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Abstract

We develop Gaussian approximations for high-dimensional vectors formed by second-order
U and V -statistics whose kernels depend on sample size under independent but not identically
distributed (i.n.i.d.) sampling. Our results hold irrespective of which component of the Hoeffding
decomposition is dominant, thereby covering both non-degenerate and degenerate regimes as
special cases. By allowing i.n.i.d. sampling, the class of statistics we analyze includes weighted
U - and V -statistics and two-sample U - and V -statistics as special cases, which cover estimators of
parameters in regression models with many covariates, many-weak instruments as well as a broad
class of smoothed two-sample tests, to name but a few. In addition, we extend sharp maximal
inequalities for U -statistics with size-dependent kernels from the i.i.d. to the i.n.i.d. setting, which
may be of independent interest.
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1 Introduction

In modern applications, the number of target parameters of statistical inference can be large and
one might wish to conduct simultaneous inference on such high-dimensional parameters, as noted
by many authors (e.g. Belloni et al., 2018; Chernozhukov et al., 2022, 2023). For example, such
situations arise when there are many outcomes, groups or time points (or combination thereof), and
parameters are estimated for each outcome, group, and time point (Belloni et al., 2018, Section
1.1); when economic theory implies a large number of testable conditions (e.g. Chernozhukov et al.,
2019); or when one seeks to conduct uniform inference over some parameters for the purpose of
adaptive inference (Horowitz and Spokoiny, 2001), sensitivity analysis/robustness check Armstrong
and Kolesár (2018) or post-selection inference Kuchibhotla et al. (2022).

As a useful tool for such problems, Chernozhukov et al. (2013) established Gaussian approximation
for the sum of high-dimensional independent random vectors. Notably, their approximation is valid
even when the dimension p is much larger than the sample size n and does not restrict correlations of
the coordinates of the random vectors. Since then, many authors have extended the remarkable result
to several directions including U -statistics type statistics (Chen, 2018; Chen and Kato, 2019, 2020;
Song et al., 2019, 2023; Cheng et al., 2022; Chiang et al., 2023; Koike, 2023; Imai and Koike, 2025).
Among them, the most closely related work to ours is Imai and Koike (2025). In Imai and Koike
(2025), they provide Gaussian approximations for high-dimensional with size-dependent kernels under
i.i.d. sampling. The point of their results is that the approximations remain valid regardless of which
term in the Hoeffding decomposition is dominant and even in the case such dominant component is
absent.

In this study, we establish Gaussian approximations for high-dimensional second-order U and
V -statistics with kernel functions which depend on sample size under independent but not identically
distributed (i.n.i.d.) sampling. Our bounds on Gaussian approximation errors are analytical and
explicitly express the dependence on the dimension p and remain valid regardless of whether the first-
or second-order Hoeffding component dominates or such dominant component does not exist. As
special cases, we allow non-degenerate cases and degenerate cases with known degrees.

At first glance, the results in this paper appear to be straightforward extensions of the Gaussian
approximation results for high-dimensional U -statistics under the i.i.d. setting by Imai and Koike
(2025) to the i.n.i.d. setting. However, allowing i.n.i.d. observations substantially enlarges the class
of applications. First, the extension enables us to directly handles settings where each observation
can have its own distribution. Second and more importantly, the resulting U -statistics have important
subclasses such as weighted U -statistics and two-sample U -statistics, etc (See Section 4).

Two-sample U -statistics typically appears as test statistics for the equivalence of parameters or
underlying distributions across two samples, and for related problems; for example, our consid-
ered class of U -statistics covers the smoothed version of classical statistics for two sample problem
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such as Mann–Whitney and Cramér-von-Mises type statistics and their extensions. Among them, in
Section 4.2, we consider a maximum mean discrepancy (MMD) based nonparametric adaptive ho-
mogeneity test (Gretton et al., 2012) which concerns whether two independent samples come from a
common population as an application of our Gaussian approximation for high-dimensionalU -statistics
with size-dependent kernels. The high dimensionality in this application is induced by adaptation; In
the framework of adaptive tests, we construct test statistic uniformly in smoothness over some function
space, because smoothness of some functions associated with data generating processes are typically
unknown (cf. Chetverikov et al., 2021; Imai and Koike, 2025). In our application in Section 4.2,
the resulting test statistic is defined as maximum of single test statistic over the space of bandwidths
whose cardinal diverges to infinity as the sample size grows.

In the recent econometrics and statistics, the high-dimensional covariates and many-weak instru-
mental variables (IVs) settings are commonplace and second-order weighted V and U -statistics play
an important role in such settings. We first explain the motivation for using many covariates. As
noted by (Cattaneo et al., 2018a, Section 1), one of the motivations using many covariates is to make
unconfundedness assumption more credible by conditioning on a rich set of controls (potentially
including interactions or/and non-linear functional of covariates and fixed effects) in observational
studies. Another motivation is efficiency gain in randomized controlled trials (Imbens and Rubin,
2015, Section 7) and the theoretical analysis have been conducted under high-dimensional covariates
settings Lei and Ding (2021); Chiang et al. (2025). We next document that many-weak IVs situations
frequently occur in practice. In terms of the strength of IVs, Andrews et al. (2019) and Lee et al. (2022)
document that a nontrivial share of papers in American Economic Review report F -statistics below
the conventional threshold of 10 and conclude that weak instruments are frequently encountered in
practice. Also, many-IV situations frequently arise in application, for example, Quarter-of-Birth in the
famous paper Angrist and Krueger (1991), Hausman IVs (Berry et al., 1995; Nevo, 2001), judge IVs
(Kling, 2006; Dahl et al., 2014; Dobbie et al., 2018; Mikusheva and Sun, 2022; Frandsen et al., 2023),
Bartik IVs (Adao et al., 2019; Goldsmith-Pinkham et al., 2020; Borusyak et al., 2022, 2025), wind
direction IVs (Deryugina et al., 2019; Bondy et al., 2020), granular IVs (Gabaix and Koijen, 2024)
and Mendelian randomization (Davies et al., 2015) etc. Motivated by such surroundings, as concrete
examples of application of weighted V and U -statistics, we consider the many-weak IVs asymptotics
by Chao et al. (2012) and the many covariate asymptotics by Cattaneo et al. (2018a) (also closely
related to Cattaneo et al., 2018b; Jochmans, 2022), respectively. In this framework, the estimators of
parameters of interest have second-order V and U -statistic forms and whether the linear term or the
quadratic term is dominant depends on the assumption. In particular, in the many-weak IV asymp-
totics, it depends on the ratio of IVs to the dimension of IVs. Also, in the many-covariate asymptotics
by Cattaneo et al. (2018a), the ratio of the number of covariates to the sample size. One advantage
of these asymptotic frameworks is that the required restrictions on these ratios are relaxed relative to
classical asymptotic regime. In addition, Cattaneo et al. (2024) show that Gaussian approximations
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is more accurate in the case of density weighted average derivatives estimators (Powell et al., 1989)
under an asymptotic framework called small bandwidth asymptotics (Cattaneo et al., 2014), whose
mathematical structure is shared by many-covariate and many-weak IV asymptotics (Cattaneo et al.,
2018a, Section 2.1-2.2 and Cattaneo et al., 2024, Section 5), we expect comparable improvements. In
Section 4.1, we suppose that the high-dimensionality comes from a large number of outcomes groups
and/or moment conditions, etc following (Belloni et al., 2018, Section 1).

On the technical side, we strongly rely on technical lemmas and the proof of Theorem 2 in Imai
and Koike (2025). In particular, we directly utilize their high-dimensional central limit theorem
via exchangeable pairs (Imai and Koike, 2025, Theorem 6) as the starting point for our analysis of
Gaussian approximation error. However, in evaluating the Gaussian approximation error, Imai and
Koike (2025) make substantial use of auxiliary results by Döbler and Peccati (2019) and several lemmas
they develop, some of which can be applied only in the i.i.d. setting. Accordingly, we reconstruct parts
of the argument and several auxiliary lemmas tailored to the i.n.i.d. setting. In the i.n.i.d. case, the
underlying probability measures are not common across observations and this loss of common measure
symmetry makes the multi-index summations and σ-field conditioning substantially more delicate for
the analysis of U -statistics. Among these, the most important technical contribution is an extension of
the maximal inequalities for U -statistics with size dependent kernel (Imai and Koike, 2025, Theorem
7 and 8) to the i.n.i.d. setting. We state these results as Theorem 2 and Theorem 3 and they may be of
independent interest beyond our application. Nevertheless, as noted above, several technical lemmas
due to Imai and Koike (2025) still play an important role. In particular, we can directly use their
maximal inequalities for high-dimensional nonnegative adapted sequences and for high-dimensional
martingales (Imai and Koike, 2025, Lemma 1 and 2), with due care in the construction of the filtration,
to retain the Gaussian-approximation error bounds as sharp as in the i.i.d. case.

Organization: The rest of the paper is organized as follows. Sections 2 and 3 introduce the formal
setup and state the main theoretical results, respectively. Section 4 discusses several concrete examples
of potential applications. Section A presents the two key building blocks of the proofs of main results,
and the proofs of main results are in Section B. In Section C, we prove the auxiliary results.

Notations: For a positive integerm, we write [m] := {1, . . . ,m}. We also set [0] := ∅ by convention.
Given a vector x ∈ Rp, its j-th component is denoted by xj . Also, we set |x| :=

√∑p
j=1 x

2
j and

∥x∥∞ := maxj∈[p] |xj|. Given a p × q matrix A, its (j, k)-th entry is denoted by Ajk. Also, we set
∥A∥∞ := maxj∈[p],k∈[q] |Ajk|. Rp denotes the set of all rectangles in Rp. For a normed space X, its
norm is denoted by ∥ · ∥X. We interpret max ∅ as 0 unless otherwise stated. For two random variables
ξ and η, we write ξ ≲ η or η ≳ ξ if there exists a universal constant C > 0 such that ξ ≤ Cη. Given
parameters θ1, . . . , θm, we use Cθ1,...,θm to denote positive constants, which depend only on θ1, . . . , θm
and may be different in different expressions.
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2 Notation and Setting

Given a probability space (Ω,A,P), let X1, . . . , Xn be independent random variables taking values
in respective measurable spaces (S1,S1), . . . , (Sn,Sn). Write Pi for the marginal distribution of Xi.
For r ≥ 1 and each (i1, . . . , ir), we say that a function ψ(i1,...,ir) :

∏r
s=1 Sis → R is symmetric if

ψ(i1,...,ir)(xi1 , . . . , xir) = ψ(iσ(1),...,iσ(r))(xσ(1), . . . , xσ(r)) for all (x1, . . . , xr) ∈
∏r

s=1 Sis and σ ∈ Sr,
where Sr is the symmetric group of degree r. To lighten notation we writeψ(Xi1 , . . . , Xir) orψ(i1,...,ir)

for ψ(i1,...,ir)(Xi1 , . . . , Xir) whenever no confusion can arise. Let ψ := {ψ(i1,...,ir)}(i1,...,ir)∈In,r
be a

family of ⊗r
s=1Sis-measurable symmetric functions ψ(i1,...,ir) :

∏r
s=1 Sis → R, we define r-th order

U -statistics is defined as follows

Jr(ψ) :=
∑

1≤i1<···<ir≤n

ψ(Xi1 , . . . , Xir) =
1

r!

∑
(i1,...,ir)∈In,r

ψ(Xi1 , . . . , Xir),

where In,r := {(i1, . . . , ir) : 1 ≤ i1, . . . , ir ≤ n, is ̸= it for all s ̸= t}. We define a function∏r−s
l=1 Pklψ :

∏s
t=1 Sit → R as

r−s∏
l=1

Pklψ(Xi1 , . . . , Xis) :=

∫
ψ(Xi1 , . . . , Xis , xk1 , . . . , xkr−s)

r−s∏
l=1

dPkl(xkl).

For a kernel ψ(i1,...,ir) with
∏r

l=1 Pilψ(i1,...,ir) = 0, we say ψ(i1,...,ir) is degenerate if Pilψ(i1,...,ir) =

0 for every 1 ≤ l ≤ r. For each (i1, . . . , is), define Kn,r−s(i1, . . . , is) := {1 ≤ k1, . . . , kr−s ≤ n, kl ̸=
km for all l ̸= m and kl /∈ {i1, . . . , is} for all 1 ≤ l ≤ r − s}. Then, for 1 ≤ s ≤ r, Hoeffding
projections are defined as follows

πs,(i1,...,is)ψ(Xi1 , . . . , Xis)

:=
∑

(k1,...,kr−s)∈Kn,r−s(i1,...,is)

(
s∏

l=1

(δXil
− Pil)

r−s∏
m=1

Pkm

)
ψ(Xi1 , . . . , Xis , Xk1 , . . . , Xkr−s).

The Hoeffding decomposition of Jr(ψ) is given by

Jr(ψ)− E[Jr(ψ)] =
r∑

s=1

1

s!

∑
(i1,...,is)∈In,s

πs,(i1,...,is)ψ(Xi1 , . . . , Xis).

Notations for Second-Order U -statistics: In this paper, we focus on Gaussian approximation in
the case of r = 2, though some technical results for higher-order U -statistics are required. For reader’s
convenience, we restate, in the case of r = 2, some definitions introduced above. First, the second
order U -statistics is given by

J2(ψ) :=
∑

1≤i1<i2≤n

ψ(Xi1 , Xi2) =
1

2

∑
(i1,i2)∈In,2

ψ(Xi1 , Xi2).
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Then, for s = {1, 2}, Hoeffding projections are defined as follows

π1,iψ(Xi) =
∑
m̸=i

(δXi
− Pi)Pmψ(Xi, Xm),

π2,imψ(Xi, Xm) = (δXi
− Pi)(δXm − Pm)ψ(Xi, Xm).

(1)

Finally, Hoeffding decomposition of J2(ψ) is

J2(ψ)− E[J2(ψ)] =
n∑

i=1

π1,iψ(Xi) +
1

2

∑
(i,m)∈In,2

π2,imψ(Xi, Xm).

3 Main Results

In this section, we provide main results, that is, Gaussian Approximation for high-dimensional second-
order U -statistics and V -statistics with size dependent kernels. We prove theorems in this section in
Section B.

3.1 Gaussian Approximation for High-dimensional U -statistics

Let p be a positive integer. We assume p ≥ 3 so that log p > 1. For every j ∈ [p], we consider a family
of kernels ψj := {ψj,(i,m) : Si × Sm → R}(i,m)∈In,2 , which are Si ⊗ Sm-measurable, symmetric, and
satisfy ψj,(i,m) ∈ L4(Pi ⊗ Pm) for all (i,m) ∈ In,2. We suppress (i,m) in ψj,(i,m)(xi, xm) when no
confusion can arise and simply write ψj(xi, xm). Also, σj :=

√
Var[J2(ψj)] > 0. Define

W := (J2(ψ1)− E[J2(ψ1)], . . . , J2(ψp)− E[J2(ψp)])
⊤.

Our main result is an explicit error bound on the normal approximation of P(W ∈ A) uniformly over
A ∈ Rp. To state the result concisely, we introduce some notation. Set

∆
(0)
1 := n2 max

(j,k)∈[p]2
max

(i,m,l)∈[n]3
m,l ̸=i

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

σjσk
,

∆
(1)
1 := n3/2 max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥L2(Pm)

σjσk
,

where we define π2,imψj ⋆
1
i π2,ilψk(Xm, Xl) :=

∫
π2,imψj(xi, Xm)π2,ilψk(xi, Xl)dPi(xi) and π1,iψj ⋆

1
i

π2,imψk(Xm) :=
∫
π1,iψj(xi)π2,imψk(xi, Xm)dPi(xi), and

∆
(1)
2,∗(1) := nmax

j∈[p]
max
i∈[n]

∥π1,iψj∥4L4(Pi)

σ4
j

, ∆
(2)
2,q(1) := n4/q

∥∥∥∥max
j∈[p]

max
i∈[n]

|π1,iψj|
σj

∥∥∥∥4
Lq(P)

log p

and

∆
(1)
2,∗(2) := n2max

j∈[p]
max
i∈[n]

∥π2,imψj∥4L4(Pi⊗Pm)

σ4
j

log3 p, ∆
(2)
2,∗(2) := n3max

j∈[p]
max

(i,m)∈In,2

∥Pm(|π2,imψj|2)∥2L2(Pi)

σ4
j

log2 p,
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∆
(3)
2,∗(2) := nE

[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,imψj)
4(Xi)

σ4
j

]
log4 p,

∆
(4)
2,q(2) = n4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

|π2,imψj|
σj

∥∥∥∥4
Lq(P)

log5(np),

∆
(5)
2,q(2) = n2+4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

Pm(|π2,imψj|2)
σ2
j

∥∥∥∥2
Lq/2(P)

log3(np).

Then, the error bound on the normal approximation is explicitly given as follows. The following
Gaussian approximation is an extension of Theorem 2 in Imai and Koike (2025) and is valid regardless
of whether the first- or second-order Hoeffding component is dominant or neither is as long as the
approximation error bound converges to 0 as n→ ∞.

Theorem 1. There exists a universal constant C such that

sup
A∈Rp

|P(W ∈ A)− P(Z ∈ A)| ≤ C
(√

∆′
1 +

{
(∆2,q(1) + ∆2,q(2)) log

5 p
}1/4)

, (2)

where Z ∼ N(0,Cov(W )) and

∆2,q(1) := ∆
(1)
2,∗(1) + ∆

(2)
2,q(1), ∆2,q(2) :=

3∑
ℓ=1

∆
(ℓ)
2,∗(2) +

5∑
ℓ=4

∆
(ℓ)
2,q(2),

∆′
1 := ∆

(0)
1 log3 p+∆

(1)
1 log5/2 p+ n1/2max

j∈[p]
max
m∈[n]

∥π1,mψj∥L2(Pm)

σj

(
∆

(5)
2,∗(2) log

9 p
)1/4

.

As noted by Imai and Koike (2025), it is often easy to evaluate the quantities in terms of kernel
functions rather than those of Hoeffding projections, in application. The following corollary is an
extension of Corollary 2 in Imai and Koike (2025) and is useful for the purpose.

