)EIn,2

< 2 [ maxma ill2ap max ma P, mWUrl? .
<2 (macmac 0 oy ) (1 mx 1P meonti Pz )

+2 max max ||my '*Z-lﬂ'im 2 , 20
(G,k)EP)? (i;m)€ln,2 It . ¢k||L2(Pm) 0

max  max / (F202(X, ) AP (1)

(G:k)Elp)? (i,m)€ln,2

L'(®)

1/2 1/2
< E |max max(m ;4;)*(X; E |max max (P (moimti)*(X; 2}
N L‘e{p] z‘e[n]( 1a¥3) )} Letp] (z‘,m)eln,g( (Taamti) ))

1/2
+ max max} H7r17m1/1jH%4(Pm)]E {max max pm{(7r27miwk)4(XmaXi)}:|

jE€[p] meE[n k€p] (3,m)ELn 2
1/2
+ 2 max max |7 .m0 ||? E |max max (Pon{momitr(Xm, X;)}?)? , 21
i 710, B [ o (P (st (X X0 an

~(172) 2
max max (X, ) (Xi, X
(G.k)elp]? (im)e 1m2<sz,ak) ( )

L(P)

1/2 1/2
<2E [maxmax(m,iwj)‘l()(i)] E L max max (7T27im1/1k)4(Xi,Xm)]

jelp] icln) JR)ERI? (im)Eln
,112

2 max ma ill2s py E |ma a P, p (X, . 22

+ r]g[ppig[nfllm, Uillz2(m, {I;?e[ﬁf@,i%éig( o (T2,im 1) ( z)):| (22)

Lemma 10. It holds that
(1,2)y2
max max - x;)dP;(x;
(k) ElpP? i€ln] / (e ) (@) dBi(:)
<4n? max  max ||m 0 % Toimkll? , 23
a (4,k)Ep)? (i,m)EIn,2 H b ¢j P ¢k”L2(Pm) 23)

(1,2)\2
max max(y, X,
(5,k)E[p)? i€[n) ((‘Owk ) ( )

L}(P)
1/2

< 4n® max max ||7T17i1/1j||2Lz(pi) E [max max {P(moim®e)*(Xm)}?| . (24)

Jj€lpl i€ln] kelp] (i;m)€ln,2
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Lemma 11. It holds that

max  max /()ngrf;];diag)Q(fi,xm)dpi(xi)dpm(zm)

(j,k)e[p]Z (ivm)EIn,Z

< b4 P TR
S g e Iranlmnon 4 . IPboants

~(2,2),diag\2
max  max e X, T ) AP (2,
(j:k)e[p}z (i,m)EI’n,Q /(X’Lmv]k ) ( ) ( )

L (P)

1
< E{max max Pm(ﬁ2,im¢j)4(Xi)]v

Z_-L jE[p} (i»m)eln,2

~(272)7diag 2
max max N X’i7 Xm
(%k)E[pP (i,m)e]n72<XZm7‘7k ) ( )

1
< —FE |max max (moimt:) (X, Xm)| -
— 4 [je[p] (z‘,m)eln,z( 2im¥5)"( )}

Lemma 12. Ir holds that

max  max / (Y22 V2 (2, @, 1) AP (2)d P (21 ) d Py (1)

(.k)E[p]? (i,m,)ELn 3 iml,jk

1
< —max max HPm("/TQ,imwj‘z)H%Q(Pi)+

2 ielp) (om)elna 2 (Gk)elpl? (mb)elns

"‘(272) 2
max max o Xy T, 1) d Py (,,)d Py (2
(4,k)EP]? (i;m,1)Eln 3 /<X1mluk) ( l) ( ) l( l)

L (P)

1 2 1 2
<-E Pm im¥y 2 Xz - Pm m 2
< G [y s (oot *000)" |+ G o [Pt

9 1/2
+—E{max max Pm(7r27mi1/zj)4(X,-)] max max ||Pl(|7T27ml’l7Dk’2)||L2(pm),

J€lp] (i,m)€ln 2 kelp] (ml)el, o

max  max /(2(2’2) V2( Xy, Xom, 21)dPy(2:)