Corollary 1. Under the assumption of Theorem 1, there exists a universal constant C such that

sup
A∈Rp

|P(W ∈ A)− P(Z ∈ A)| ≤ C

(√
∆̃′

1 +
{
(∆̃2,q(1) + ∆̃2,q(2)) log

5 p
}1/4

)
,

where

∆̃2,q(1) := ∆̃
(1)
2,∗(1) + ∆̃

(2)
2,q(1), ∆̃2,q(2) :=

3∑
ℓ=1

∆̃
(ℓ)
2,∗(2) +

5∑
ℓ=4

∆̃
(ℓ)
2,q(2),

∆̃′
1 := ∆̃

(0)
1 log3 p+ ∆̃

(1)
1 log5/2 p+ n3/2max

j∈[p]
max

(i,m)∈In,2

√
Var[Pmψj(Xi, Xm)]

σj

(
∆̃

(5)
2,∗(2) log

9 p
)1/4

.

with

∆̃
(0)
1 := n2 max

(j,k)∈[p]2
max

(i,m,l)∈[n]3
m,l ̸=i

∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl)

σjσk
,
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∆̃
(1)
1 := n3/2max

j∈[p]
max

(i,m)∈In,2

√
Var[Pmψj(Xi, Xm)]

σj

√
∆̃

(0)
1 ,

where we define ψj,(i,m) ⋆
1
i ψk,(i,l)(Xm, Xl) :=

∫
ψj(xi, Xm)ψk(xi, Xl)dPi(xi), and

∆̃
(1)
2,∗(1) := n5max

j∈[p]
max

(i,m)∈In,2

∥Pmψj,(i,m)∥4L4(Pi)

σ4
j

, ∆̃
(2)
2,q(1) := n4+4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

|Pmψj,(i,m)|
σj

∥∥∥∥4
Lq(P)

log p,

and

∆̃
(1)
2,∗(2) := n2max

j∈[p]
max

(i,m)∈In,2

∥ψj,(i,m)∥4L4(Pi⊗Pm)

σ4
j

log3 p, ∆̃
(2)
2,∗(2) := n3max

j∈[p]
max

(i,m)∈In,2

∥Pm(|ψj,(i,m)|2)∥2L2(Pi)

σ4
j

log2 p,

∆̃
(3)
2,∗(2) := nE

[
max
j∈[p]

max
(i,m)∈In,2

Pm(ψj,(i,m))
4(Xi)

σ4
jψj

]
log4 p, ∆̃

(4)
2,q(2) = n4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

|ψj,(i,m)|
σj

∥∥∥∥4
Lq(P)

log5(np),

∆̃
(5)
2,q(2) = n2+4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

Pm(|ψj,(i,m)|2)
σ2
j

∥∥∥∥2
Lq/2(P)

log3(np).

3.2 Gaussian Approximation for High-dimensional V -statistics

In applications, we often need to handle not only U -statistics but also V -statistics. Once Theorem 1
is established, the Gaussian approximation for the second-order high-dimensional V -statistic with
size-dependent kernels follows immediately. To facilitate applications, we state it explicitly as a
corollary.

Before stating the corollary, we introduce notations used below. We write the second order
V -statistics as JV

2 (ψ).

JV
2 (ψ) :=

n∑
i1=1

n∑
i2=1

ψ(Xi1 , Xi2).

For s = {1, 2}, Hoeffding projections are defined as follows

πV
1,iψ(Xi) =

1

2
(δXi

− Pi)ψ(Xi, Xi) +
∑
m̸=i

(δXi
− Pi)Pmψ(Xi, Xm),

π2,imψ(Xi, Xm) = (δXi
− Pi)(δXm − Pm)ψ(Xi, Xm).

(3)

Then, Hoeffding decomposition of JV
2 (ψ) is

JV
2 (ψ)− E[JV

2 (ψ)] =
n∑

i=1

πV
1,iψ(Xi) +

1

2

∑
(i,m)∈In,2

π2,imψ(Xi, Xm).

Then, the error bound on the normal approximation is explicitly given as follows. As in the case
of U -statistics, the following Gaussian approximations are valid regardless of whether the first- or
second-order Hoeffding component is dominant or neither is as long as the approximation error bound
converges to 0 as n→ ∞.
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Corollary 2. There exists a universal constant C such that

sup
A∈Rp

|P(W V ∈ A)− P(Z ∈ A)| ≤ C
(√

(∆′
1)

V +
{
(∆V

2,q(1) + ∆2,q(2)) log
5 p
}1/4)

, (4)

where

∆V
2,q(1) := (∆

(1)
2,∗)

V (1) + (∆
(2)
2,q)

V (1),

(∆′
1)

V := ∆
(0)
1 log3 p+ (∆

(1)
1 )V log5/2 p+ n1/2max

j∈[p]
max
m∈[n]

∥πV
1,mψj∥L2(Pm)

σj

(
∆

(5)
2,∗(2) log

9 p
)1/4

,

with

(∆
(1)
1 )V := n3/2 max

(j,k)∈[p]2
max

(i,m)∈In,2

∥πV
1,iψj ⋆

1
i π2,imψk∥L2(Pm)

σjσk
,

and

(∆
(1)
2,∗)

V (1) := n5max
j∈[p]

max
i∈[n]

∥πV
1,iψj∥4L4(Pi)

σ4
j

, (∆
(2)
2,q)

V (1) := n4/q

∥∥∥∥∥max
j∈[p]

max
i∈[n]

|πV
1,iψj|
σj

∥∥∥∥∥
4

Lq(P)

log p.

Proof. Replacing π1ψj in quantities associated with Theorem 1 with πV
1 ψj completes the proof.

To facilitate applications, we formulate an analogue of our result expressed solely through bounds
on quantities in terms of kernel functions, for the V -statistic case as well.

Corollary 3. There exists a universal constant C such that

sup
A∈Rp

|P(W V ∈ A)− P(Z ∈ A)| ≤ C

(√
(∆̃′

1)
V +

{
(∆̃V

2,q(1) + ∆̃2,q(2)) log
5 p
}1/4

)
,

where

∆̃V
2,q(1) := (∆̃

(1)
2,∗)

V (1) + (∆̃
(2)
2,q)

V (1),

(∆̃′
1)

V := ∆
(0)
1 log3 p+ (∆̃

(1)
1 )V log5/2 p+ n1/2max

j∈[p]
max
m∈[n]

∥πV
1,mψj∥L2(Pm)

σj

(
∆

(5)
2,∗(2) log

9 p
)1/4

,

with

(∆̃
(1)
1 )V := n3/2max

j∈[p]
max

(i,m)∈In,2

√
Var[Pmψj,(i,m)(Xi)]

√
∆̃

(0)
1

+ n1/2max
j∈[p]

max
i∈[n]

√
Var[ψj,(i,i)(Xi, Xi)]

√
∆̃

(0)
1 ,

and

(∆̃
(1)
2,∗)

V (1) := n5max
j∈[p]

max
(i,m)∈In,2

∥ψj,(i,m)∥4L4(Pi)

σ4
j

+ nmax
j∈[p]

max
i∈[n]

∥ψj,(i,i)∥4L4(Pi⊗Pi)

σ4
j

,

(∆̃
(2)
2,q)

V (1) := n4+4/q

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

|ψj,(i,m)|
σj

∥∥∥∥4
Lq(P)

log p+ n4/q

∥∥∥∥max
j∈[p]

max
i∈[n]

|ψj,(i,i)|
σj

∥∥∥∥4
Lq(P)

log p.
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4 Special Cases and Potential Applications

U-statistics constructed from i.n.i.d. observations admit several subclasses of practical importance.
In what follows, describe these subclasses in the second-order case. Alongside this discussion, we
present concrete application examples rather than provide full technical proofs.

4.1 Weighted U -statistics

Suppose we have an i.i.d. sample X := (Xi)
n
i=1 and a non-random or i.i.d. sample (independent of

X) (w(i,m))(i,m)∈In,2 . Then, the second-order weighted U -statistics
∑

(i,m)∈In,2
w(i,m)φ(Xi, Xm) is

exactly our defined U -statistics associated with ψ(i,m)(Xi, Xm) = w(i,m)φ(Xi, Xm), where φ is an
index-independent kernel in the sense that φ does not depend on (i,m). See also (Döbler and Peccati,
2017, pp. 7) for this point.

As an application of high-dimensional weighted U -statistics, we consider designs where the
target parameter becomes high-dimensional due to a large number of outcomes, groups and moment
conditions, etc. In the case of a single sum of independent variables, Belloni et al. (2018) consider
these problems as application of high-dimensional central limit theorems and name the framework
“many approximating mean (MAM)” framework. In the U -statistics counterparts of this framework,
we consider (i) many-weak instrumental variables asymptotics by Chao et al. (2012) and (ii) many
covariates asymptotics by Cattaneo et al. (2018a) for the partially linear models (also closely related
to Cattaneo et al., 2018b and Jochmans, 2022).

Example 1 (Many-Weak Instrumental Variables Asymptotics in MAM framework). Chao et al. (2012)
proposed an asymptotic framework for instrumental variable models which is robustly valid under a
wide range of identification strength of instrumental variables. Our Gaussian approximation can be
used to extend the asymptotic theory of Chao et al. (2012) within MAM framework.

Suppose the following instrumental variable model for each j ∈ [p].

Yij = X⊤
ij θj + uij,

Xij = γ⊤n,jZij + εij, E[uij | Zij] = 0, E[εij | Zij] = 0.

where Yij is scalar dependent variable, uij and εij are scalar and dj-dimensional error terms respec-
tively, Xij is a dj-dimensional vector of explanatory variable, Zij is a Kn,j-dimensional vector of
instrumental variables and θj ∈ Rdj and γn,j ∈ RKn,j are non-random coefficients. For the coefficient
γn,j , we assume that

γn,j :=
1√
n
µn,jπj (5)

where µn,j is a scalar n-dependent sequence and πj is a (Kn,j × dj)-dimensional matrix of constants.
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In this paragraph, we consider the JIVE2 proposed by Angrist et al. (1999):

θ̂n,j =

(
n−1∑
i=1

n∑
m̸=i

XijPim,jX
⊤
mj

)−1 n−1∑
i=1

n∑
m̸=i

XijPim,jYmj,

where Pim,j is (i,m)-th element of the projection matrix Pj := Zj(Z
⊤
j Zj)

−1Z⊤
j . We show that

θ̂n,j − θj has a weighted U -statistic form which does not always have Hoeffding dominant component.
We assume

√
Kn,j/µ

2
n,j → 0 as n→ ∞ to ensure the consistency of an estimator defined latter. Since

Yij = X⊤
ij θj + uij , it can be seen that

θ̂n,j := θj + Γ̂−1
n,jSn,j,

where Γ̂n,j := µ−2
n,j

∑n−1
i=1

∑n
m̸=iXijPim,jX

⊤
mj and Sn,j := µ−2

n,j

∑n−1
i=1

∑n
m̸=iXijPim,jumj . Some

evaluations using our developed maximal inequality introduced later (Theorem 2) give

θ̂n,j − θj ≈ Γ−1
n,j

(
1

µn,j

√
n

n∑
i=1

(I − Pii,j)(Z
⊤
i,jπj)uij +

1

µ2
n,j

n∑
i=1

n∑
i<m

Pim,j

(
εijumj + εmjuij

))
,

with Γn,j :=
1
n

∑n
i=1(1− Pii,j)(π

⊤
j Zij)(π

⊤
j Zij)

⊤ = Op(1). Note that the convergence rate of the first
term is Op(1/µn,j) and of the second term is Op(

√
Kn,j/µ

2
n,j). Then, it can be seen that

Case (i) : Kn,j is fixed and µn,j = O(n1/2) ⇐⇒ the linear term is dominant,

Case (ii) : Kn,j → ∞ and Kn,j/µ
2
n,j → κ ∈ (0,∞) ⇐⇒ the linear term ≍ the quadratic term,

Case (iii) : Kn,j → ∞ and Kn,j/µ
2
n,j → ∞ ⇐⇒ the quadratic term is dominant.

These three cases are corresponding to (i) the ordinary instrumental variable regression model, (ii)
linear regression model with many instrumental variables, and (iii) linear regression model with many-
weak instrumental variables. In U -statistic terms, Case (i) corresponds to dominance of the linear
term, Case (ii) to absence of the dominant term and Case (iii) to dominance of the quadratic term.
Therefore, θ̂n,j − θj has a weighted U -statistic form which does not always have Hoeffding dominant
component.

Applying their Lemma A.2, Chao et al. (2012) established normal approximation of θ̂n,j for a fixed
j. Their approximation is valid for any of the three regimes above. We can use our high-dimensional
CLT (Theorem 1) to extend this result to the (dj × p)-dimensional joint vector θ̂n := (θ̂n,1, . . . , θ̂n,p)

with possibly diverging p. Notably, it accommodates heterogeneous regimes across coordinates, for
example, Case (i) holds for coordinate j whereas Case (iii) holds for coordinate k.

Example 2 (Many Covariates Asymptotics in MAM framework). Cattaneo et al. (2018a) proposed
an asymptotic framework for the partially linear models with high-dimensional covariates. This
framework enable us to conduct inference based on asymptotic normality of estimators for parameters
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of interest even when the dimension of covariates to grow as fast as sample size. Our Gaussian
approximation can be used to extend the asymptotic theory by Cattaneo et al. (2018a) within MAM
framework.

Suppose we have an i.i.d. sample (Yj, Xj, Zj) := (Yij, X
⊤
ij , Z

⊤
ij )

n
i=1 (j ∈ [p]) and consider the

following partially linear model

Yij = X⊤
ijβj + gj(Zij) + εij, E[εij | Xij, Zij] = 0,

where Yij is a scalar dependent variable,Xij andZij are dXj
-dimensional and dZj

-dimensional random
vector. Let pKn,j

(Zj) be a Kn,j-dimensional vector of approximating functions, such as power series
and splines, and its definition is given by as follows

pKn,j
(Zj) := [p1(Zj), . . . , pKn,j

(Zj)]
⊤.

Also, let PKn,j
be (n×Kn,j) matrix whose i-th row of PKn,j

is pn,j(Zij), that is

PKn,j
:= [pKn,j

(Z1j), . . . ,pKn,j
(Znj)]

⊤.

To describe estimator, define Mj := In −PKn,j
(P⊤

Kn,j
PKn,j

)−1P⊤
Kn,j

. Then, the series based estimator
for β is given by

β̂j =

(
n∑

i=1

n∑
m=1

Mim,jXijX
⊤
mj

)−1 n∑
i=1

n∑
m=1

Mim,jXijYmj,

where Mij,j is the (i,m)-th element of Mj .
Next, we show β̂j − βj has a weighted U -statistic form whose Hoeffding dominant component

is absent. Since Yij = X⊤
ijβj + gj(Zij) + εij , it holds that

√
n(β̂j − βj) := Γ̂−1

n,jSn,j , where Γ̂n,j :=

n−1
∑n

i=1

∑n
m=1Mim,jXijX

⊤
mj andSn,j := n−1/2

∑n
i=1

∑n
m=1Mim,jXij(gj(Zmj)+εmj). To describe

the asymptotic representation of Γ̂n,j and Sn,j , we define hj(Zij) := E[Xij | Zij] and vij := Xij −
hj(Zij). Assume, for all j ∈ [p], rank(PKn,j

) = Kn,j . In addition, assume that there is a positive
constant C > 0 such that C ≤Mii,j and for some αg,j, αh,j > 0 and there is a C <∞ such that

min
γg,j∈RKn,j

E
[
|gj(Zij)− γ⊤g,jpKn,j

(Zij)|2
]
≤ CK

−2αg,j

n,j ,

min
γh,j∈R

Kn,j×dXj

E
[
∥hj(Zij)− γ⊤h,jpKn,j

(Zij)∥2
]
≤ CK

−2αh,j

n,j ,

for all j ∈ [p]. Then, an evaluation using our developed maximal inequality (Theorem 2) gives

Γ̂n,j ≈
1

n

n∑
i=1

Mii,jE[vijv⊤ij | Zij].
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Also, Hoeffding decomposition of Sn,j is given by as follows.

Sn,j =
1√
n

n∑
i=1

n∑
j=1

Mim,jXij(gj(Zmj) + εmj) = Bn,j +Ψn,j +Rn,j + Un,j,

with

Bn,j :=
1√
n

n∑
i=1

n∑
m=1

Mim,jhj(Zij)gj(Zmj), Ψn,j :=
1√
n

n∑
i=1

Mii,jvijεij,

Rn,j :=
1√
n

n∑
i=1

n∑
m=1

Mim,j[vijgj(Zmj) + hj(Zmj)εij], Un,j :=
1

2
√
n

n∑
i=1

n∑
m̸=i

Mim,j[vijεmj + vmjεij],

where Qim,j is (i,m)-th element of the matrix PKn,j
(P⊤

Kn,j
PKn,j

)−1P⊤
Kn,j

. From some evaluations
using our developed maximal inequality (Theorem 2), we can see that Bn,j and Rn,j are negligible.
Finally, we have the influential function:

Sn,j ≈ Ψn,j + Un,j =
1√
n

n∑
i=1

n∑
m=1

Mim,jvijεmj.

In the fixed dimensional setting, Cattaneo et al. (2018a) apply Lemma A.2 of Chao et al. (2012)
and show the asymptotic normality which captures the uncertainty of both the linear term Ψn and
the quadratic term Un. Similarly to the case of many-weak IV asymptotics, we can use our high-
dimensional CLT (Corollary 2) to extend this result to the (dXj

× p)-dimensional joint vector β̂n :=

(β̂n,1, . . . , β̂n,p) with possibly diverging p.

4.2 Two-sample U -statistics

Let I = {1, . . . , n} and J = {n + 11, . . . , n + m} be index sets for two independent samples
(Xi)i∈I

i.i.d.∼ P and (Yj)j∈J
i.i.d.∼ Q. We write N := n + m. Define Z := (Za)

N
a=1 by Za = Xa for

1 ≤ a ≤ n and Za = Ya−n for n < a ≤ N , and set the marginals Pa = P for a ≤ n and Pa = Q for
a > n, then Z is i.n.i.d.observation.

Let φ1, φ2, φ3 : S × S → R be index-independent symmetric, possibly different kernels and for
(a, b) ∈ IN,2 and some constants c1, c2, c3 ∈ R, define

ψ(a,b)(za, zb) := c1φ1(za, zb)1{(a, b) ∈ I}

+ c2φ2(za, zb)1{(a, b) ∈ J }+ c3φ3(za, zb)1{(a ∈ I, b ∈ J ) ∪ (a ∈ J , b ∈ I)}.

Then, we can see that the two-sample U -statistic is exactly our defined second-order U -statistic
associated with ψ(a,b).

As an application of high-dimensional two-sample U -statistics, we revisit theoretical analysis of
Li and Yuan (2024) on an adaptive kernel based homogeneity test, following Imai and Koike (2025)’s
theoretical analysis on an adaptive goodness-of-fit test.

13



Example 3 (Adaptive Kernel Based Homogeneity Test). I = {1, . . . , n} and J = {n+1, . . . , n+m}
be index sets for two independent samples (Xi)i∈I

i.i.d.∼ P and (Yj)j∈J
i.i.d.∼ Q and define the densities

of P and Q as f and g, respectively. We define N := n + m and Z := (Za)
N
a=1 by Za = Xa for

1 ≤ a ≤ n and Za = Ya−n for n < a ≤ N , and set the marginals Pa = P for a ≤ n and Pa = Q for
a > n, then Z is i.n.i.d.observation. We aim to test whether two independent sample X and Y come
from a common population or not. Namely, we consider the following hypothesis testing problem:

H0 : P = Q, vs H1 : P ̸= Q.

Let K : Rd → R be a bounded positive definite function. For every positive number h > 0, write

φh(x, y) := Kh(x− y), with Kh(u) :=
1

hd
K
(u
h

)
.

Lemma 6 in Gretton et al. (2012) give the following distance between P and Q;

MMD2(P ||Q) :=
∫
Rd×Rd

φh(x, y){f(x)− g(x)}{f(y)− g(y)}dxdy,

which can be seen as the squared maximum mean discrepancy (MMD) between P andQ, based on the
kernel φhn (cf. Eq(10) in Sriperumbudur et al. (2010)). In particular, MMD2(P ||Q) = 0 if and only
if f = g a.e, provided that φhn is a characteristic kernel in teh sense of (Sriperumbudur et al., 2010,
Definition 6). This suggests rejecting the null hypothesis when an estimator for MMD2(P ||Q) = 0 is
large. As a sample analogue of MMD2(P ||Q), Gretton et al. (2012) propose;∑
(i,j)∈IN,2

wijφh(Zi, Zj) with wij :=
1{i, j ∈ I}
n(n− 1)

+
1{i, j ∈ J }
m(m− 1)

− 1{(i ∈ I, j ∈ J ) ∪ (i ∈ J , j ∈ I}
mn

.

Recently, Li and Yuan (2024) have shown that the test based on the normalized version of this estimator
is minimax optimal against smooth alternatives if K is Gaussian kernel and h is chosen appropriately.
To be precise, denote by Pd the set of probability density functions on Rd. Fix a constant R > 0.
Given a constant α > 0 and a sequence ρn of positive numbers tending to 0 as n → ∞, we associate
the sequence of alternatives as

H1(ρn;α) := {f, g ∈ Pd, ∥f∥Hα ∨ ∥g∥Hα ≤ R, ∥f − g∥L2(Rd) ≥ ρn}.

In Theorem 5(i) in Li and Yuan (2024), if we choose h ≍ n−2/(4α+d), the aforementioned test is
consistent for the alternative f, g ∈ H1(ρn;α) as long as ρn/ρ∗n(α) → ∞, where ρ∗n(α) := n−2α/(4α+d).
Moreover, Theorem 5(ii) in Li and Yuan (2024), lim infn→∞ ρn/ρ

∗
n(α) < ∞, there is no consistent

test against f, g ∈ H1(ρn;α) for some significant level. To conduct the test without prior knowledge
on α, letting the family of kernels ψh be ψh := {wijφh}(i,j)∈IN,2

, Li and Yuan (2024) considered
the maximum of J2(ψh) over a range of h and showed that this test is adaptive to α > d/4 up to a
logarithmic factor; see Theorem 10 in Li and Yuan (2024). In the same way as Theorem 4 in Imai and
Koike (2025), we can refine the theory of Li and Yuan (2024) using our theory (cf. Remark 6 in Imai
and Koike, 2025).
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Appendix

A Auxiliary Results

A.1 High-dimensional CLT via generalized exchangeable pairs

Since Theorem 6 in Imai and Koike (2025) does not assume identical distributions of observations,
we can use the theorem even under i.n.i.d. setting. For convenience, we restate the theorem below.

Lemma 1 (Theorem 6 in Imai and Koike (2025)). Let (Y, Y ′) be an exchangeable pair of random
variables taking values in a measurable space (E, E). Let W : E → Rp be E-measurable and
set W := W(Y ), W ′ := W(Y ′), and D := W ′ − W . Suppose there exists an antisymmetric
E⊗2-measurable function G : E2 → Rp (i.e. G(Y, Y ′) = −G(Y ′, Y )) such thatG := G(Y, Y ′) satisfies

E[G | Y ] = −(W +R) (6)

for some random vector R ∈ Rp. Let Σ be a p × p positive semidefinite symmetric matrix and write
σ := minj∈[p]

√
Σjj > 0. Then there exists a universal constant C > 0 such that for any ε > 0,

sup
A∈Rp

∣∣P(W ∈ A)− P(Z ∈ A)
∣∣

≤ C

σ

{
E [∥Rε∥∞]

√
log p+ ε−1 E [∥V ε∥∞] (log p)3/2 + ε−3 E [Γε] (log p)7/2 + ε

√
log p

}
, (7)

where Z ∼ N(0,Σ) and β := ε−1 log p, and we define

Rε := R + E
[
G1{∥D∥∞>β−1} | Y

]
, V ε :=

1

2
E
[
GD⊤ 1{∥D∥∞≤β−1} | Y

]
− Σ,

Γε := max
j,k,l,m∈[p]

E
[
|GjDkDlDm|1{∥D∥∞≤β−1} | Y

]
.

A.2 Maximal Inequality

The following theorems are maximal inequalities for high-dimensionalU -statistics based on i.n.i.d. ob-
servations.

Theorem 2. Let q ≥ 1 and ψj := {ψj,(i1,...,ir)}(i1,...,ir)∈In,r . Assume ψj,(i1,...,ir) ∈ Lq∨2(⊗r
s=1Pis) be

degenerate, symmetric kernels of order r ≥ 1 for all (i1, . . . , ir) ∈ In,r. Then there exists a constant
Cr depending only on r such that∥∥∥∥max

j∈[p]
|Jr(ψj)|

∥∥∥∥
Lq(P)

≤ Cr max
0≤s≤r

n
r−s
2 (q + log p)

r+s
2

×

∥∥∥∥∥max
j∈[p]

max
(i1,...,is)∈In,s

max
(k1,...kr−s)∈Kn,r−s(i1,...,is)

∫
ψ2
j (Xi1 , . . . , Xis , xk1 , . . . xkr−s)

r−s∏
l=1

Pkl(dxkl)

∥∥∥∥∥
1/2

L1∨q/2(P)

.
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Theorem 3. Let q ≥ 1 and, and ψj := {ψj,(i1,...,ir)}(i1,...,ir)∈In,r . Assume ψj,(i1,...,ir) ∈ Lq∨2(⊗r
s=1Pis)

be non-negative, symmetric kernels of order r ≥ 1 for all (i1, . . . , ir) ∈ In,r. Then there exists a
constant cr depending only on r such that∥∥∥∥max

j∈[p]
Jr(ψj)

∥∥∥∥
Lq(P)

≤ cr max
0≤s≤r

nr−s(q + log p)s

×

∥∥∥∥∥max
j∈[p]

max
(i1,...,is)∈In,s

max
(k1,...kr−s)∈Kn,r−s(i1,...,is)

∫
ψj(Xi1 , . . . , Xis , xk1 , . . . xkr−s)

r−s∏
l=1

Pkl(dxkl)

∥∥∥∥∥
Lq(P)

.

The following inequalities are the extension of Lemma 3 in Imai and Koike (2025) to i.n.i.d.
setting.

Lemma 2. For j ∈ [p] and (i,m) ∈ In,2 , let ψj,(i,m) ∈ L4(Pi⊗Pm) be degenerate symmetric kernels
of order 2. There exists a universal constant C such that

max
i∈[n]

E

max
j∈[p]

∫ ∣∣∣∣∣∣
∑

m∈[n]:m>i

ψj(xi, Xm)

∣∣∣∣∣∣
4

dPi(xi)


≤ C

(
n2max

j∈[p]
max

(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ nmax
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ E

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p

)
, (8)

and

max
i∈[n]

E

max
j∈[p]

∫ ∣∣∣∣∣∣
∑

m∈[n]:m<i

ψj(xi, Xm)

∣∣∣∣∣∣
4

dPi(xi)


≤ C

(
n2max

j∈[p]
max

(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ nmax
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ E

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p

)
, (9)

and

E

max
j∈[p]

n∑
i=1

∣∣∣∣∣∣
∑

m∈[n]:m̸=i

ψj(Xi, Xm)

∣∣∣∣∣∣
4

≤ C

(
n3max

j∈[p]
max

(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

16



+ n2max
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p

+ n2 E
[

max
(i,m)∈In,2

max
j∈[p]

{Pmψ
2
j (Xi)}2

]
log3(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

ψ4
j (Xi, Xm)

]
log5(np)

)
.

(10)

B Proof of Main Result

B.1 Proof of Theorem 1

We may assume σj = 1 for all j ∈ [p] without loss of generality. For the rest of the proof, we proceed
in 5 steps.

Step 1 Regarding X = (Xi)
n
i=1 as a random element taking values in the measurable space

⊗n
i=1(Si,Si), we are going to apply Lemma 1 to

W(X) := (J2,X(ψ1)− E[J2,X(ψ1)], . . . , J2,X(ψp)− E[J2,X(ψp)])
⊤ .

For this purpose, we need to construct an appropriate exchangeable pair (X,X ′) and an antisymmetric
function G. LetX∗ = (X∗

i )
n
i=1 be an independent copy ofX = (Xi)

n
i=1. Also, let α be a random index

uniformly distributed on [n] and such that X,X∗ and α are independent. Then, define X ′ = (X ′
i)

n
i=1

as X ′
i := X∗

i if i = α and X ′
i := Xi otherwise. It is well-known that (X,X ′) is an exchangeable pair.

In addition, define a random vector G = G(X,X ′) in Rp as Gj := nDj,1 +
n
2
Dj,2 for j = 1, . . . , p,

where

Dj,1 :=
n∑

i=1

{π1,iψj(X
′
i)− π1,iψj(Xi)},

Dj,2 :=
∑

1≤i<m≤n

{π2,imψj(X
′
i, X

′
m)− π2,imψj(Xi, Xm)}.

(11)

G is antisymmetric by construction. From Lemma 3.2 in Döbler and Peccati (2017), it holds that

E[Dj,1 | X] = − 1

n

n∑
i=1

π1,iψj(Xi), E[Dj,2 | X] = − 2

n

∑
1≤i<m≤n

π2,imψj(Xi, Xm),

so we have E[G | X] = −W . Therefore, applying Lemma 1, we obtain for any ε > 0

sup
A∈Rp

|P(W ∈ A)− P(Z ∈ A)|

≲ E [∥Rε∥∞]
√

log p+ ε−1 E [∥V ε∥∞] (log p)3/2 + ε−3 E [Γε] (log p)7/2 + ε
√
log p,

where Rε, V ε and Γε are defined in the same way as in Lemma 1 with R = 0 and (Y, Y ′) replaced by
(X,X ′). From the same argument as proof of Theorem 2 in Imai and Koike (2025),

sup
A∈Rp

|P(W ∈ A)− P(Z ∈ A)|
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≲
n
√
log p

β ∧ β3
P(∥D∥∞ > β−1) + ε−1 E[∥V ∥∞](log p)3/2 + ε−3 E[Γ1 + Γ2](log p)

7/2 + ε
√
log p,

where V := 1
2
E[GD⊤ | X] − Σ and Γs := nmaxj∈[p] E[|Dj,s|4 | X] for s = 1, 2. In the remaining

proof, we will bound the quantities on the right-hand side and then choose ε appropriately.

Step 2 In this step, we bound E[∥V ∥∞](log p)3/2. First, we derive a U -statistic representation of
Vjk =

1
2
E[GjDk | X]− E[WjWk] for j, k ∈ [p]. For j, k ∈ [p], observe that

GjDk =
(
nDj,1 +

n

2
Dj,2

)
(Dk,1 +Dk,2) .

From Eq. (11), we can see that

nE[Dj,1Dk,1 | X]

= nE

[
n∑

i=1

n∑
m=1

{π1,iψj(X
′
i)− π1,iψj(Xi)}{π1,mψk(X

′
m)− π1,mψk(Xm)} | X

]

= nE

[
n∑

i=1

n∑
m=1

1{α=i}1{α=m}{π1,iψj(X
∗
i )− π1,iψj(Xi)}{π1,mψk(X

∗
m)− π1,mψk(Xm)} | X

]

= n
n∑

i=1

E
[
1{α=i}{π1,iψj(X

∗
i )− π1,iψj(Xi)}{π1,iψk(X

∗
i )− π1,iψk(Xi)} | X

]
= n

n∑
i=1

E[1{α=i}]
(
E[π1,iψj(X

∗
i )π1,iψk(X

∗
i )] + π1,iψj(Xi)π1,iψk(Xi)

)
=

n∑
i=1

(
Pi{π1,iψj(X

∗
i )π1,iψk(X

∗
i )}+ π1,iψj(Xi)π1,iψk(Xi)

)
=

n∑
i=1

(
Pi{π1,iψj(Xi)π1,iψk(Xi)}+ π1,iψj(Xi)π1,iψk(Xi)

)
,

where the second equality follows from the definition of (X ′
i)

n
i=1, the third equality holds because the

event {α = i} and {α = m} are disjoint for i ̸= m, the fourth equality follows from the degeneracy
of Hoeffding projections (E[π1,iψj(X

∗
i )] = 0), the fifth equality holds since α is uniformly distributed

on [n], and the final equality follows from the fact that (X∗
i )

n
i=1 is an independent copy of (Xi)

n
i=1.

Similarly, from Eq. (11), we can see that

nE[Dj,1Dk,2 | X]

= nE

[(
n∑

i=1

{π1,iψj(X
′
i)− π1,iψj(Xi)}

)( ∑
1≤i<m≤n

{π2,imψk(X
′
i, X

′
m)− π2,imψk(Xi, Xm)}

)
| X

]

= nE

[(
n∑

i=1

1{α=i}{π1,iψj(X
∗
i )− π1,iψj(Xi)}

)( ∑
1≤i<m≤n

1{α=i}{π2,imψk(X
∗
i , Xm)− π2,imψk(Xi, Xm)}
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+
∑

1≤i<m≤n

1{α=m}{π2,imψk(Xi, X
∗
m)− π2,imψk(Xi, Xm)}

)
| X

]
= n

∑
1≤i<m≤n

E
[
1{α=i}{π1,iψj(X

∗
i )− π1,iψj(Xi)}{π2,imψk(X

∗
i , Xm)− π2,imψk(Xi, Xm)} | X

]
+ n

∑
1≤i<m≤n

E
[
1{α=m}{π1,mψj(X

∗
m)− π1,mψj(Xm)}{π2,imψk(Xi, X

∗
m)− π2,imψk(Xi, Xm)} | X

]
=

∑
1≤i<m≤n

(
Pi{π1,iψj(X

∗
i )π2,imψk(X

∗
i , Xm)}+ π1,iψj(Xi)π2,imψk(Xi, Xm)

)
+

∑
1≤i<m≤n

(
Pm{π1,mψj(X

∗
m)π2,imψk(Xi, X

∗
m)}+ π1,mψj(Xm)π2,imψk(Xi, Xm)

)
=

n∑
i=1

n−1∑
m̸=i

(
Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)}+ π1,iψj(Xi)π2,imψk(Xi, Xm)

)
,

where the final equality follows from the symmetric property of the Hoeffding projections (π2,imψk(Xi, Xm) =

π2,miψk(Xm, Xi)). In the same way, it holds that
n

2
E[Dj,2Dk,1 | X]

=
1

2

n∑
i=1

n−1∑
m̸=i

(
Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)}+ π1,iψk(Xi)π2,imψj(Xi, Xm)

)
.

Also, from Eq. (11), we can see that
n

2
E[Dj,2Dk,2 | X]

=
n

2
E

[( ∑
1≤i<m≤n

{π2,imψj(X
′
i, X

′
m)− π2,imψj(Xi, Xm)}

)

×

( ∑
1≤i<m≤n

{π2,imψk(X
′
i, X

′
m)− π2,imψk(Xi, Xm)}

)
| X

]

=
n

2
E

[( ∑
1≤i<m≤n

1{α=i}{π2,imψj(X
∗
i , Xm)− π2,imψj(Xi, Xm)}

+ 1{α=m}{π2,imψj(Xi, X
∗
m)− π2,imψj(Xi, Xm)}

)( ∑
1≤i<m≤n

1{α=i}{π2,imψk(X
∗
i , Xm)− π2,imψk(Xi, Xm)}

+ 1{α=m}{π2,imψk(Xi, X
∗
m)− π2,imψk(Xi, Xm)}

)
| X

]

=
n

2

∑
i

∑
m:i<m

∑
l:i<l

E

[
1{α=i}{π2,imψj(X

∗
i , Xm)− π2,imψj(Xi, Xm)}{π2,ilψk(X

∗
i , Xl)− π2,ilψk(Xi, Xl)} | X

]

+
n

2

∑
i

∑
m:i<m

∑
l:l<i

E

[
1{α=i}{π2,imψj(X

∗
i , Xm)− π2,imψj(Xi, Xm)}{π2,liψk(Xl, X

∗
i )− π2,liψk(Xl, Xi)} | X

]
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+
n

2

∑
i

∑
m:i<m

∑
l:m<l

E

[
1{α=m}{π2,imψj(Xi, X

∗
m)− π2,imψj(Xi, Xm)}{π2,mlψk(X

∗
m, Xl)− π2,mlψk(Xm, Xl)} | X

]
+
n

2

∑
i

∑
m:i<m

∑
l:l<m

E

[
1{α=m}{π2,imψj(Xi, X

∗
m)− π2,imψj(Xi, Xm)}{π2,lmψk(Xl, X

∗
m)− π2,lmψk(Xl, Xm)} | X

]

=
1

2

n∑
i=1

n−1∑
m̸=i

n−1∑
l ̸=i

(
Pi{π2,imψj(X

∗
i , Xm)π2,ilψk(X

∗
i , Xl)}+ π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)

)
.