GR)ED2 (md)elys | bk

L (P)

1 1/2 ) 1/2
<-E U)X, X E P(moatr)?(X;
< 3 [ (o) (6 Xo) | s s (s (60

1 1/2
+3E ma ma b m ) Xm ma ma; i 2 .
Le[ﬁ)}( (i,m)e}fin,z (72, %) ( )] ke[p}]( (m,l)ej}(n,z I, lwk”“(ﬂ@ﬂ)

1
+ —FE |max max P(mu0:)4X;)]|,
3 {jehﬂ(annefmz Hm2it) )}

max max ()2(2’2) )2(Xi, X, X1)

(GR)EP)? (im)el, 5 Mk

<E {max max B(Wz,im¢j>4<Xm)] .

L(P) j€lp] (i;m)€ln 2

Lemma 13. It holds that

~(2,2) \2
max  max ") (X, 2)d P, (2,,)d P (2
(3,k)€[p)2 (m,l)eln,z/((pml’jk) ( 2 (m)dFi(z1)
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(26)

(27)

max max  ||moim; *} 772,il¢k”%2(13m®13l)7

(28)

(29)

(30)
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<n? max max To im0 X+ T s 2 32
T GREP? (imDEl 3 I72.imthy i m2ibellzzpoom)s (32)

~(272) 2
max  max 2 )Xo, 1) d By (x
(J:k)€Elp)? (m,z)e[w/(@ml,gk) ( 1)d P () )
,11/2
<n’ ma a im0 *; T E |max max (Pi(moumte)*(Xm 7
=" <j%e§m53;§nﬁ 72y s o ailazeory [%étp}f(im%ei,z( (m2im )" (Xom))
(33)
"’(272) 2
max  max 2 ) (X, X,
(J:k)€Elpl? (m,l)eln,a(gpml’]k) ( ! L1(P)
<n’E Pi(Tam) (X)) | - 34
<n [I]gaﬁgf(i’ggﬁg( (2,im1)3)"(Xm)) (34)

Lemma 14. It holds that

(2,2),diag\2 9 o\ 12
max max ) T AP () < 4n“max max || B(|me imi; , 35
e [ (042 )P () <t me max P maints P,y 59

(2,2),diag\2
max 1max . Xm
(4,k)€[p]?2 me[n] (Spmvjk ) ( )

< 4n*E {max max (Pi(ﬁg,imz/}j)Q(Xm))Q ) (36)

L1(P) J€lp] (i;m)€ln 2

Proof of Lemma 3

Proof of Eq. (12): Theorem 2 and Lemma 8 give

E ax |y (xth log p)®/?
e LG Gos)

max max(x(l’l)f(Xi)

J,k)€p|? i€[n] (j.k)E[p)? i€[n] 1,5k

1/2
<C <n% log?p (( max max / <x§};;>>2<xi>dpi<xi>> Vilog™? p

1/2
Ll(JP’))

1/2
< Cn'/?log?p, /maxmax ||7T1,i1/)j||%4(p.) +1og’*pE {max max(ﬂl,i¢j)4(Xi)]
J€lp] i€[n] ‘ J€lp] i€n]

< o/ (882 + A2 o' p
Proof of Eq. (13): Theorem 2 and Lemma 9 give

E L) | (log p)*2
| () o)

3,k)EP|? (i,;m)€ln 2

1/2
<C (n log™? p (( max  max /()25;2]),6)2(@,xm)sz(mz)de(xm))

1/2
vnt/?log? p

~(1,2) \2
max _ max ) (X, T ) A P (T
(4,k)€lp]? (i,m)ejm/(xzm,gk) ( ) ()

L'®)
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Vieg?p H( max  max (Xgm]k) (Xi, Xon)

J.k)E[p)? (i,m)EIn 2

1/2
Ll(]P’))