Then, since E[WjWk] =
1
2
E[GjDk], we have

2Vjk =
n∑

i=1

χ
(1,1)
i,jk (Xi) +

n∑
i=1

n−1∑
m̸=i

{χ(1,2)
im,jk(Xi, Xm) + χ

(2,1)
im,jk(Xi, Xm)}+

n∑
i=1

n−1∑
m̸=i

n−1∑
l ̸=i

χ
(2,2)
iml,jk(Xi, Xm, Xl),

with

χ
(1,1)
i,jk (Xi) := (π1,iψj(Xi)π1,iψk(Xi)− Pi{π1,iψj(Xi)π1,iψk(Xi)}) ,

χ
(1,2)
im,jk(Xi, Xm) := π1,iψj(Xi)π2,imψk(Xi, Xm) + Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)},

χ
(2,1)
im,jk(Xi, Xm) :=

1

2
(π1,iψk(Xi)π2,imψj(Xi, Xm) + Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)}) ,

χ
(2,2)
iml,jk(Xi, Xm, Xl) :=

1

2

(
π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)− PiPmPl{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

+ Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)} − PlPm[Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}]
)
.

Observe that

χ
(1,2)
im,jk(Xi, Xm)

=
(
π1,iψj(Xi)π2,imψk(Xi, Xm)− Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)}

)
+ 2Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)}

=: χ̄
(1,2)
im,jk(Xi, Xm) + 2Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)},

and

χ
(2,1)
im,jk(Xi, Xm)

=
1

2

(
π1,iψk(Xi)π2,imψj(Xi, Xm)− Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)}

)
+ Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)}

=: χ̄
(2,1)
im,jk(Xi, Xm) + Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)},

and

χ
(2,2)
iml,jk(Xi, Xm, Xl)
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=
1

2

(
π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)− Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

)
+
(
Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)} − PiPmPl{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

)
=: χ̄

(2,2)
iml,jk(Xi, Xm, Xl) +

(
Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)} − PiPmPl{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

)
.

Therefore, letting

φ
(1,2)
m,jk(Xm) :=

∑
i:m̸=i

2Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)},

φ
(2,1)
m,jk(Xm) :=

∑
i:m̸=i

Pi{π1,iψk(Xi)π2,imψj(Xi, Xm)},

φ
(2,2)
ml,jk(Xm, Xl) :=

∑
i:m,l ̸=i

(
Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)} − PiPmPl{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

)
,

we have

2Vjk =
n∑

i=1

χ
(1,1)
i,jk (Xi) +

n∑
i=1

n−1∑
m̸=i

{χ̄(1,2)
im,jk(Xi, Xm) + χ̄

(2,1)
im,jk(Xi, Xm)}+

n∑
i=1

n−1∑
m̸=i

n−1∑
l ̸=i

χ̄
(2,2)
iml,jk(Xi, Xm, Xl)

+
n∑

m=1

{φ(1,2)
m,jk(Xm) + φ

(2,1)
m,jk(Xm)}+

n∑
m=1

n∑
l=1

φ
(2,2)
ml,jk(Xm, Xl).

Also, define

χ̃
(1,2)
im,jk(Xi, Xm) :=

1

2
{χ̄(1,2)

im,jk(Xi, Xm) + χ̄
(1,2)
mi,jk(Xm, Xi)},

χ̃
(2,1)
im,jk(Xi, Xm) :=

1

2
{χ̄(2,1)

im,jk(Xi, Xm) + χ̄
(2,1)
mi,jk(Xm, Xi)},

χ̃
(2,2),diag
im,jk (Xi, Xm) :=

1

2
{χ̄(2,2)

imm,jk(Xi, Xm, Xm) + χ̄
(2,2)
mii,jk(Xm, Xi, Xi)},

χ̃
(2,2)
iml,jk(Xi, Xm, Xl) :=

1

6

∑
σ∈S3

χ̄
(2,2)
σ(1)σ(2)σ(3),jk(Xσ(1), Xσ(2), Xσ(3)),

φ̃
(2,2)
ml,jk(Xm, Xl) :=

1

2
{φ(2,2)

ml,jk(Xm, Xl) + φ
(2,2)
lm,jk(Xl, Xm)}, φ

(2,2),diag
m,jk (Xm) := φ

(2,2)
mm,jk(Xm, Xm),

where S3 is the symmetric group of degree 3. We use boldface to indicate families of ker-
nels over their sample coordinates; for example χ̃(1,2) := {χ̃(1,2)

im,jk(Xi, Xm)}(i,m)∈In,2 . Noting that
max(j,k)∈[p]2 J2(χ̃

(2,1)
jk ) = 1

2
max(j,k)∈[p]2 J2(χ̃

(1,2)
jk ) andmax(j,k)∈[p]2 J1(φ

(2,1)
jk ) = 1

2
max(j,k)∈[p]2 J1(φ

(1,2)
jk ),

we can see that

E[∥2V ∥∞]

≤ E
[

max
(j,k)∈[p]2

|J1(χ(1,1)
jk )|

]
+

3

2
E
[

max
(j,k)∈[p]2

|J2(χ̃(1,2)
jk )|

]
+ E

[
max

(j,k)∈[p]2
|J2(χ̃(2,2),diag

jk )|
]
+ E

[
max

(j,k)∈[p]2
|J3(χ̃(2,2)

jk )|
]

+
3

2
E
[

max
(j,k)∈[p]2

|J1(φ(1,2)
jk )|

]
+ E

[
max

(j,k)∈[p]2
|J2(φ̃(2,2)

jk )|
]
+ E

[
max

(j,k)∈[p]2
|J1(φ(2,2),diag

jk )|
]
.
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In order to obtain a simple bound on E[∥V ∥∞], we introduce the following lemma. The proof of
this lemma is in Section C.3.

Lemma 3. Under the assumptions for Theorem 1, there exists a universal constant C such that

E
[

max
(j,k)∈[p]2

|J1(χ(1,1)
jk )|

]
(log p)3/2 ≤ C

√(
∆

(1)
2,∗(1) + ∆

(2)
2,∗(1)

)
log5 p, (12)

E
[

max
(j,k)∈[p]2

|J2(χ̃(1,2)
jk )|

]
(log p)3/2 + E

[
max

(j,k)∈[p]2
|J1(φ(1,2)

jk )|
]
(log p)3/2

≤ C

(
∆

(1)
1 log5/2 p+ n1/2max

j∈[p]
max
i∈[n]

∥π1,iψj∥L2(Pi)

(
∆

(5)
2,∗(2) log

9 p
)1/4

+
√

(∆2,∗(1) + ∆2,∗(2)) log
5 p

)
, (13)

E
[

max
(j,k)∈[p]2

|J2(χ̃(2,2),diag
jk )|

]
(log p)3/2 + E

[
max

(j,k)∈[p]2
|J3(χ̃(2,2)

jk )|
]
(log p)3/2

+ E
[

max
(j,k)∈[p]2

|J2(φ̃(2,2)
jk )|

]
(log p)3/2 + E

[
max

(j,k)∈[p]2
|J1(φ(2,2),diag

jk )|
]
(log p)3/2

≤ C

(
∆

(0)
1 log3 p+

√
∆2,∗(2) log

5 p

)
. (14)

where ∆2,∗(1) :=
∑2

l=1∆
(l)
2,∗(1) and ∆2,∗(2) :=

∑5
l=1∆

(l)
2,∗(2) with

∆
(2)
2,∗(1) := E

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

σ4
j

]
log p,

∆
(4)
2,∗(2) := E

[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

σ4
j

]
log5 p,

∆
(5)
2,∗(2) := n2 E

[
max
j∈[p]

max
(i,m)∈In,2

(Pm(π2,imψj)
2(Xi))

2

σ4
j

]
log3 p.

From these evaluations, it follows that

E[∥V ∥∞](log p)3/2 ≤ C

(
∆′

1 +
√

(∆2,∗(1) + ∆2,∗(2)) log
5 p

)
.

Step 3 In this step, we bound E[Γ1] and E[Γ2]. Observe that

Γ1 = nmax
j∈[p]

E[|Dj,1|4 | X]

= nmax
j∈[p]

E

∣∣∣∣∣
n∑

i=1

{π1,iψj(X
′
i)− π1,iψj(Xi)}

∣∣∣∣∣
4

| X


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= nmax
j∈[p]

E

∣∣∣∣∣
n∑

i=1

1{α=i}{π1,iψj(X
∗
i )− π1,iψj(Xi)}

∣∣∣∣∣
4

| X


= max

j∈[p]

n∑
i=1

E
[
|{π1,iψj(X

∗
i )− π1,iψj(Xi)}|4 | X

]
≤ 8max

j∈[p]

n∑
i=1

{
Pi(π1,iψj)

4 + (π1,iψj)
4(Xi)

}
.

By Lemma 9 in Chernozhukov et al. (2015),

E

[
max
j∈[p]

n∑
i=1

(π1,iψj)
4(Xi)

]
≤ max

j∈[p]
E

[
n∑

i=1

(π1,iψj)
4(Xi)

]
+ E

[
max
i∈[n]

max
j∈[p]

(π1,iψj)
4(Xi)

]
log p

≤ nmax
j∈[p]

max
i∈[n]

∥π1,iψj∥4L4(Pi)
+ E

[
max
i∈[n]

max
j∈[p]

(π1,iψj)
4(Xi)

]
log p

≤ nmax
j∈[p]

max
i∈[n]

∥π1,iψj∥4L4(Pi)
+

∥∥∥∥max
i∈[n]

max
j∈[p]

|π1,iψj|
∥∥∥∥4
Lq(P)

log p

≤ ∆
(1)
2,∗(1) + ∆

(2)
2,q(1) = ∆2,q(1).

Therefore

E[Γ1] ≲ ∆2,q(1).

Next, observe that

Γ2 = nmax
j∈[p]

E[|Dj,2|4 | X]

= nmax
j∈[p]

E

∣∣∣∣∣ ∑
1≤i<m≤n

{π2,imψj(X
′
i, X

′
m)− π2,imψj(Xi, Xm)}

∣∣∣∣∣
4

| X


= nmax

j∈[p]
E

[∣∣∣∣∣
n∑

i=1

1{α=i}

( ∑
m∈[n]:i<m

{π2,imψj(X
∗
i , Xm)− π2,imψj(Xi, Xm)}

+
∑

m∈[n]:m<i

{π2,miψj(Xm, X
∗
i )− π2,miψj(Xm, Xi)}

)∣∣∣∣∣
4

| X

]

= max
j∈[p]

n∑
i=1

E

[∣∣∣∣∣ ∑
m∈[n]:i<m

{π2,imψj(X
∗
i , Xm)− π2,imψj(Xi, Xm)}

+
∑

m∈[n]:m<i

{π2,miψj(Xm, X
∗
i )− π2,miψj(Xm, Xi)}

∣∣∣∣∣
4

| X

]

≤ 8

(
max
j∈[p]

n∑
i=1

E

[∣∣∣∣∣ ∑
m∈[n]:m̸=i

π2,imψj(X
∗
i , Xm)

∣∣∣∣∣
4

| X

]
+max

j∈[p]

n∑
i=1

∣∣∣∣∣ ∑
m∈[n]:m̸=i

π2,imψj(Xi, Xm)

∣∣∣∣∣
4)
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:= 8(Γ2,1 + Γ2,2).

Noting that {X∗
i }ni=1 is an i.n.i.d. sequence and independent of X , from Eq. (8) and Eq. (9), we have

E[Γ2,1] ≲ E

max
j∈[p]

n∑
i=1

∫ ∣∣∣∣∣∣
∑

m∈[n]:m̸=i

π2,imψj(xi, Xm)

∣∣∣∣∣∣
4

dPi(xi)


≤ nmax

i∈[n]
E

max
j∈[p]

∫ ∣∣∣∣∣∣
∑

m∈[n]:m̸=i

π2,imψj(xi, Xm)

∣∣∣∣∣∣
4

dPi(xi)


≲ n3max

j∈[p]
max

(i,m)∈In,2

∥Pm(|π2,imψj|2)∥2L2(Pi)
log2 p

+ n2max
j∈[p]

max
(i,m)∈In,2

∥π2,imψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]
log4 p.

Also, from Eq. (10), we have

E[Γ2,2] ≲ n3max
j∈[p]

max
(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ n2max
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p

+ n2 E
[

max
(i,m)∈In,2

max
j∈[p]

{Pmψ
2
j (Xi)}2

]
log3(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

ψ4
j (Xi, Xm)

]
log5(np).

Therefore

E[Γ2] ≲ ∆2,q(2).

Summing up

E[Γ1 + Γ2] ≲ ∆2,q(1) + ∆2,q(2)

Step 4 In this step, we bound P(∥D∥∞ > β−1). By Markov’s inequality

Pr
(
∥D∥∞ > β−1

)
≤ βq E[∥D∥q∞] ≤ (2β)q

(
E
[
max
j∈[p]

|Dj,1|q
]
+ E

[
max
j∈[p]

|Dj,2|q
])

.

By definition, it holds that

E
[
max
j∈[p]

|Dj,1|q
]
= E

[
max
j∈[p]

∣∣∣∣∣
n∑

i=1

{π1,iψj(X
′
i)− π1,iψj(Xi)}

∣∣∣∣∣
q]

= E

[
max
j∈[p]

∣∣∣∣∣
n∑

i=1

1{α=i}{π1,iψj(X
∗
i )− π1,iψj(Xi)}

∣∣∣∣∣
q]

=
1

n

n∑
i=1

E
[
max
j∈[p]

|{π1,iψj(X
∗
i )− π1,iψj(Xi)}|q

]
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≤ 2q

n

n∑
i=1

∥∥∥∥max
j∈[p]

|π1,iψj|
∥∥∥∥q
Lq(Pi)

≤ 2q
∥∥∥∥max

i∈[n]
max
j∈[p]

|π1,iψj|
∥∥∥∥q
Lq(P)

≤ 2q

(
∆

(2)
2,q(1)

1/4

n1/q(log p)1/4

)q

.

Also,

E
[
max
j∈[p]

|Dj,2|q
]
=

1

n

n∑
i=1

E

[
max
j∈[p]

∣∣∣∣∣ ∑
m:m̸=i

{π2,imψj(Xi, Xm)− π2,imψj(Xi, X
∗
m)}

∣∣∣∣∣
q]

≤ max
i∈[n]

E

[
max
j∈[p]

∣∣∣∣∣ ∑
m:m̸=i

{π2,imψj(Xi, Xm)− π2,imψj(Xi, X
∗
m)}

∣∣∣∣∣
q]

≤ 2q max
i∈[n]

E

[
max
j∈[p]

∣∣∣∣∣ ∑
m:m̸=i

π2,imψj(Xi, Xm)

∣∣∣∣∣
q]
.

Then, Lemma 1 in Imai and Koike (2025) yields

max
i∈[n]

E

[
max
j∈[p]

∣∣∣∣∣ ∑
m:m̸=i

π2,imψj(Xi, Xm)

∣∣∣∣∣
q]

≤ Cmax
i∈[n]

(∥∥∥∥∥∥max
j∈[p]

√∑
m̸=i

Pm(|π2,imψj|2)(Xi)

∥∥∥∥∥∥
q

Lq(P)

√
logq(np) +

∥∥∥∥max
m̸=i

max
j∈[p]

|π2,imψj(Xi, Xm)|
∥∥∥∥q
Lq(P)

logq(np)

)

≤ C

(
nq/2

∥∥∥∥ max
(i,m)∈In,2

max
j∈[p]

√
Pm(|π2,imψj|2)(Xi)

∥∥∥∥q
Lq(P)

√
logq(np)

+

∥∥∥∥ max
(i,m)∈In,2

max
j∈[p]

|π2,imψj(Xi, Xm)|
∥∥∥∥q
Lq(P)

logq(np)

)

≤ C

((
n

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

Pm(|π2,imψj|2)(Xi)

∥∥∥∥
Lq/2(P)

log(np)

)q/2

+

(∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

|π2,imψj(Xi, Xm)|
∥∥∥∥
Lq(P)

log(np)

)q)

≤ C

(
{∆(5)

2,q(2) + ∆
(4)
2,q(2)}1/4

n1/q log1/4(np)

)q

.

Consequently, in conjunction with β = ε−1 log p, there exists a universal constant C > 0 such that

nP
(
∥D∥∞ > β−1

)
≤ ε−q(log p)q

(
C
{∆2,q(1) + ∆2,q(2)}1/4

log1/4(np)

)q

.

Step 5 In this step, we choose the value of ε appropriately and complete the proof. Let

ε =

(
∆′

1 +
√

(∆2,∗(1) + ∆2,∗(2)) log
5 p

)1/2

+ C
(
(∆2,q(1) + ∆2,q(2)) log

3 p
)1/4

.
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Then, from the same argument as Step 3 in the proof of Theorem 2 in Imai and Koike (2025), we have
the desired result.

B.2 Proof of Corollary 1

Before the Proof of Corollary 1, we provide the extensions of Lemma 4 and Lemma 6 in Imai and
Koike (2025) to i.n.i.d. setting. The first result is extension of Lemma 4 in Imai and Koike (2025).

Lemma 4. Let ψj := {ψj,(i1,...,ir)}(i1,...,ir)∈In,r . Assume ψj,(i1,...,ir) ∈ L1(⊗r
s=1Pis) be symmetric

kernels of order r ≥ 1 for all (i1, . . . , ir) ∈ In,r.

E

[
max
j∈[p]

max
(i1,...,ir−l)∈In,r−l

max
(k1,...,kl)∈Kn,l(i1,...,ir−l)

l∏
t=1

Pktψj,(i1,...,ir−l,k1,...,kl)(Xi1 , . . . Xir−l
)

]

≤ r!

(r − l)!
E
[
max
j∈[p]

max
(i1,...,ir)∈In,r

ψj(Xi1 , . . . Xir)

]
.