1/2 1/2
< Cnlog™”? p(maxmaxnmm »n%api)) (m i ||Pm<|m,z-mwk|2>||Lz<pi>)

Jj€lp] i€n] kelp] (i;m)€ln,2

+ Cnlog® ma ma; s xE T b (X,
g p( )6}[;]2(zm)€:}(n2’|7rl’w] i T2,im k(X)) 2(p)

1/4 1/4
+ Cn'?log® pE {maXmaX(mz%) ( i)} D [max max (Pm(7T2,z'm¢k)2(Xi))2]

Jj€lp] i€n] kelp] (i;m)€ln 2

1/4
+ Cn'?log® pmax max ||71,m0; | z4(p,) B lmax max P, (m2mitx) (Xz)]
j€lpl me(n] kelp] (i;m)€lyn 2

Cn/?1 mtillr2p B P (a,mithr)*(X;))?
+ Cn'/?log pm%gngm Vil L2 (Po) szé?ifu%i’fnz( (Tomithr)* (X))

1/4 1/4
+C’log7/2pE [maxmax(mzwj) ( z)} E[ max  max (Wg,im¢k)4(Xi,Xm):|

JElp] i€ln] (4,k)€[p)? (i,;m)€Eln 2

1/4
+ Clog7/2pmaxmax 71505 L2y E {max max (Pm(7r27im@/)k)2(Xi))2} )

Jj€lp] i€n] kelp] (i;m)€lyn 2

From AM-GM inequality, we have

E L max NECen )]1 (log p)*/2

< C'log®?p | n'/? max maX l|71.59;( i)\|i4(p_) +n*?max max || P (|72imkl ) 2 (e
jelp] i€n] ' kelp] (i;m)€ln,2

+C’(nlog p max max ||7140; % ToimUe(X )||L2(pm))

€[p)? (i,;m)€lp 2

1/2 1/2
+ C'log®p log pE maxmax(m z%) ( z)] —|—nlog3/2pE {max max (Pm(72,imwk>2(Xi))2}
Jj€lp] i€n] ke€lp] (3,m)€Eln 2

1/2
+ Clog?p [ n*/? max max ||y, meHU; P )+n1/2 log”pE {max max P, (Wz,mzwk)4(X¢)]
j€[p] me[n] m kelp] (i,m)Eln, 2
1/4
+ Clog n'/? log pmax maX |7 1m il 2P B {max max (Pm(ﬂg’miwk>2(Xi))21
[p} ke[p] (i’m)eln,Q
1/2 1/2
+ Clog?p [ logt? pE |max max (7 i i +10g®?pE | max max (momthr)t Xi, Xom
g p( g'?p Lem Ze[n]( L) (X )} g pE| max (iym)em( 2,m¥k)" ( )

1/2 1/2
+ C'log™?p (10g pE [maxmax(m ;) } +1log®? pE {max max (Pm(7727im¢k)2(Xi))2:| ) .

JEp] i€[n] kelp] (i,m)€ln 2

Then, it holds that

E| max |Jo(x'h? ] log p)*/?
| ) o)
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C'|log®?p (\/Agli(l) + \/A2* ) + — A(l) log®?p
+mgp(¢A@ 1) +4/a82) ) kgp(JAm +¢A$@O

1/4
a1 | e, (A82(2)108"p) +1og5/2p(¢Aéi2<1>+M?i(z))]

1/4

1
<O =AW 10g72 . <A(5)21 9)
< <\/ﬁ og p+m€%3]<max | T1m ;| 20y | As2(2)log” p

+ \/ (Ag.(1) + Ay.(2)) log® p>. (37)

Also, Theorem 2 and Lemma 10 give

E J log p)*/?
| L) ogp)

1/2
< C | n2log?p ( max max /(gogg,)ﬁ)Q(xm)de(xm)) Vlog®?p
(k) Elp]? me[n] N

(1,2)\2
max max X,
(4,k)E[p)2 mE[n] s0mﬂ€> ( )