(15)

Proof of Lemma 4. In line with the proof of Lemma 4 in Imai and Koike (2025), the claim for general
l follows from repeated applications of the claim for l = 1. Hence, it suffices to consider the case of
l = 1. Also as in that proof, we can assume p = 1 and ψ1 ≥ 0 without loss of generality.

Under this assumption, we prove the lemma by induction on r. When r = 1,

E
[
max
k∈[n]

Pkψ(k)

]
= max

k∈[n]
Pkψ(k) ≤ E

[
max
k∈[n]

ψ(k)(Xk)

]
,

so Eq. (15) holds. Next, suppose that r > 1 and Eq. (15) holds for any symmetric kernel ψ1,(i1,...,is) of
order s ≤ r − 1. Classifying whether k is n or not,

E
[

max
(i1,...,ir−1)∈In,r−1

max
k∈Kn,1(i1,...,ir−1)

Pkψ1,(i1,...,ir−1,k)(Xi1 , . . . Xir−1)

]
≤ E

[
max

(i1,...,ir−1)∈In−1,r−1

Pnψ1,(i1,...,ir−1,n)(Xi1 , . . . Xir−1)

]
+ E

[
max

(i1,...,ir−2)∈In−1,r−2

max
k∈Kn−1,1(i1,...,ir−2)

Pkψ1,(i1,...,ir−2,k,n)(Xi1 , . . . Xir−2 , Xn)

]
=: I + II.

Since Xn is independent of G := σ(X1, . . . , Xn−1), we have

I = E
[

max
(i1,...,ir−1)∈In−1,r−1

E
[
ψ1,(i1,...,ir−1,n)(Xi1 , . . . Xir−1 , Xn) | G

]]
≤ E

[
max

(i1,...,ir−1)∈In−1,r−1

ψ1,(i1,...,ir−1,n)(Xi1 , . . . Xir−1 , Xn)

]
≤ E

[
max

(i1,...,ir)∈In,r

ψ1,(i1,...,ir)(Xi1 , . . . Xir)

]
,
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where the first inequality follows from Jensen’s inequality.

II =

∫
E
[

max
(i1,...,ir−2)∈In−1,r−2

max
k∈Kn−1,1(i1,...,ir−2)

Pkψ1,(i1,...,ir−2,k,n)(Xi1 , . . . Xir−2 , xn)

]
dPn(xn)

In terms of II , applying the assumptions of the induction gives

II ≤ (r − 1)

∫
E
[

max
(i1,...,ir−1)∈In−1,r−1

ψ1,(i1,...,ir−1,n)(Xi1 , . . . Xir−1 , xn)

]
dPn(xn)

= (r − 1)E
[

max
(i1,...,ir−1)∈In−1,r−1

ψ1,(i1,...,ir−1,n)(Xi1 , . . . Xir−1 , Xn)

]
≤ (r − 1)E

[
max

(i1,...,ir)∈In,r

ψ1,(i1,...,ir)(Xi1 , . . . Xir)

]
.

Summing up, we have

I + II ≤ rE
[

max
(i1,...,ir)∈In,r

ψ1,(i1,...,ir)(Xi1 , . . . Xir)

]
.

The following result is the extension of Lemma 6 in Imai and Koike (2025).

Lemma 5. There exists a universal constant such that

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

≤ C
(
∥ψj,(i,m) ⋆

1
i ψk,(i,l)∥L2(Pm⊗Pl)

+ ∥Piψj,(i,m)∥L2(Pm)∥ψk,(i,l)∥L2(Pi⊗Pl) + ∥ψj,(i,m)∥L2(Pi⊗Pm)∥Piψk,(i,l)∥L2(Pl)

)
.

Proof. From the definition of π2,imψj ⋆
1
i π2,ilψk, we have

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

=

∥∥∥∥∫ π2,imψj(xi, xm)π2,ilψk(xi, xl)dPi(xi)

∥∥∥∥
L2(Pm⊗Pl)

.

From Eq. (1), π2,imψ(Xi, Xm) we have

π2,imψj(Xi, Xm) = (δXi
− Pi)ψj(Xi, Xm)− (Pm − PmPi)ψj(Xi, Xm),

π2,ilψk(Xi, Xl) = (δXi
− Pi)ψk(Xi, Xl)− (Pl − PlPi)ψk(Xi, Xl).

This and the triangle inequality imply

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

≤ ∥(δXi
− Pi)ψj,(i,m) ⋆

1
i (δXi

− Pi)ψk,(i,l)∥L2(Pm⊗Pl)
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+ ∥(δXi
− Pi)ψj,(i,m) ⋆

1
i (Pl − PlPi)ψk,(i,l)∥L2(Pm⊗Pl)

+ ∥(Pm − PmPi)ψj,(i,m) ⋆
1
i (δXi

− Pi)ψk,(i,l)∥L2(Pm⊗Pl)

+ ∥(Pm − PmPi)ψj,(i,m) ⋆
1
i (Pl − PlPi)ψk,(i,l)∥L2(Pm⊗Pl).

Then, the triangle inequality and Schwarz inequality give

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

≤ ∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl) + ∥Piψj,(i,m)∥L2(Pm)∥ψk,(i,l)∥L2(Pi⊗Pl)

+ ∥ψj,(i,m)∥L2(Pi⊗Pm)∥Piψk,(i,l)∥L2(Pl) + ∥Piψj,(i,m)∥L2(Pm)∥Piψk,(i,l)∥L2(Pl)

+ ∥ψj,(i,m)∥L2(Pi⊗Pm)∥Plψk,(i,l)∥L2(Pi) + ∥Piψj,(i,m)∥L2(Pm)∥|Plψk,(i,l)∥L2(Pi)

+ ∥ψj,(i,m)∥L2(Pi⊗Pm)|PiPlψk,(i,l)|+ ∥Piψj,(i,m)∥L2(Pm)|PiPlψk,(i,l)|

+ ∥Pmψj,(i,m)∥L2(Pi)∥ψk,(i,l)∥L2(Pi⊗Pl) + |PmPiψj,(i,m)|∥ψk,(i,l)∥L2(Pi⊗Pl)

+ ∥Pmψj,(i,m)∥L2(Pi)∥Piψk,(i,l)∥L2(Pl) + |PmPiψj,(i,m)|∥Piψk,(i,l)∥L2(Pl)

+ ∥Pmψj,(i,m)∥L2(Pi)∥Plψk,(i,l)∥L2(Pi) + |PmPiψj,(i,m)|∥Plψk,(i,l)∥L2(Pi)

+ ∥Pmψj,(i,m)∥L2(Pi)|PiPlψk,(i,l)|+ |PmPiψj,(i,m)||PiPlψk,(i,l)|.

This result and Jensen’s inequality give

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

≲ ∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl)

+ ∥Piψj,(i,m)∥L2(Pm)∥ψk,(i,l)∥L2(Pi⊗Pl) + ∥ψj,(i,m)∥L2(Pi⊗Pm)∥Piψk,(i,l)∥L2(Pl).

Proof of Corollary 1. From Eq. (1), Lemma 4 and Jensen’s inequality, we have ∆2,q(1) ≤ ∆̃2,q(1),
∆2,q(2) ≤ ∆̃2,q(2) and ∆

(5)
2,∗(2) ≤ ∆̃

(5)
2,q(2). Next, from Lemma 5, we have

∆
(0)
1 log3 p = n2 max

(j,k)∈[p]2
max

(i,m,l)∈[n]3
m,l ̸=i

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl) log

3 p

≲ n2 max
(j,k)∈[p]2

max
(i,m,l)∈[n]3

m,l ̸=i

∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl) log

3 p

+ n2 log3 pmax
j∈[p]

max
(i,m)∈In,2

∥Piψj,(i,m)∥L2(Pm) max
k∈[p]

max
(i,l)∈In,2

∥ψk,(i,l)∥L2(Pi⊗Pl).

Therefore, AM-GM inequality and Lyapnov inequality give

∆
(0)
1 log3 p ≲ n2 max

(j,k)∈[p]2
max

(i,m,l)∈[n]3
m,l ̸=i

∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl) log

3 p

+ n5/2 log5/2 pmax
j∈[p]

max
(i,m)∈In,2

∥Piψj,(i,m)∥2L2(Pm) + n3/2 log7/2 pmax
k∈[p]

max
(i,l)∈In,2

∥ψk,(i,l)∥2L2(Pi⊗Pl)
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≤ n2 max
(j,k)∈[p]2

max
(i,m,l)∈[n]3

m,l ̸=i

∥ψj,(i,m) ⋆
1
i ψk,(i,l)∥L2(Pm⊗Pl) log

3 p

+ n5/2 log5/2 pmax
j∈[p]

max
(i,m)∈In,2

∥Piψj,(i,m)∥2L4(Pm) + n3/2 log7/2 pmax
k∈[p]

max
(i,l)∈In,2

∥Pi(ψ
2
k,(i,l))∥L2(Pl)

≤ ∆̃
(0)
1 log3 p+

√(
∆̃

(2)
2,∗(2) + ∆̃

(1)
2,∗(1)

)
log5 p.

Finally, we evaluate ∆
(1)
1 . From

∫
π1,iψj(xi)dPi(xi) = 0 and Fubini’s theorem, it holds that

π1,iψj ⋆
1
i π2,imψk(Xm)

=

∫
π1,iψj(xi)(δxi

− Pi)(δXm − Pm)ψk(xi, Xm)dPi(xi)

=

∫
π1,iψj(xi)ψk(xi, Xm)dPi(xi)− E

[∫
π1,iψj(xi)ψk(xi, Xm)dPi(xi)

]
.

This result and applying Schwarz inequality repeatedly give

∥π1,iψj ⋆
1
i π2,imψk∥L2(Pm) ≤

∥∥∥∥∫ π1,iψj(xi)ψk(xi, Xm)dPi(xi)

∥∥∥∥
L2(Pm)

≤
∥∥∥∥∫ (π1,iψj)

2(xi)dPi(x) ·
∫

(ψk)
2(xi, Xm)dPi(xi)

∥∥∥∥
L2(Pm)

= ∥π1,iψj∥L2(Pi)

∥∥∥∥∫ (ψk)
2(xi, Xm)dPi(xi)

∥∥∥∥
L2(Pm)

≤ ∥π1,iψj∥L2(Pi)∥ψk,(i,m) ⋆
1
i ψk,(i,m)∥1/2L2(Pm).

Therefore

∆
(1)
1 = n3/2 max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥L2(Pm)

≤ n3/2max
j∈[p]

max
i∈[n]

∥π1,iψj∥L2(Pi) max
k∈[p]

max
(i,m)∈In,2

∥ψk,(i,m) ⋆
1
i ψk,(i,m)∥1/2L2(Pm)

= n1/2max
j∈[p]

max
i∈[n]

∥π1,iψj∥L2(Pi)

√
∆̃

(0)
1 .

Observe that

max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L2(Pi)
≤ n2max

j∈[p]
max

(i,m)∈In,2

Var[Pmψj,(i,m)(Xi)].

Thus

∆
(1)
1 ≤ n3/2max

j∈[p]
max

(i,m)∈In,2

√
Var[Pmψj,(i,m)(Xi)]

√
∆̃

(0)
1 .

Now, the desired result follows by inserting obtained bounds into Eq. (2).
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B.3 Proof of Corollary 3

Proof of Corollary 3. As shown in the proof of Corollary 1, it holds that

∆2,q(2) ≤ ∆̃2,q(2), ∆
(5)
2,q(2) ≤ ∆̃

(5)
2,q(2)

and

∆
(0)
1 log3 p ≲ ∆̃

(0)
1 log3 p+

√(
∆̃

(2)
2,∗(2) + ∆̃

(1)
2,∗(1)

)
log5 p.

Also, from Eq. (3), Lemma 4 and Jensen’s inequality, we have ∆V
2,q(1) ≤ ∆̃V

2,q(1). Finally, we evaluate
(∆

(1)
1 )V . In the same way as the evaluation ∆

(1)
1 , we have

(∆
(1)
1 )V ≤ n1/2max

j∈[p]
max
i∈[n]

∥πV
1,iψj∥L2(Pi)

√
∆̃

(0)
1 .

Observe that

max
j∈[p]

max
i∈[n]

∥πV
1,iψj∥2L2(Pi)

≤ n2max
j∈[p]

max
(i,m)∈In,2

Var[Pmψj,(i,m)(Xi)] + max
j∈[p]

max
i∈[n]

Var[ψj,(i,i)(Xi, Xi)].

Thus

∆
(1)
1 ≤ n3/2max

j∈[p]
max

(i,m)∈In,2

√
Var[Pmψj,(i,m)(Xi)]

√
∆̃

(0)
1

+ n1/2max
j∈[p]

max
(i,m)∈In,2

√
Var[ψj,(i,i)(Xi, Xi)]

√
∆̃

(0)
1 .

Now, the desired result follows by inserting obtained bounds into Eq. (4).

C Proof of Auxiliary Result

C.1 Proof of Theorem 2 and Theorem 3

Lemma 6. Let q ≥ 1, ψj = {ψj,(i1,...,ir)}(i1,...,ir)∈In,r andψ2
j = {ψ2

j,(i1,...,ir)
}(i1,...,ir)∈In,r . Assume ψj ∈

Lq(⊗r
s=1Pis) (j = 1, . . . , p) be degenerate, symmetric kernels of order r ≥ 1 for all (i1, . . . , ir) ∈ In,r.

Then, there exists a constant Cr depending only on r such that∥∥∥∥max
j∈[p]

|Jr(ψj)|
∥∥∥∥
Lq(P)

≤ Cr(q + log p)r/2
∥∥∥∥max

j∈[p]

√
Jr(ψ2

j )

∥∥∥∥
Lq(P)

.

Proof. The proof of Lemma 13 in Imai and Koike (2025) relies only on (i) the randomization theorem
for U -statistics (Theorem 3.5.3 in de la Peña and Giné, 1999), (ii) hypercontractivity of Rademacher
chaos (Theorem 3.5.2 in de la Peña and Giné, 1999), and (iii) the identity Eε[|Jε

r (ψj)|2 | X] = Jr(ψ
2
j ),

none of which requires the assumption of identical distributions. Thus the same inequality holds even
under i.n.i.d. setting.
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Remark 1. Although de la Peña and Giné (1999) state the hypercontractivity of Rademacher chaos
and the randomization theorem for U -statistics with index-independent kernels, we can regard (i,Xi)

as a single coordinate so we can utilize both theorems in our setting.

Proof of Theorem 3. The following argument is essentially same as that of proof of Theorem 8 in Imai
and Koike (2025).

First, since maxj∈[p] Jr(ψj) ≤ nr maxj∈[p]max(i1,...,ir)∈In,r |ψj(Xi1 , . . . , Xir)|, the claim trivially
holds if q + log p > n; hence it suffices to consider the case q + log p ≤ n.

We prove the claim by induction on r. It is trivial when r = 0. Next, suppose r > 0 and that the
claim holds for all non-negative integers less than r. We are going to show that there exists a constant
c1 ≥ 1 depending only on r such that the statement of Theorem 3 holds. By Hoeffding decomposition,
we have

I :=

∥∥∥∥max
j∈[p]

Jr(ψj)

∥∥∥∥
Lq(P)

≤ max
j∈[p]

E[Jr(ψj)] +
r∑

s=1

1

s!

∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,is)∈In,s

πs,(i1,...,is)ψ(Xi1 , . . . , Xis)

∥∥∥∥∥∥
Lq(P)

For every s, Lemma 6 gives∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,is)∈In,s

πs,(i1,...,is)ψj(Xi1 , . . . , Xis)

∥∥∥∥∥∥
Lq(P)

≤ Cr(q + log p)s/2

∥∥∥∥∥∥max
j∈[p]

√ ∑
(i1,...,is)∈In,s

(πs,(i1,...,is)ψj)2(Xi1 , . . . , Xis)

∥∥∥∥∥∥
Lq(P)

.

Recall the definition of Hoeffding projections;

πs,(i1,...,is)ψ(Xi1 , . . . , Xis)

=
∑

(k1,...,kr−s)∈Kn,r−s(i1,...,is)

(
s∏

l=1

(δXil
− Pil)

r−s∏
m=1

Pkmψj(Xi1 , . . . , Xis , Xk1 , . . . , Xkr−s)

)
.

Cauchy-Schwarz’s inequality and so-called cr-inequality

(πs,(i1,...,is)ψj)
2(Xi1 , . . . , Xis)

≤ Crn
r−s

∑
(k1,...kr−s)∈Kn,r−s(i1,...,is)

(
s∏

l=1

(δXil
− Pil)

r−s∏
m=1

Pkmψj(Xi1 , . . . , Xis , Xk1 , . . . , Xkr−s)

)2

≤ Crn
r−s

s∑
m=0

∑
1≤l(1)<···<l(m)≤s

∑
(k1,...kr−s)∈Kn,r−s(i1,...,is)
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 ∏
(u1,...,us−m)∈Ks,s−m(l(1),...,l(m))

Piu

r−s∏
l=1

Pklψj(Xl(1), . . . , Xl(m), Xu1 , . . . , Xus−m , Xk1 , . . . , Xkr−s)

2

Thus∑
(i1,...,is)∈In,s

(πs,(i1,...,is)ψj)
2(Xi1 , . . . , Xis)

≤ Crn
r−s

s∑
m=0

∑
1≤l(1)<···<l(m)≤s

∑
(i1,...,is)∈In,s

∑
(k1,...kr−s)∈Kn,r−s(i1,...,is) ∏

(u1,...,us−m)∈Ks,s−m(l(1),...,l(m))

Piu

r−s∏
l=1

Pklψj(Xl(1), . . . , Xl(m), Xu1 , . . . , Xus−m , Xk1 , . . . , Xkr−s)

2

≤ Crn
r−s

s∑
m=0

(
s

m

) ∑
1≤i1<···<im≤n

∑
(u1,...,us−m)∈Ks,s−m(i1,...,im)

∑
(k1,...,kr−s)∈Kn,r−s(i1,...,is,u1,...,us−m)(

s−m∏
t=1

Put

r−s∏
l=1

Pklψj(Xi1 , . . . , Xim , Xu1 , . . . , Xus−m , Xk1 , . . . , Xkr−s)

)2

≤ Crn
2(r−s)

s∑
m=0

(
s

m

) ∑
1≤i1<···<im≤n

∑
(u1,...,us−m)∈Ks,s−m(i1,...,im)

max
(k1,...kr−s)∈Kn,r−s(i1,...,is,u1,...,us−m)(

s−m∏
t=1

Put

r−s∏
l=1

Pklψj(Xi1 , . . . , Xim , Xu1 , . . . , Xus−m , Xk1 , . . . , Xkr−s)

)2

≤ Crn
2(r−s)

s∑
m=0

ns−m

(
s

m

) ∑
1≤i1<···<im≤n

max
(u1,...,us−m)∈Ks,s−m(i1,...,im)

max
(k1,...kr−s)∈Kn,r−s(i1,...,is,u1,...,us−m)(

s−m∏
t=1

Put

r−s∏
l=1

Pklψj(Xi1 , . . . , Xim , Xu1 , . . . , Xus−m , Xk1 , . . . , Xkr−s)

)2

= Crn
2(r−s)

s∑
m=0

ns−m

(
s

m

)

×
∑

1≤i1<···<im≤n

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

(
r−m∏
l=1

Pklψj(Xi1 , . . . , Xim , Xk1 , . . . , Xkr−m)

)2

≤ Crn
2(r−s)

s∑
m=0

ns−m max
1≤i1<···<im≤n

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

(
r−m∏
l=1

Pklψj(Xi1 , . . . , Xim , Xk1 , . . . , Xkr−m)

)

×
∑

1≤i1<···<im≤n

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

(
r−m∏
l=1

Pklψj(Xi1 , . . . , Xim , Xk1 , . . . , Xkr−m)

)

From this result, the inequality
√
x+ y ≤

√
x +

√
y for any x, y ≥ 0, Minkowski’s inequality and
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Cauchy-Schwarz’s inequality, it holds that∥∥∥∥∥∥max
j∈[p]

√ ∑
(i1,...,is)∈In,s

(πs,(i1,...,is)ψj)2(Xi1 , . . . , Xis)

∥∥∥∥∥∥
Lq(P)

≤ Crn
r−s max

0≤m≤s
n(s−m)/2

×

∥∥∥∥∥max
j∈[p]

max
(i1,...,im)∈In,m

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

r−m∏
l=1

Pklψj

∥∥∥∥∥
1/2

Lq(P)

×

∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,im)∈In,m

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

r−m∏
l=1

Pklψj

∥∥∥∥∥∥
1/2

Lq(P)

.

Therefore we have
r∑

s=1

∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,is)∈In,s

πs,(i1,...,is)ψ(Xi1 , . . . , Xis)

∥∥∥∥∥∥
Lq(P)

≤ Cr

r∑
s=1

nr−s(q + log p)s/2 max
0≤m≤s

n(s−m)/2

×

∥∥∥∥∥max
j∈[p]

max
(i1,...,im)∈In,m

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

r−m∏
l=1

Pklψj

∥∥∥∥∥
1/2

Lq(P)

×

∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,im)∈In,m

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

r−m∏
l=1

Pklψj

∥∥∥∥∥∥
1/2

Lq(P)

.

Now, by the assumption of the induction, for every 0 ≤ m < r, there exists a comstant cm ≥ 1

depending only on m such that∥∥∥∥∥∥max
j∈[p]

∑
(i1,...,im)∈In,m

max
(k1,...,kr−m)∈Kn,r−m(i1,...,im)

r−m∏
l=1

Pklψj

∥∥∥∥∥∥
Lq(P)

≤ cm max
0≤t≤m

nm−t(q + log p)t

∥∥∥∥∥max
j∈[p]

max
(i1,...,it)∈In,t

max
(k1,...,kr−t)∈Kn,r−t(i1,...,it)

r−t∏
l=1

Pklψj

∥∥∥∥∥
Lq(P)

.

The remainder of the proof is identical to that of Imai and Koike (2025).

Proof of Theorem 2. The theorem is the immediate consequence of Theorem 3 (cf. Imai and Koike,
2025).

C.2 Proof of Lemma 2

Before the proof of Lemma 2, we restate Lemma 16 in Imai and Koike (2025) adapted to our
i.n.i.d. setting.
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Lemma 7. Let t ≥ 1. Assume ψj,(i,m) ∈ Lt(Pi ⊗ Pm) for all j ∈ [p] and (i,m) ∈ In,2. Then, there
exists a universal constant C such that, for every i ∈ [n]

E

max
j∈[p]

∫ ∣∣∣∣∣∣
∑

m∈[n]:m̸=i

{ψj(Xm, xi)− (Pmψj)(xi)}

∣∣∣∣∣∣
t

dPi(xi)


≤ C(t+ log p)t/2 E

max
j∈[p]

∫  ∑
m∈[n]:m̸=i

ψ2
j (xi, Xm)

t/2

dPi(xi)

 . (16)

Proof. With fixed i, the proof is almost identical to that of Lemma 16 in Imai and Koike (2025); we
only replace the law of common distribution with the index-dependent laws.

Proof of Lemma 2. First, we prove Eq. (8). By Lemma 7,

I := max
i∈[n]

E

max
j∈[p]

∫ ∣∣∣∣∣∣
∑

m∈[n]:m>i

ψj(xi, Xm)

∣∣∣∣∣∣
4

dPi(xi)


≲ max

i∈[n]
E

max
j∈[p]

∫ (∑
m̸=i

ψ2
j (xi, Xm)

)2

dPi(xi)

 (log p)2

= max
i∈[n]

E

max
i∈[n]

max
j∈[p]

∫ (∑
m̸=i

(Pmψ
2
j )(xi) + ψ2

j (xi, Xm)− (Pmψ
2
j )(xi)

)2

dPi(xi)

 (log p)2

≲ max
i∈[n]

(
max
i∈[n]

max
j∈[p]

∫ (∑
m̸=i

(Pmψ
2
j )(xi)

)2

dPi(xi)

+ max
i∈[n]

E

max
i∈[n]

max
j∈[p]

∫ ∣∣∣∣∣∑
m̸=i

{ψ2
j (xi, Xm)− (Pmψ

2
j )(xi)}

∣∣∣∣∣
2

dPi(xi)

)(log p)2
=: I1 + I2.

By definition,

I1 ≤ n2max
j∈[p]

max
(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p.

Applying Lemma 7 to functions (y, x) → ψj(y, x)
2, we have

I2 ≤ max
i∈[n]

E

[
max
j∈[p]

∫ ∑
m̸=i

ψ4
j (xi, Xm)dPi(xi)

]
(log p)3 = max

i∈[n]
E

[
max
j∈[p]

∑
m̸=i

Piψ
4
j (Xm)

]
(log p)3.

By Lemma 9 in Chernozhukov et al. (2015),

E

[
max
j∈[p]

∑
m̸=i

Piψ
4
j (Xm)

]
≲ max

j∈[p]

∑
m̸=i

PmPiψ
4
j + E

[
max
m:m̸=i

max
j∈[p]

Piψ
4
j (Xm)

]
log p
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≤ nmax
j∈[p]

max
m:m̸=i

∥ψj∥4L4(Pi⊗Pm) + E
[
max
m:m̸=i

max
j∈[p]

Piψ
4
j (Xm)

]
log p.

Consequently, we have Eq. (8). The proof of Eq. (9) is almost same as that of Eq. (8).
Next, we prove Eq. (10).

II := E

max
j∈[p]

n∑
i=1

∣∣∣∣∣∣
∑

m∈[n]:m̸=i

ψj(Xi, Xm)

∣∣∣∣∣∣
4

≤ 8

E

max
j∈[p]

n∑
i=1

∣∣∣∣∣∣
∑

m∈[n]:m<i

ψj(Xi, Xm)

∣∣∣∣∣∣
4+ E

max
j∈[p]

n∑
i=1

∣∣∣∣∣∣
∑

m∈[n]:m>i

ψj(Xi, Xm)

∣∣∣∣∣∣
4

=: 8(II1 + II2). (17)

We can construct a bound on II1 likewise the proof of Lemma 3 in Imai and Koike (2025), which uses
Lemma 2 in Imai and Koike (2025). Define a filtration (Gi)

n
i=1 as Gi := σ(X1, . . . , Xi) for i ∈ [n].

Also, for every i ∈ [n], define a random vector η<i = (η<i1, . . . , η
<
ip)

⊤ as

η<ij :=

∣∣∣∣∣∣
∑

m∈[n]:m<i

ψj(Xi, Xm)

∣∣∣∣∣∣
4

, j = 1, . . . , p.

Then, (η<i )ni=1 is adapted to the filtration (Gi)
n
i=1. Hence Lemma 2 in Imai and Koike (2025) gives

II1 ≲ E

[
max
j∈[p]

n∑
i=1

E[η<ij | Gi−1]

]
+ E

[
max
i∈[n]

max
j∈[p]

η<ij

]
log p =: III1 + IV1 log p,

where we set G0 := {∅,Ω}. Since Xi is independent of Gi−1 for every i, by the same argument as that
of the proof of Lemma 3 in Imai and Koike (2025), Eq. (9) gives

III1 ≲ n3max
j∈[p]

max
(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ n2max
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p.

To bound IV1, observe that

IV1 = E

max
i∈[n]

max
j∈[p]

∣∣∣∣∣∣
∑

m∈[n]:m<i

ψj(Xi, Xm)

∣∣∣∣∣∣
4 = E

max
i∈[n]

max
j∈[p]

∣∣∣∣∣
n∑

m=1

Y <
m,(i,j)

∣∣∣∣∣
4
 ,

where Y <
m,(i,j) = ψj(Xi, Xm)1{m < i}. Unlike Imai and Koike (2025), we can not use time-reversal

symmetry, so we define G̃(i)
m := σ(X1, . . . , Xm, Xi). Then, (Y <

m,(i,j))
n
m=1 is a martingale difference

sequence with respect to (G̃(i)
m )nm=0 for all i ∈ [n] and j ∈ [p]. Hence Lemma 1 in Imai and Koike

(2025) gives

IV1 ≲ E

max
i∈[n]

max
j∈[p]

(
n∑

m=1

E
[
(Y <

m,(i,j))
2 | G̃(i)

m−1

])2
 log2(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

|Y <
m,(i,j)|

4

]
log4(np)
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≤ n2 E
[

max
(i,m)∈In,2

max
j∈[p]

{Pmψ
2
j (Xi)}2

]
log2(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

ψ4
j (Xi, Xm)

]
log4(np).

Define a filtration (G>
i )

n
i=1 as G>

i := σ(Xi, Xi+1, . . . , Xn). Also, for every i ∈ [n], define a random
vector η>i = (η>i1, . . . , η

>
ip)

⊤ as

η>ij :=

∣∣∣∣∣∣
∑

m∈[n]:m>i

ψj(Xi, Xm)

∣∣∣∣∣∣
4

, j = 1, . . . , p.

Then, (η>i )ni=1 is adapted to the filtration (G>
i )

n
i=1. Hence Lemma 2 in Imai and Koike (2025) gives

II2 ≲ E

[
max
j∈[p]

n∑
i=1

E[η>ij | G>
i+1]

]
+ E

[
max
i∈[n]

max
j∈[p]

η>ij

]
log p =: III2 + IV2 log p,

where we set G>
n+1 := {∅,Ω}. Since Xi is independent of G>

i+1, for every i, by the same argument as
that of the proof of Lemma 3 in Imai and Koike (2025), Eq. (8) gives

III2 ≲ n3max
j∈[p]

max
(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ n2max
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p.

To bound IV2, observe that

IV2 = E

max
i∈[n]

max
j∈[p]

∣∣∣∣∣∣
∑

m∈[n]:m>i

ψj(Xi, Xm)

∣∣∣∣∣∣
4 = E

max
i∈[n]

max
j∈[p]

∣∣∣∣∣
n∑

m=1

Y >
m,(i,j)

∣∣∣∣∣
4
 ,

where Y >
m,(i,j) = ψj(Xi, Xm)1{m > i}. Observe that (Y >

m,(i,j))
n
m=1 is martingale difference sequence

with respect to (Gm)
n
m=0 for all i ∈ [n] and j ∈ [p]. Hence Lemma 1 in Imai and Koike (2025) gives

IV2 ≲ E

max
i∈[n]

max
j∈[p]

(
n∑

m=1

E[(Ym,(i,j))
2 | Gm−1]

)2
 log2(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

|Ym,(i,j)|4
]
log4(np)

≤ n2 E
[

max
(i,m)∈In,2

max
j∈[p]

{Pmψ
2
j (Xi)}2

]
log2(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

ψ4
j (Xi, Xm)

]
log4(np).

Summing up,

II ≲ n3max
j∈[p]

max
(i,m)∈In,2

∥Pm(ψ
2
j )∥2L2(Pi)

log2 p

+ n2max
j∈[p]

max
(i,m)∈In,2

∥ψj∥4L4(Pi⊗Pm) log
3 p+ nE

[
max
j∈[p]

max
(i,m)∈In,2

Piψ
4
j (Xm)

]
log4 p

+ n2 E
[

max
(i,m)∈In,2

max
j∈[p]

{Pmψ
2
j (Xi)}2

]
log3(np) + E

[
max

(i,m)∈In,2

max
j∈[p]

ψ4
j (Xi, Xm)

]
log5(np).
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C.3 Proof of Lemma 3

Before the proof of Lemma 3, we introduce the following auxiliary results. The proof of these results
is in Section C.3.1.

Lemma 8. It holds that

max
(j,k)∈[p]2

max
i∈[n]

∫
(χ

(1,1)
i,jk )2(xi)dPi(xi) ≤ max

j∈[p]
max
i∈[n]

∥π1,iψj∥4L4(Pi)
, (18)∥∥∥∥ max

(j,k)∈[p]2
max
i∈[n]

(χ
(1,1)
i,jk )2(Xi)

∥∥∥∥
L1(P)

≤ E
[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]
. (19)

Lemma 9. It holds that

max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(1,2)
im,jk)

2(xi, xm)dPi(xi)dPm(xm)

≤ 2

(
max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L4(Pi)

)(
max
k∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψk|2)∥L2(Pi)

)
+ 2 max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥2L2(Pm), (20)∥∥∥∥ max

(j,k)∈[p]2
max

(i,m)∈In,2

∫
(χ̃

(1,2)
im,jk)

2(Xi, xm)dPm(xm)

∥∥∥∥
L1(P)

≤ E
[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/2
E
[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/2

+max
j∈[p]

max
m∈[n]

∥π1,mψj∥2L4(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

Pm{(π2,miψk)
4(Xm, Xi)}

]1/2
+ 2max

j∈[p]
max
m∈[n]

∥π1,mψj∥2L2(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

(Pm{π2,miψk(Xm, Xi)}2)2
]1/2

, (21)∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(χ̃
(1,2)
im,jk)

2(Xi, Xm)

∥∥∥∥
L1(P)

≤ 2E
[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/2
E
[

max
(j,k)∈[p]2

max
(i,m)∈In,2

(π2,imψk)
4(Xi, Xm)

]1/2
+ 2max

j∈[p]
max
i∈[n]

∥π1,iψj∥2L2(Pi)
E
[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/2

. (22)

Lemma 10. It holds that

max
(j,k)∈[p]2

max
i∈[n]

∫
(φ

(1,2)
i,jk )2(xi)dPi(xi)

≤ 4n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥2L2(Pm), (23)∥∥∥∥ max

(j,k)∈[p]2
max
i∈[n]

(φ
(1,2)
i,jk )2(Xi)

∥∥∥∥
L1(P)

≤ 4n2max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L2(Pi)
E
[
max
k∈[p]

max
(i,m)∈In,2

{Pi(π2,imψk)
2(Xm)}2

]1/2
. (24)
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Lemma 11. It holds that

max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(xi, xm)dPi(xi)dPm(xm)

≤ max
j∈[p]

max
(i,m)∈In,2

∥π2,imψj∥4L4(Pi⊗Pm) +max
j∈[p]

max
(i,m)∈In,2

∥Pi(|π2,imψj|2)∥2L2(Pm), (25)∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(Xi, xm)dPm(xm)

∥∥∥∥
L1(P)

≤ 1

4
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,imψj)
4(Xi)

]
, (26)∥∥∥∥ max

(j,k)∈[p]2
max

(i,m)∈In,2

(χ̃
(2,2),diag
im,jk )2(Xi, Xm)

∥∥∥∥
L1(P)

≤ 1

4
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]
. (27)

Lemma 12. It holds that

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(xi, xm, xl)dPi(xi)dPm(xm)dPl(xl)

≤ 1

2
max
j∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψj|2)∥2L2(Pi)
+

1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

,

(28)∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6
E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψj)

2(Xi)
)2]

+
1

6
max
j∈[p]

max
(i,m∈In,2

∥∥Pm(|π2,imψj|2)
∥∥2
L2(Pi)

+
2

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/2
max
k∈[p]

max
(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥L2(Pm), (29)∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
E
[
max
k∈[p]

max
(i,l)∈In,2

(
Pl(π2,ilψk)

2(Xi)
)2]1/2

+
1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]1/2
max
k∈[p]

max
(m,l)∈In,2

∥π2,ilψk∥2L4(Pi⊗Pl)

+
1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pl(π2,liψj)
4(Xi)

]
, (30)∥∥∥∥ max

(j,k)∈[p]2
max

(i,m,l)∈In,3

(χ̃
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥
L1(P)

≤ E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]
. (31)

Lemma 13. It holds that

max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(xm, xl)dPm(xm)dPl(xl)
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≤ n2 max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

, (32)∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ n2 max
(j,k)∈[p]2

max
(i,m,l)∈[n]3

m,l ̸=i

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl) E

[
max
k∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψk)

2(Xm)
)2]1/2

,

(33)∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

(φ̃
(2,2)
ml,jk)

2(Xm, Xl)

∥∥∥∥
L1(P)

≤ n2 E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
)2]

. (34)

Lemma 14. It holds that

max
(j,k)∈[p]2

max
m∈[n]

∫
(φ

(2,2),diag
m,jk )2(xm)dPm(xm) ≤ 4n2max

j∈[p]
max

(i,m)∈In,2

∥∥Pi(|π2,imψj|2)
∥∥2
L2(Pm)

, (35)∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(φ
(2,2),diag
m,jk )2(Xm)

∥∥∥∥
L1(P)

≤ 4n2 E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
)2]

. (36)

Proof of Lemma 3

Proof of Eq. (12): Theorem 2 and Lemma 8 give

E
[

max
(j,k)∈[p]2

|J1(χ(1,1)
jk )|

]
(log p)3/2

≤ C

(
n

1
2 log2 p

(
max

(j,k)∈[p]2
max
i∈[n]

∫
(χ

(1,1)
i,jk )2(xi)dPi(xi)

)1/2

∨ log5/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
i∈[n]

(χ
(1,1)
i,jk )2(Xi)

∥∥∥∥1/2
L1(P)

)

≤ Cn1/2 log2 p
√

max
j∈[p]

max
i∈[n]

∥π1,iψj∥4L4(Pi)
+ log5/2 pE

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/2
≤ C

√(
∆

(1)
2,∗(1) + ∆

(2)
2,∗(1)

)
log5 p.