1/2
Ll@’))

< O n*?1 RYF .
< (n og p(%gﬁmmrgg 171,005 % Toim Wl 2 (P

1/4
+ nlog® pmaxmax||7ru¢]||Lz(p E{max max { P (7o imir)? (Xm)}Q}
€lp] i€[n] ke[p] (i,m)E€ln 2

1/4
<C (AP log?p+ n'/? maxmax [|m iy e, <A§53(2) log” p) > : (38)
€lp] i€ ’

From Eq. (37) and Eq. (38), we have Eq. (13).
Proof of Eq. (14): From Theorem 2 and Lemma 11,

E| max |Jo(x!2? 4 1 log p)*/?
| LG9 o)

1/2
< C [ nlog®? < max max / (2,2) d12g iy T )AP;(2;)d Py (T, )
- ( &P (4,k)E[p)? (i,m)EL, 2 (sz Jk ) ( ) ( ) ( )

1/2
vnl'/?1og® max  max / (2:2)diagy2( x 0 VAP, (Tm
gD (k) Elp]? (im)eln.2 (sz]k ) ( ) ( ) L)
. 1/2
Viog?p || max max (¥224)%(X;, X,
(.j’k)e[pP (i7m)EIn ( Jk ) ( ) LI(P)
5/2
< Cnlog””p (E%?pﬁ((lfr?)ii 172,im i L (pc ) Fmax max | Bi(|mim| )HLQ(Pm)>
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JEP] (im)€ln 2

1/2
+Cn*?log® pE {max max Pm(7T2,z‘m1/)j)4(Xi)]

1/2
+ Clog"?pE [max max (7r27im¢j)4(Xi,Xm)}
J€lp] (i;m)€ln,2

< Cy/Ay.(2)log” p. (39)

From Theorem 2 and Lemma 12,

E [( max |J3<>z§-i’2>>@ (log p)*2

3-k)€p]?

j’k)e[p]z (i7m7l)eln,3

1/2
<C <n3/2 log® p (( max  max /()ng,;?’?kf(xi,a:m,zl)dl%(xi)de(xm)dB(xl))

1/2
Vnlog™?p|| max ~ max / (Xt 1) (s, @, 1) AP () APy (1)
(j,k)E[pP (i,m,l)Eln 3 ’ LI(P)
) 1/2
vn'/?log* max  max / 022 N2(Xy, X, 1) d P (2
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From AM-GM inequality, we have
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Also, from Theorem 2 and Lemma 13, we have
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From AM-GM inequality, we have
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Also, from Theorem 2 and Lemma 14, we have
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From Eq. (39),Eq. (40), Eq. (41) and Eq. (42), we have Eq. (14).

1/2
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C.3.1 Proof of Lemma 8-14
Proof of Eq. (18). Recall that

(XEIJ;))QOQ) = (Wl,iwj(Xi)Wl,ﬂ/Jk(Xi) - R’{ﬁ,ﬂ/}j(Xi)ﬂl,iwk(xi)})z . (43)

then, from Jensen inequality, we have

max max/(xgji))Q( AP (x;)
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< max mae (B{(m )" (X0 (m (X))

< g s (P 00D (R0 ')

< maxmax (P {(m:1;)*(X;)})

JElp] i€[n]

where the first inequality follows from Jensen’s inequality and the second inequality follows from

Cauchy-Schwarz inequality. ]

Proof of Eq. (19). From Eq. (43) and Jensen inequality,

(L,1)y2
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L (P)
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2
max max(my ;) *(Xi) (me)* (X;) = (maxmaX(m,z-wj)Q(Xi)) = max max(m ;)" (X;),
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we have
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Proof of Eq. (20). Observe that ¢, inequality gives
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(44)
From Eq.(5) in Imai and Koike (2025) and Eq. (44), we can see that
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Proof of Eq. (21). From Eq. (44), we can see that

max  max /(Xgifj)k) (X, T ) AP (x)

(j,k)e[p]Q (Z m)GIn 2

L (P)

1 _(1,2) (1.2) \2
< - Xu m + maXi de m
< o o NGRS 0 )+ Q50 XY )|
< || max max Ty T2.im X, x)dP,, (2,
S R (G R C e e ]
+ max  max /(Pi{'/rl,iwj(Xi)'/rlimwk(Xhmm)})gdpm(xm)
(j,k)e[p]Z (lvm)eln,2
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In terms of the first term,
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In terms of the second term, Schwarz inequality gives
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In terms of the third term, form Schwarz inequality and Jensen inequality, we have
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Proof of Eq. (22). From Eq. (44), we have
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In terms of the second term
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where the second inequality follows from Schwarz inequality.

Proof of Eq. (23). Since ¢l (Xon) = 3,25 2PAm1,005 (Xi)T,im ¥k (Xi, Xon) b, we have
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Proof of Eq. (24).
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where the third inequality follows from Schwarz inequality. ]
Proof of Eq. (25). Observe that
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In conjunction with Eq.(5) in Imai and Koike (2025), we have
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In terms of the first term, Schwarz inequality gives
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In terms of the second term, Schwarz and Jensen inequality give
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Proof of Eq. (26). From Eq. (45), we have
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In terms of the first term, from the Jensen inequality
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where the second inequality follows from Schwarz inequality. In terms of the second term, similar

evaluation gives
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Proof of Eq. (27). From Eq. (45), we have
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where the second inequality follows from Jensen’s inequality and the final inequality follows from the

AM-GM inequality and Schwarz inequality. [

Proof of Eq. (28). Recall that

X 2 2) (qu va Xl)

iml,jk

(Wz,zm?/fj (Xz‘, Xm)WZ,ilwk(Xi; Xl) - Pi{ﬂz,im%’ (sz Xm)7T2,z'ﬂ/1k(Xz‘, Xl)}) .
(46)

l\DI»—

Then, from Eq.(5) in Imai and Koike (2025) and ¢, inequality, we have, we have
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Proof of Eq. (29). From the c, inequality, we have,
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In terms of the first term, from Eq. (46), we can see that
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where the second inequality follows from Schwarz inequality. In terms of the second term, from

Eq. (46), we can see that
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where the second inequality follows from Schwarz inequality. In terms of the third term, from Eq. (46),

we can see that
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Summing up
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Proof of Eq. (30). From c, inequality, we have
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In terms of the first term, from Eq. (46), we can see that
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In terms of the second term, from Eq. (46), we can see that
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In terms of the third term, from Eq. (46), we can see that
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Summing up,
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Proof of Eq. (31). From Eq.(5) in Imai and Koike (2025), we have
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From Eq. (46) and Schwarz inequality, we can see that
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In terms of the second term
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where the first inequality follows from AM-GM inequality and the second inequality follows from

Jensen’s inequality. Therefore
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Proof of Eq. (32). From Eq.(5) in Imai and Koike (2025), we have
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Proof of Eq. (33). From ¢, inequality, we have
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Likewise the proof of Lemma 17(c) in Imai and Koike (2025), from Fubini’s theorem, we have
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Then, Schwarz inequality gives
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Summing up
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Proof of Eq. (34). From ¢, inequality, we have
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where the second and third inequality follows from Schwarz inequality. [

Proof of Eq. (35). From c, inequality, we have

(2,2),diag\2
max max . T, de T,
(4,k)E[p)? me[n]/((’pmdk ) ( ) ( )

57



<2 2 Pz im 'Xi7 m m Xia m 2dpm m
<20 max max [ (P{mainty (Xi 2 Taint(Xis )} AP ()

2
+2n® max max (P Pn{mim®i(Xi, Xo)T2imWr(Xi, Xom
(k)€ )2 (i,m>efn,2( {maimtis( J72imk( 1)