Proof of Eq. (13): Theorem 2 and Lemma 9 give

E
[

max
(j,k)∈[p]2

|J2(χ̃(1,2)
jk )|

]
(log p)3/2

≤ C

(
n log5/2 p

(
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫
(χ̃

(1,2)
im,jk)

2(xi, xm)dPi(xi)dPm(xm)

)1/2

∨n1/2 log3 p

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(1,2)
im,jk)

2(Xi, xm)dPm(xm)

∥∥∥∥1/2
L1(P)
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∨ log7/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(χ̃
(1,2)
im,jk)

2(Xi, Xm)

∥∥∥∥1/2
L1(P)

)

≤ Cn log5/2 p

(
max
j∈[p]

max
i∈[n]

∥π1,iψj(Xi)∥2L4(Pi)

)1/2(
max
k∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψk|2)∥L2(Pi)

)1/2

+ Cn log5/2 p max
(j,k)∈[p]2

max
(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk(Xm)∥L2(Pm)

+ Cn1/2 log3 pE
[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/4
E
[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/4

+ Cn1/2 log3 pmax
j∈[p]

max
m∈[n]

∥π1,mψj∥L4(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

Pm(π2,miψk)
4(Xi)

]1/4
+ Cn1/2 log3 pmax

j∈[p]
max
m∈[n]

∥π1,mψj∥L2(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

(Pm(π2,miψk)
2(Xi))

2

]
+ C log7/2 pE

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/4
E
[

max
(j,k)∈[p]2

max
(i,m)∈In,2

(π2,imψk)
4(Xi, Xm)

]1/4
+ C log7/2 pmax

j∈[p]
max
i∈[n]

∥π1,iψj∥L2(Pi) E
[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/4

.

From AM-GM inequality, we have

E
[

max
(j,k)∈[p]2

|J2(χ̃(1,2)
jk )|

]
(log p)3/2

≤ C log5/2 p

(
n1/2max

j∈[p]
max
i∈[n]

∥π1,iψj(Xi)∥2L4(Pi)
+ n3/2max

k∈[p]
max

(i,m)∈In,2

∥Pm(|π2,imψk|2)∥L2(Pi)

)
+ C

(
n log5/2 p max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk(Xm)∥L2(Pm)

)
+ C log2 p

(
log1/2 pE

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/2
+ n log3/2 pE

[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/2)

+ C log2 p

(
n1/2max

j∈[p]
max
m∈[n]

∥π1,mψj∥2L4(Pm) + n1/2 log2 pE
[
max
k∈[p]

max
(i,m)∈In,2

Pm(π2,miψk)
4(Xi)

]1/2)

+ C log9/4

(
n1/2 log3/4 pmax

j∈[p]
max
m∈[n]

∥π1,mψj∥L2(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

(Pm(π2,miψk)
2(Xi))

2

]1/4)

+ C log2 p

(
log1/2 pE

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4(Xi)

]1/2
+ log5/2 pE

[
max

(j,k)∈[p]2
max

(i,m)∈In,2

(π2,imψk)
4(Xi, Xm)

]1/2)

+ C log5/2 p

(
log1/2 pE

[
max
j∈[p]

max
i∈[n]

(π1,iψj)
4

]1/2
+ log3/2 pE

[
max
k∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψk)

2(Xi)
)2]1/2)

.

Then, it holds that

E
[

max
(j,k)∈[p]2

|J2(χ̃(1,2)
jk )|

]
(log p)3/2

40



≤ C

[
log5/2 p

(√
∆

(1)
2,∗(1) +

√
∆

(2)
2,∗(2)

)
+

1√
n
∆

(1)
1 log5/2 p

+ log2 p

(√
∆

(2)
2,∗(1) +

√
∆

(5)
2,∗(2)

)
+ log2 p

(√
∆

(1)
2,∗(1) +

√
∆

(3)
2,∗(2)

)
+max

j∈[p]
max
m∈[n]

∥π1,mψj∥L2(Pm)

(
∆

(5)
2,∗(2) log

9 p
)1/4

+ log5/2 p

(√
∆

(2)
2,∗(1) +

√
∆

(5)
2,∗(2)

)]

≤ C

(
1√
n
∆

(1)
1 log5/2 p+max

j∈[p]
max
m∈[n]

∥π1,mψj∥L2(Pm)

(
∆

(5)
2,∗(2) log

9 p
)1/4

+
√

(∆2,∗(1) + ∆2,∗(2)) log
5 p

)
. (37)

Also, Theorem 2 and Lemma 10 give

E
[

max
(j,k)∈[p]2

|J1(φ(1,2)
jk )|

]
(log p)3/2

≤ C

(
n

1
2 log2 p

(
max

(j,k)∈[p]2
max
m∈[n]

∫
(φ

(1,2)
m,jk)

2(xm)dPm(xm)

)1/2

∨ log5/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(φ
(1,2)
m,jk)

2(Xm)

∥∥∥∥1/2
L1(P)

)

≤ C

(
n3/2 log2 p max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥L2(Pm)

+ n log5/2 pmax
j∈[p]

max
i∈[n]

∥π1,iψj∥L2(Pi) E
[
max
k∈[p]

max
(i,m)∈In,2

{Pi(π2,imψk)
2(Xm)}2

]1/4)

≤ C

(
∆

(1)
1 log2 p+ n1/2max

j∈[p]
max
i∈[n]

∥π1,iψj∥L2(Pi)

(
∆

(5)
2,∗(2) log

7 p
)1/4)

. (38)

From Eq. (37) and Eq. (38), we have Eq. (13).

Proof of Eq. (14): From Theorem 2 and Lemma 11,

E
[

max
(j,k)∈[p]2

|J2(χ̃(2,2),diag
jk )|

]
(log p)3/2

≤ C

(
n log5/2 p

(
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(xi, xm)dPi(xi)dPm(xm)

)1/2

∨n1/2 log3 p

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(Xi, xm)dPm(xm)

∥∥∥∥1/2
L1(P)

∨ log7/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(χ̃
(2,2),diag
im,jk )2(Xi, Xm)

∥∥∥∥1/2
L1(P)

)

≤ Cn log5/2 p

(
max
j∈[p]

max
(i,m)∈In,2

∥π2,imψj∥2L4(Pi⊗Pm) +max
j∈[p]

max
(i,m)∈In,2

∥Pi(|π2,imψj|2)∥L2(Pm)

)
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+ Cn1/2 log3 pE
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,imψj)
4(Xi)

]1/2
+ C log7/2 pE

[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
≤ C

√
∆2,∗(2) log

5 p. (39)

From Theorem 2 and Lemma 12,

E
[

max
(j,k)∈[p]2

|J3(χ̃(2,2)
jk )|

]
(log p)3/2

≤ C

(
n3/2 log3 p

(
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(xi, xm, xl)dPi(xi)dPm(xm)dPl(xl)

)1/2

∨n log7/2 p
∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥1/2
L1(P)

∨n1/2 log4 p

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥1/2
L1(P)

∨ log9/2
∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(χ̃
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥1/2
L1(P)

)

≤ Cn3/2 log3 p

(
max
j∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψj|2)∥L2(Pi) + max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

)
+ Cn log7/2 p

(
E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψj)

2(Xi)
)2]1/2

+max
j∈[p]

max
(i,m∈In,2

∥∥Pm(|π2,imψj|2)
∥∥
L2(Pi)

+ E
[
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(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/4
max
k∈[p]

max
(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥1/2L2(Pm)

)

+ Cn1/2 log4 p

(
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/4
E
[
max
k∈[p]

max
(i,l)∈In,2

(
Pl(π2,ilψk)

2(Xi)
)2]1/4

+ E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]1/4
max
k∈[p]

max
(m,l)∈In,2

∥π2,ilψk∥L4(Pi⊗Pl)

+ E
[
max
j∈[p]

max
(i,m)∈In,2

Pl(π2,liψj)
4(Xi)

]1/2)

+ C log9/2 pE
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4

]1/2
.

From AM-GM inequality, we have

E
[

max
(j,k)∈[p]2

|J3(χ̃(2,2)
jk )|

]
(log p)3/2

≤ Cn3/2 log3 p

(
max
j∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψj|2)∥L2(Pi) + max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

)
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+ C log5/2 p

(
n log pE

[
max
j∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψj)

2(Xi)
)2]1/2

+ n log pmax
j∈[p]

max
(i,m∈In,2

∥∥Pm(|π2,imψj|2)
∥∥
L2(Pi)

)

+ C log9/4 p

(
n1/2 log3/2 pE

[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/2
+ n3/2 log pmax

k∈[p]
max

(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥1/2L2(Pm)

)

+ C log9/4 p

(
log5/2 pE

[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
+ n log pE

[
max
k∈[p]

max
(i,l)∈In,2

(
Pl(π2,ilψk)

2(Xi)
)2]1/2)

+ C log9/4 p

(
log2 pE

[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]1/2
+ n log3/2 pmax

k∈[p]
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(m,l)∈In,2

∥π2,ilψk∥2L4(Pi⊗Pl)

)

+ C log2 p

(
n1/2 log2 pE

[
max
j∈[p]

max
(i,m)∈In,2

Pl(π2,liψj)
4(Xi)

]1/2)

+ C log9/2 pE
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4

]1/2
≤ C

(
1√
n
∆

(0)
1 log3 p+

√
∆2,∗(2) log

5 p

)
. (40)

Also, from Theorem 2 and Lemma 13, we have

E
[

max
(j,k)∈[p]2

|J2(φ̃(2,2)
jk )|

]
(log p)3/2

≤ C

(
n log5/2 p

(
max

(j,k)∈[p]2
max

(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(xm, xl)dPm(xm)dPl(xl)

)1/2

∨n1/2 log3 p

∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(Xm, xl)dPl(xl)

∥∥∥∥1/2
L1(P)

∨ log7/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

(φ̃
(2,2)
ml,jk)

2(Xm, Xl)

∥∥∥∥1/2
L1(P)

)

≤ C

(
n2 log5/2 p max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

+ n3/2 log3 p max
(j,k)∈[p]2

max
(i,m,l)∈[n]3

m,l ̸=i

∥π2,imψj ⋆
1
i π2,ilψk∥1/2L2(Pm⊗Pl)

E
[
max
k∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψk)

2(Xm)
)2]1/4
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+ n log7/2 pE
[
max
j∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
)2]1/2)

.

From AM-GM inequality, we have

E
[

max
(j,k)∈[p]2

|J2(φ̃(2,2)
jk )|

]
(log p)3/2

≤ C

(
n2 log5/2 p max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

)

+ C

(
n2 log3 p max

(j,k)∈[p]2
max

(i,m,l)∈[n]3
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∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl)

+ n log3 pE
[
max
k∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψk)

2(Xm)
)2]1/2)

+ C log2 p

(
n log3/2 pE

[
max
j∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
)2]1/2)

≤ C

(
∆

(0)
1 log3 p+

√
∆2,∗(2) log

5 p

)
. (41)

Also, from Theorem 2 and Lemma 14, we have

E
[

max
(j,k)∈[p]2

|J1(φ(2,2),diag
jk )|

]
(log p)3/2

≤ C

(
n

1
2 log2 p

(
max

(j,k)∈[p]2
max
m∈[n]

∫
(φ

(2,2),diag
m,jk )2(xm)dPm(xm)

)1/2

∨ log5/2 p

∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(φ
(2,2),diag
m,jk )2(Xm)

∥∥∥∥1/2
L1(P)

)

≤ C

(
n3/2 log2 pmax

j∈[p]
max

(i,m)∈In,2

∥∥Pi(|π2,imψj|2)
∥∥
L2(Pm)

+ n log5/2 pE
[
max
j∈[p]
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(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
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≤ C
√

∆2,∗(2) log
5 p. (42)

From Eq. (39),Eq. (40), Eq. (41) and Eq. (42), we have Eq. (14).

C.3.1 Proof of Lemma 8-14

Proof of Eq. (18). Recall that

(χ
(1,1)
i,jk )2(Xi) = (π1,iψj(Xi)π1,iψk(Xi)− Pi{π1,iψj(Xi)π1,iψk(Xi)})2 . (43)

then, from Jensen inequality, we have

max
(j,k)∈[p]2

max
i∈[n]

∫
(χ

(1,1)
i,jk )2(xi)dPi(xi)
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≤ max
(j,k)∈[p]2

max
i∈[n]

(
Pi{(π1,iψj)

2(Xi)(π1,iψk)
2(Xi)}

)
≤ max

(j,k)∈[p]2
max
i∈[n]

(
Pi{(π1,iψj)

4(Xi)}
)1/2 (

Pi{(π1,iψk)
4(Xi)}

)1/2
≤ max

j∈[p]
max
i∈[n]

(
Pi{(π1,iψj)

4(Xi)}
)
,

where the first inequality follows from Jensen’s inequality and the second inequality follows from
Cauchy-Schwarz inequality.

Proof of Eq. (19). From Eq. (43) and Jensen inequality,∥∥∥∥ max
(j,k)∈[p]2

max
i∈[n]

(χ
(1,1)
i,jk )2(Xi)

∥∥∥∥
L1(P)

≤
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∥∥∥∥
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.

Since,

max
(j,k)∈[p]2

max
i∈[n]

(π1,iψj)
2(Xi)(π1,iψk)

2(Xi) =

(
max
j∈[p]

max
i∈[n]
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4(Xi),

we have ∥∥∥∥ max
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∥∥∥∥
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(π1,iψj)
4(Xi)
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Proof of Eq. (20). Observe that cr inequality gives

(χ̄
(1,2)
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2(Xi, Xm) ≤ 2(π1,iψj)
2(Xi)(π2,imψk)

2(Xi, Xm) + 2
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2(Xm)(π2,miψk)

2(Xm, Xi) + 2
(
Pm{π1,mψj(Xm)π2,miψk(Xm, Xi)}

)2
.

(44)

From Eq.(5) in Imai and Koike (2025) and Eq. (44), we can see that

max
(j,k)∈[p]2
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(i,m)∈In,2

∫
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(1,2)
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)
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+ 2 max
(j,k)∈[p]2

max
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i π2,imψk∥2L2(Pm)
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Proof of Eq. (21). From Eq. (44), we can see that∥∥∥∥ max
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4

∥∥∥∥ max
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.

In terms of the first term,∥∥∥∥ max
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.

In terms of the second term, Schwarz inequality gives

max
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= max
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.

In terms of the third term, form Schwarz inequality and Jensen inequality, we have∥∥∥∥ max
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.

Similarly, in terms of the fourth term, we have∥∥∥∥ max
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.

Summing up∥∥∥∥ max
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Proof of Eq. (22). From Eq. (44), we have∥∥∥∥ max
(j,k)∈[p]2
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(i,m)∈In,2
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+
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.

In terms of the first term,∥∥∥∥ max
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(j,k)∈[p]2

max
(i,m)∈In,2

(π2,imψk)
4(Xi, Xm)

]1/2
.

In terms of the second term∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)})2
∥∥∥∥
L1(P)

≤
∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

Pi(π1,iψj)
2Pi(π2,imψk)

2(Xm)}
∥∥∥∥
L1(P)

≤ max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L2(Pi)

∥∥∥∥max
k∈[p]

max
(i,m)∈In,2

Pi(π2,imψk)
2(Xm)

∥∥∥∥
L1(P)

≤ max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L2(Pi)

∥∥∥∥max
k∈[p]

max
(i,m)∈In,2

{Pi(π2,imψk)
2(Xm)}2

∥∥∥∥1/2
L1(P)

,

where the second inequality follows from Schwarz inequality.

Proof of Eq. (23). Since φ(1,2)
m,jk(Xm) :=

∑
i:m̸=i 2Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)}, we have

max
(j,k)∈[p]2

max
m∈[n]

∫
(φ

(1,2)
m,jk)

2(xm)dPm(xm)

≤ 4n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(Pi{π1,iψj(Xi)π2,imψk(Xi, xm)})2 dPm(xm)

= 4n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(π1,iψj ⋆

1
i π2,imψk)

2(xm)dPm(xm)

= 4n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∥π1,iψj ⋆
1
i π2,imψk∥2L2(Pm).

Proof of Eq. (24).∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(φ
(1,2)
m,jk)

2(Xm)

∥∥∥∥
L1(P)
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≤

∥∥∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(∑
i:m̸=i

2Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)}

)2
∥∥∥∥∥∥
L1(P)

≤ 4n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(Pi{π1,iψj(Xi)π2,imψk(Xi, Xm)})2
∥∥∥∥
L1(P)

≤ 4n2max
j∈[p]

max
i∈[n]

∥π1,iψj∥2L2(Pi)

∥∥∥∥max
k∈[p]

max
(i,m)∈In,2

{Pi(π2,imψk)
2(Xm)}2

∥∥∥∥1/2
L1(P)

.

where the third inequality follows from Schwarz inequality.

Proof of Eq. (25). Observe that

(χ̄
(2,2)
imm,jk)

2(Xi, Xm)

=
1

4

(
π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)− Pi{π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)}

)2
,

(χ̄
(2,2)
mii,jk)

2(Xm, Xi)

=
1

4

(
π2,miψj(Xm, Xi)π2,miψk(Xm, Xi)− Pm{π2,miψj(Xm, Xi)π2,miψk(Xm, Xi)}

)2
.

(45)

In conjunction with Eq.(5) in Imai and Koike (2025), we have

max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(xi, xm)dPi(xi)dPm(xm)

≤ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̄

(2,2)
imm,jk)

2(xi, xm)dPi(xi)dPm(xm)

≤ 1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫ (
π2,imψj(xi, xm)π2,imψk(xi, xm)

)2
dPi(xi)dPm(xm)

+
1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫ (
Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)}

)2
dPm(xm).