< 4n* max max /(Pi{ﬂ'Q,imwj(Xi?xm)ﬂ'zimwk(Xiaxm)})Qde(xm)
(j,k)G[p]z (ivm)eln,Q

<42 Pz im'2 sz m depmm
<t o max [ P )0 R rasn) ) AP ()

2 2 2
S 4dn I]Ié?p)]( (27%2};”2 ||P’L(|7T2,zm¢]| )”LZ(Pm) %é?p)f (27%251{”2 ||PZ(|7T2,zm¢k| )||L2(Pm)

<4n’max max || P(|m2m¥;

2\ |12
Jelpl (i;m)€ln 2 | )”LQ(Pm)’

where the second inequality follows from Jensen’s inequality, the third and the final inequality follows
from Schwarz inequality. [

Proof of Eq. (36). From c, inequality, we have
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where the second inequality follows from Jensen’s inequality and Schwarz inequality and the final

inequality follows from Schwarz inequality. ]

References

Adao, R., Kolesir, M., and Morales, E. (2019). Shift-share designs: Theory and inference. The
Quarterly Journal of Economics, 134(4):1949-2010. 3

Andrews, 1., Stock, J. H., and Sun, L. (2019). Weak instruments in instrumental variables regression:
Theory and practice. Annual Review of Economics, 11(1):727-753. 3

Angrist, J. D., Imbens, G. W., and Krueger, A. B. (1999). Jackknife instrumental variables estimation.
Journal of Applied Econometrics, 14(1):57-67. 11

58



Angrist, J. D. and Krueger, A. B. (1991). Does compulsory school attendance affect schooling and
earnings? The quarterly journal of economics, 106(4):979-1014. 3

Armstrong, T. B. and Kolesar, M. (2018). A simple adjustment for bandwidth snooping. The Review
of Economic Studies, 85(2):732-765. 2

Belloni, A., Chernozhukov, V., Chetverikov, D., Hansen, C., and Kato, K. (2018). High-dimensional
econometrics and regularized GMM. arXiv preprint arXiv:1806.01888. 2, 4, 10

Berry, S., Levinsohn, J., and Pakes, A. (1995). Automobile prices in market equilibrium. Economet-
rica, 63(4):841-890. 3

Bondy, M., Roth, S., and Sager, L. (2020). Crime is in the air: The contemporaneous relationship
between air pollution and crime. Journal of the Association of Environmental and Resource
Economists, 7(3):555-585. 3

Borusyak, K., Hull, P., and Jaravel, X. (2022). Quasi-experimental shift-share research designs. The
Review of economic studies, 89(1):181-213. 3

Borusyak, K., Hull, P., and Jaravel, X. (2025). A practical guide to shift-share instruments. Journal
of Economic Perspectives, 39(1):181-204. 3

Cattaneo, M. D., Crump, R. K., and Jansson, M. (2014). Small bandwidth asymptotics for density-
weighted average derivatives. Econometric Theory, 30(1):176-200. 4

Cattaneo, M. D., Farrell, M. H., Jansson, M., and Masini, R. P. (2024). Higher-order refinements
of small bandwidth asymptotics for density-weighted average derivative estimators. Journal of

Econometrics, In press:105855. 3, 4

Cattaneo, M. D., Jansson, M., and Newey, W. K. (2018a). Alternative asymptotics and the partially
linear model with many regressors. Econometric Theory, 34(2):277-301. 3,4, 10, 11, 12, 13

Cattaneo, M. D., Jansson, M., and Newey, W. K. (2018b). Inference in linear regression models
with many covariates and heteroscedasticity. Journal of the American Statistical Association,
113(523):1350-1361. 3, 10

Chao, J. C., Swanson, N. R., Hausman, J. A., Newey, W. K., and Woutersen, T. (2012). Asymptotic
distribution of JIVE in a heteroskedastic IV regression with many instruments. Econometric Theory,
28(1):42-86. 3, 10, 11, 13

Chen, X. (2018). Gaussian and bootstrap approximations for high-dimensional U-statistics and their
applications. Annals of Statistics, 46(2):642—-678. 2

59



Chen, X. and Kato, K. (2019). Randomized incomplete U-statistics in high dimensions. Annals of
Statistics, 47(6):3127-3156. 2

Chen, X. and Kato, K. (2020). Jackknife multiplier bootstrap: finite sample approximations to the
U-process supremum with applications. Probability Theory and Related Fields, 176:1097-1163. 2

Cheng, G., Liu, Z., and Peng, L. (2022). Gaussian approximations for high-dimensional non-
degenerate U-statistics via exchangeable pairs. Statistics & Probability Letters, 182:109295. 2

Chernozhukov, V., Chetverikov, D., and Kato, K. (2013). Gaussian approximations and multiplier
bootstrap for maxima of sums of high-dimensional random vectors. Annals of Statistics, 41(6):2786—
2819. 2

Chernozhukov, V., Chetverikov, D., and Kato, K. (2015). Comparison and anti-concentration bounds
for maxima of Gaussian random vectors. Probability Theory and Related Fields, 162:47-70. 23,
34

Chernozhukov, V., Chetverikov, D., and Kato, K. (2019). Inference on causal and structural parameters

using many moment inequalities. The Review of Economic Studies, 86(5):1867-1900. 2

Chernozhukov, V., Chetverikov, D., Kato, K., and Koike, Y. (2022). Improved central limit theorem
and bootstrap approximation in high dimensions. Annals of Statistics, 50(5):2562-2586. 2

Chernozhukov, V., Chetverikov, D., Kato, K., and Koike, Y. (2023). High-dimensional data bootstrap.
Annual Review of Statistics and Its Application, 10(1):427-449. 2

Chetverikov, D., Wilhelm, D., and Kim, D. (2021). An adaptive test of stochastic monotonicity.
Econometric Theory, 37(3):495-536. 3

Chiang, H. D., Kato, K., and Sasaki, Y. (2023). Inference for high-dimensional exchangeable arrays.
Journal of the American Statistical Association, 118(543):1595-1605. 2

Chiang, H. D., Matsushita, Y., and Otsu, T. (2025). Regression adjustment, cross-fitting, and random-

ized experimens with many controls. arXiv preprint arXiv:2302.00469. 3

Dahl, G. B., Kostgl, A. R., and Mogstad, M. (2014). Family welfare cultures. The Quarterly Journal
of Economics, 129(4):1711-1752. 3

Davies, N. M., von Hinke Kessler Scholder, S., Farbmacher, H., Burgess, S., Windmeijer, F., and
Smith, G. D. (2015). The many weak instruments problem and mendelian randomization. Statistics
in medicine, 34(3):454-468. 3

60



de la Pena, V. and Giné, E. (1999). Decoupling: From Dependence to Independence. Springer Science
& Business Media. 30, 31

Deryugina, T., Heutel, G., Miller, N. H., Molitor, D., and Reif, J. (2019). The mortality and medical
costs of air pollution: Evidence from changes in wind direction. American Economic Review,
109(12):4178-4219. 3

Dobbie, W., Goldin, J., and Yang, C. S. (2018). The effects of pre-trial detention on conviction, future
crime, and employment: Evidence from randomly assigned judges. American Economic Review,
108(2):201-240. 3

Dobler, C. and Peccati, G. (2017). Quantitative de Jong theorems in any dimension. Electronic
Journal of Probability, 22(2):1-35. 10, 17

Dobler, C. and Peccati, G. (2019). Quantitative CLTs for symmetric U-statistics using contractions.
Electronic Journal of Probability, 24(5):1-43. 4

Frandsen, B., Lefgren, L., and Leslie, E. (2023). Judging judge fixed effects. American Economic
Review, 113(1):253-277. 3

Gabaix, X. and Koijen, R. S. (2024). Granular instrumental variables. Journal of Political Economy,
132(7):2274-2303. 3

Goldsmith-Pinkham, P., Sorkin, I., and Swift, H. (2020). Bartik instruments: What, when, why, and
how. American Economic Review, 110(8):2586-2624. 3

Gretton, A., Borgwardt, K. M., Rasch, M. J., Scholkopf, B., and Smola, A. (2012). A kernel two-
sample test. The journal of machine learning research, 13(1):723-773. 3, 14

Horowitz, J. L. and Spokoiny, V. G. (2001). An adaptive, rate-optimal test of a parametric mean-
regression model against a nonparametric alternative. Econometrica, 69(3):599-631. 2

Imai, S. and Koike, Y. (2025). Gaussian approximation for high-dimensional U-statistics with size-
dependent kernels. arXiv preprint arXiv:2504.10866. 2, 3, 4,7, 13, 14, 15, 16, 17, 25, 26, 27, 30,
31, 33, 34, 35, 36, 45, 49, 51, 55, 56

Imbens, G. W. and Rubin, D. B. (2015). Causal inference in statistics, social, and biomedical sciences.

Cambridge university press. 3

Jochmans, K. (2022). Heteroscedasticity-robust inference in linear regression models with many
covariates. Journal of the American Statistical Association, 117(538):887-896. 3, 10

61



Kling, J. R. (2006). Incarceration length, employment, and earnings. American Economic Review,
96(3):863-876. 3

Koike, Y. (2023). High-dimensional central limit theorems for homogeneous sums. Journal of
Theoretical Probability, 36(1):1-45. 2

Kuchibhotla, A. K., Kolassa, J. E., and Kuffner, T. A. (2022). Post-selection inference. Annual Review
of Statistics and Its Application, 9:505-527. 2

Lee, D. S., McCrary, J., Moreira, M. J., and Porter, J. (2022). Valid t-ratio inference for iv. American
Economic Review, 112(10):3260-3290. 3

Lei, L. and Ding, P. (2021). Regression adjustment in completely randomized experiments with a

diverging number of covariates. Biometrika, 108(4):815-828. 3

Li, T. and Yuan, M. (2024). On the optimality of Gaussian kernel based nonparametric tests against
smooth alternatives. Journal of Machine Learning Research, 25(334):1-62. 13, 14

Mikusheva, A. and Sun, L. (2022). Inference with many weak instruments. The Review of Economic
Studies, 89(5):2663-2686. 3

Nevo, A. (2001). Measuring market power in the ready-to-eat cereal industry. Econometrica,
69(2):307-342. 3

Powell, J. L., Stock, J. H., and Stoker, T. M. (1989). Semiparametric estimation of index coefficients.
Econometrica, 57(6):1403-1430. 4

Song, Y., Chen, X., and Kato, K. (2019). Approximating high-dimensional infinite-order U-statistics:

Statistical and computational guarantees. Electronic Journal of Statistics, 13(2):4794. 2

Song, Y., Chen, X., and Kato, K. (2023). Stratified incomplete local simplex tests for curvature of

nonparametric multiple regression. Bernoulli, 29(1):323-349. 2

Sriperumbudur, B. K., Gretton, A., Fukumizu, K., Scholkopf, B., and Lanckriet, G. R. (2010). Hilbert
space embeddings and metrics on probability measures. Journal of Machine Learning Research,
11:1517-1561. 14

62



	Introduction
	Notation and Setting
	Main Results
	Gaussian Approximation for High-dimensional U-statistics
	Gaussian Approximation for High-dimensional V-statistics

	Special Cases and Potential Applications
	Weighted U-statistics
	Two-sample U-statistics

	Auxiliary Results
	High-dimensional CLT via generalized exchangeable pairs
	Maximal Inequality

	Proof of Main Result
	Proof of thm:main-inid
	Proof of coro:main-kernel-inid
	Proof of coro:main-kernel-V-inid

	Proof of Auxiliary Result
	Proof of thm:max-is-inid and lem:max-is-inid
	Proof of lem:max-rosenthal-inid
	Proof of lem:inid:eval-step2
	Proof of Lemma 8-14