In terms of the first term, Schwarz inequality gives

1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫ (
π2,imψj(xi, xm)π2,imψk(xi, xm)

)2
dPi(xi)dPm(xm)

≤ 1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

∥π2,imψj∥2L4(Pi⊗Pm)∥π2,imψk∥2L4(Pi⊗Pm)

=
1

4
max
j∈[p]

max
(i,m)∈In,2

∥π2,imψj∥4L4(Pi⊗Pm).

In terms of the second term, Schwarz and Jensen inequality give

1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

∫ (
Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)}

)2
dPm(xm)

≤ 1

4
max

(j,k)∈[p]2
max

(i,m)∈In,2

(∫ (
Pi(π2,imψj)

2(Xi, xm)
)2
dPm(xm)

)1/2(∫ (
Pi(π2,imψk)

2(Xi, xm)
)2
dPm(xm)

)1/2
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=
1

4
max
j∈[p]

max
(i,m)∈In,2

∥Pi(|π2,imψj|2)∥2L2(Pm).

Summing up,

max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(xi, xm)dPi(xi)dPm(xm)

≤ 1

4
max
j∈[p]

max
(i,m)∈In,2

∥π2,imψj∥4L4(Pi⊗Pm) +
1

4
max
j∈[p]

max
(i,m)∈In,2

∥Pi(|π2,imψj|2)∥2L2(Pm).

Proof of Eq. (26). From Eq. (45), we have∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2),diag
im,jk )2(Xi, xm)dPm(xm)

∥∥∥∥
L1(P)

≤ 1

8

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫ (
π2,imψj(Xi, xm)π2,imψk(Xi, xm)

−Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)}
)2
dPm(xm)

∥∥∥∥
L1(P)

+
1

8

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫ (
π2,miψj(xm, Xi)π2,miψk(xm, Xi)

−Pm{π2,miψj(Xm, Xi)π2,miψk(Xm, Xi)}
)2
dPm(xm)

∥∥∥∥
L1(P)

.

In terms of the first term, from the Jensen inequality

1

8

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫ (
π2,imψj(Xi, xm)π2,imψk(Xi, xm)

−Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)}
)2
dPm(xm)}

∥∥∥∥
L1(P)

≤ 1

8

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(π2,imψj)

2(Xi, xm)(π2,imψk)
2(Xi, xm)dPm(xm)

∥∥∥∥
L1(P)

≤ 1

8
E
[

max
(j,k)∈[p]2

max
(i,m)∈In,2

(
Pm(π2,imψj)

4(Xi)
)1/2 (

Pm(π2,imψk)
4(Xi)

)1/2]
≤ 1

8
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,imψj)
4(Xi)

]
,

where the second inequality follows from Schwarz inequality. In terms of the second term, similar
evaluation gives

1

8

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫ (
π2,miψj(xm, Xi)π2,miψk(xm, Xi)

−Pm{π2,miψj(xm, Xi)π2,miψk(xm, Xi)}
)2
dPm(xm)

∥∥∥∥
L1(P)
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≤ 1

8
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]
.

Summing up∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(χ̃

(2,2)
im,jk)

2(Xi, xm)dPm(xm)

∥∥∥∥
L1(P)

≤ 1

4
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,imψj)
4(Xi)

]
.

Proof of Eq. (27). From Eq. (45), we have∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(χ̃
(2,2)
im,jk)

2(Xi, Xm)

∥∥∥∥
L1(P)

≤ 1

4

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(
π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)

−Pi{π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)}
)2∥∥∥∥

L1(P)

≤ 1

4

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(π2,imψj)
2(Xi, Xm)(π2,imψk)

2(Xi, Xm)

∥∥∥∥
L1(P)

≤ 1

4
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]
,

where the second inequality follows from Jensen’s inequality and the final inequality follows from the
AM-GM inequality and Schwarz inequality.

Proof of Eq. (28). Recall that

χ̄
(2,2)
iml,jk(Xi, Xm, Xl) :=

1

2

(
π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)− Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)}

)
.

(46)

Then, from Eq.(5) in Imai and Koike (2025) and cr inequality, we have, we have

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(xi, xm, xl)dPi(xi)dPm(xm)dPl(xl)

≤ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
iml,jk)

2(xi, xm, xl)dPi(xi)dPm(xm)dPl(xl)

≤ 1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫ (
π2,imψj(xi, xm)π2,ilψk(xi, xl)

)2
dPi(xi)dPm(xm)dPl(xl)

+
1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫ (
Pi{π2,imψj(Xi, xm)π2,ilψk(Xi, xl)}

)2
dPm(xm)dPl(xl)

≤ 1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫
Pm{(π2,imψj)

2(xi, Xm)}Pl{(π2,ilψk)
2(xi, Xl)}dPi(xi)

+
1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫ (∫
{π2,imψj(xi, xm)π2,ilψk(xi, xl)}dPi(xi)

)2
dPm(xm)dPl(xl)
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≤ 1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥Pm(|π2,imψj|2)∥L2(Pi)∥Pl(|π2,ilψk|2)∥L2(Pl)

+
1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

≤ 1

2
max
j∈[p]

max
(i,m)∈In,2

∥Pm(|π2,imψj|2)∥2L2(Pi)
+

1

2
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

.

Proof of Eq. (29). From the cr inequality, we have,∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mil,jk)

2(xm, Xi, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mli,jk)

2(xm, xl, Xi)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

.

In terms of the first term, from Eq. (46), we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(π2,imψj)

2(Xi, xm)(π2,ilψk)
2(Xi, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

6
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∫ (∫
π2,imψj(xi, xm)π2,ilψk(xi, xl)dPi(xi)

)2

dPm(xm)dPl(xl)

≤ 1

6
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(
Pm(π2,imψj)

2(Xi)
) (
Pl(π2,ilψk)

2(Xi)
)]

+
1

6
max

(j,k)∈[p]2
max

(i,m,l)∈In,3

∥∥Pi(|π2,imψj|2)
∥∥
L2(Pm)

∥∥Pi(|π2,ilψk|2)
∥∥
L2(Pl)

≤ 1

6
E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψj)

2(Xi)
)2]

+
1

6
max
j∈[p]

max
(i,m)∈In,2

∥∥Pm(|π2,imψj|2)
∥∥2
L2(Pi)

,

where the second inequality follows from Schwarz inequality. In terms of the second term, from
Eq. (46), we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mil,jk)

2(xm, Xi, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(π2,miψj)

2(xm, Xi)(π2,mlψk)
2(xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

6

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫ (∫
π2,miψj(xm, Xi)π2,mlψk(xm, xl)dPm(xm)

)2

dPl(xl)

∥∥∥∥∥
L1(P)
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≤ 1

6
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(
Pm(π2,miψj)

4(Xi)
)1/2 (

Pm{Pl(π2,mlψk)
2(Xm)}2

)1/2]
+

1

6
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

Pm(π2,miψj)
2(Xi)PlPm(π2,mlψk)

2

]
≤ 1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/2
max
k∈[p]

max
(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥L2(Pm),

where the second inequality follows from Schwarz inequality. In terms of the third term, from Eq. (46),
we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mli,jk)

2(xm, xl, Xi)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(π2,mlψj)

2(xm, xl)(π2,miψk)
2(xm, Xi)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

6

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫ (∫
π2,mlψj(xm, xl)π2,miψk(xm, Xi)dPm(xm)

)2

dPl(xl)

∥∥∥∥∥
L1(P)

≤ 1

6
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(
Pm{Pl(π2,mlψj)

2(Xm)}2
)1/2 (

Pm(π2,miψk)
4(Xi)

)1/2]
+

1

6
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

PlPm(π2,mlψj)
2Pm(π2,miψk)

2(Xi)

]
≤ 1

3
max
j∈[p]

max
(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥L2(Pm) E
[
max
k∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/2
.

Summing up∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, xm, xl)dPm(xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6
E
[
max
j∈[p]

max
(i,m)∈In,2

(
Pm(π2,imψj)

2(Xi)
)2]

+
1

6
max
j∈[p]

max
(i,m)∈In,2

∥∥Pm(|π2,imψj|2)
∥∥2
L2(Pi)

+
2

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pm(π2,miψj)
4(Xi)

]1/2
max
k∈[p]

max
(m,l)∈In,2

∥Pl(|π2,mlψk|2)∥L2(Pm).

Proof of Eq. (30). From cr inequality, we have∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

+
1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
lim,jk)

2(xl, Xi, Xm)dPl(xl)

∥∥∥∥
L1(P)
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+
1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mli,jk)

2(Xm, xl, Xi)dPl(xl)

∥∥∥∥
L1(P)

.

In terms of the first term, from Eq. (46), we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(π2,imψj)
2(Xi, Xm)

∫
(π2,ilψk)

2(Xi, xl)dPl(xl)

∥∥∥∥
L1(P)

+
1

6

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫ (∫
π2,imψj(xi, Xm)π2,ilψk(xi, xl)dPi(xi)

)2

dPl(xl)

∥∥∥∥∥
L1(P)

≤ 1

6
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
E
[
max
k∈[p]

max
(i,l)∈In,2

(
Pl(π2,ilψk)

2(Xi)
)2]1/2

+
1

6
E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]1/2
max
k∈[p]

max
(i,l)∈In,2

∥π2,ilψk∥2L4(Pi⊗Pl)
.

In terms of the second term, from Eq. (46), we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
lim,jk)

2(xl, Xi, Xm)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(π2,liψj)

2(xl, Xi)(π2,lmψk)
2(xl, Xm)dPl(xl)

∥∥∥∥
L1(P)

+
1

6

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(∫
π2,liψj(xl, Xi)π2,lmψk(xl, Xm)dPl(xl)

)2
∥∥∥∥∥
L1(P)

≤ 1

3
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(
Pl(π2,liψj)

4(Xi)
)1/2 (

Pl(π2,lmψk)
4(Xm)

)1/2]
≤ 1

3
E
[
max
j∈[p]

max
(i,l)∈In,2

Pl(π2,liψj)
4(Xi)

]
.

In terms of the third term, from Eq. (46), we can see that

1

3

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̄

(2,2)
mli,jk)

2(Xm, xl, Xi)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

6

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(π2,miψk)
2(Xm, Xi)

∫
(π2,mlψj)

2(Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

+
1

6

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫ (∫
π2,mlψj(xm, xl)π2,miψk(xm, Xi)dPm(xm)

)2

dPl(xl)

∥∥∥∥∥
L1(P)

≤ 1

6
E
[
max
j∈[p]

max
(m,l)∈In,2

(
Pl(π2,mlψj)

2(Xm)
)2]1/2 E [max

k∈[p]
max

(m,i)∈In,2

(π2,miψk)
4(Xm, Xi)

]1/2
+

1

6
max
j∈[p]

max
(m,l)∈In,2

∥π2,mlψj∥2L4(Pm⊗Pl)
E
[
max
k∈[p]

max
(i,m)∈In,2

Pm(π2,miψk)
4(Xi)

]1/2
.
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Summing up,∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(χ̃

(2,2)
iml,jk)

2(Xi, Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
E
[
max
k∈[p]

max
(i,l)∈In,2

(
Pl(π2,ilψk)

2(Xi)
)2]1/2

+
1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]1/2
max
k∈[p]

max
(m,l)∈In,2

∥π2,ilψk∥2L4(Pi⊗Pl)

+
1

3
E
[
max
j∈[p]

max
(i,m)∈In,2

Pl(π2,liψj)
4(Xi)

]
.

Proof of Eq. (31). From Eq.(5) in Imai and Koike (2025), we have∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(χ̃
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥
L1(P)

≤
∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(χ̄
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥
L1(P)

.

From Eq. (46) and Schwarz inequality, we can see that∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(χ
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥
L1(P)

≤ 1

2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(π2,imψj)
2(Xi, Xm)(π2,ilψk)

2(Xi, Xl)

∥∥∥∥
L1(P)

+
1

2

∥∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(∫
π2,imψj(xi, Xm)π2,ilψk(xi, Xl)dPi(xi)

)2
∥∥∥∥∥
L1(P)

≤ 1

2
E
[
max
j∈[p]

max
(i,m)∈In,2

(π2,imψj)
4(Xi, Xm)

]1/2
E
[
max
k∈[p]

max
(i,l)∈In,2

(π2,ilψk)
4(Xi, Xl)

]1/2
+

1

2
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

Pi(π2,imψj)
2(Xm)Pi(π2,ilψk)

2(Xl)

]
.

In terms of the second term
1

2
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

Pi(π2,imψj)
2(Xm)Pi(π2,ilψk)

2(Xl)

]
≤ 1

4
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

{(
Pi(π2,imψj)

2(Xm)
)2

+
(
Pi(π2,ilψk)

2(Xl)
)2}]

≤ 1

4
E
[

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

{
Pi(π2,imψj)

4(Xm) + Pi(π2,ilψk)
4(Xl)

}]
≤ 1

2
E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]
,

where the first inequality follows from AM-GM inequality and the second inequality follows from
Jensen’s inequality. Therefore∥∥∥∥ max

(j,k)∈[p]2
max

(i,m,l)∈In,3

(χ
(2,2)
iml,jk)

2(Xi, Xm, Xl)

∥∥∥∥
L1(P)

≤ E
[
max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
4(Xm)

]
.
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Proof of Eq. (32). From Eq.(5) in Imai and Koike (2025), we have

max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(xm, xl)dPm(xm)dPl(xl)

≤ max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ

(2,2)
ml,jk)

2(xm, xl)dPm(xm)dPl(xl).

Since we consider the case where i ̸= m ̸= l, it holds thatPiPmPl{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)} =

0. Therefore, we can see that

max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ

(2,2)
ml,jk)

2(xm, xl)dPm(xm)dPl(xl)

≤ n2 max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫ (
Pi{π2,imψj(Xi, xm)π2,ilψk(Xi, xl)}

)2
dPm(xm)dPl(xl)

= n2 max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,imψj ⋆
1
i π2,ilψk∥2L2(Pm⊗Pl)

.

Proof of Eq. (33). From cr inequality, we have∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ 1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, xl)})2 dPl(xl)

∥∥∥∥
L1(P)

+
1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(Pi{π2,ilψj(Xi, xl)π2,imψk(Xi, Xm)})2 dPl(xl)

∥∥∥∥
L1(P)

.

Likewise the proof of Lemma 17(c) in Imai and Koike (2025), from Fubini’s theorem, we have∫
(Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, xl)})2 dPl(xl)

=

∫ (∫
π2,imψj(xi, Xm)π2,ilψk(xi, xl)dPi(xi)

)2

dPl(xl)

=

∫ ∫ ∫
π2,imψj(xi, Xm)π2,ilψk(xi, xl)π2,imψj(x

′
i, Xm)π2,ilψk(x

′
i, xl)dPi(xi)dPi(x

′
i)dPl(xl)

=

∫ ∫
(π2,ilψk ⋆

1
l π2,ilψk)(xi, x

′
i)π2,imψj(xi, Xm)π2,imψj(x

′
i, Xm)dPi(xi)dPi(x

′
i).

Then, Schwarz inequality gives

max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, xl)})2 dPl(xl)

≤ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,ilψk ⋆
1
l π2,ilψk∥L2(Pi⊗Pi) × Pi(π2,imψj)

2(Xm)
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= max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∥π2,ilψk ⋆
1
i π2,ilψk∥L2(Pl⊗Pl) × Pi(π2,imψj)

2(Xm).

Therefore
1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, xl)})2 dPl(xl)

∥∥∥∥
L1(P)

≤ 1

2
n2max

k∈[p]
max

(i,l)∈In,2

∥π2,ilψk ⋆
1
i π2,ilψk∥L2(Pl⊗Pl) E

[
max
j∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψj)

2(Xm)
)2]1/2

.

Similarly,

1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

∫
(Pi{π2,ilψj(Xi, xl)π2,imψk(Xi, Xm)})2 dPl(xl)

∥∥∥∥
L1(P)

≤ 1

2
n2max

j∈[p]
max

(i,l)∈In,2

∥π2,ilψj ⋆
1
i π2,ilψj∥L2(Pl⊗Pl) E

[
max
k∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψk)

2(Xm)
)2]1/2

.

Summing up∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

∫
(φ̃

(2,2)
ml,jk)

2(Xm, xl)dPl(xl)

∥∥∥∥
L1(P)

≤ n2 max
(j,k)∈[p]2

max
(i,m,l)∈[n]3

m,l ̸=i

∥π2,imψj ⋆
1
i π2,ilψk∥L2(Pm⊗Pl) E

[
max
k∈[p]

max
(i,m)∈In,2

(
Pi(π2,imψk)

2(Xm)
)2]1/2

.

Proof of Eq. (34). From cr inequality, we have∥∥∥∥ max
(j,k)∈[p]2

max
(m,l)∈In,2

(φ̃
(2,2)
ml,jk)

2(Xm, Xl)

∥∥∥∥
L1(P)

≤ 1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(Pi{π2,imψj(Xi, Xm)π2,ilψk(Xi, Xl)})2
∥∥∥∥
L1(P)

+
1

2
n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m,l)∈In,3

(Pi{π2,ilψj(Xi, Xl)π2,imψk(Xi, Xm)})2
∥∥∥∥
L1(P)

≤ n2

∥∥∥∥max
j∈[p]

max
(i,m)∈In,2

Pi(π2,imψj)
2(Xm)max

k∈[p]
max

(i,l)∈In,2

Pi(π2,ilψk)
2(Xl)

∥∥∥∥
L1(P)

≤ n2 E
[
max
j∈[p]

max
(i,m)∈In,2

{
Pi(π2,imψj)

2(Xm)
}2]1/2 E [max

k∈[p]
max

(i,l)∈In,2

{
Pi(π2,ilψk)

2(Xl)
}2]1/2

≤ n2 E
[
max
j∈[p]

max
(i,m)∈In,2

{
Pi(π2,imψj)

2(Xm)
}2]

,

where the second and third inequality follows from Schwarz inequality.

Proof of Eq. (35). From cr inequality, we have

max
(j,k)∈[p]2

max
m∈[n]

∫
(φ

(2,2),diag
m,jk )2(xm)dPm(xm)
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≤ 2n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
(Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)})2 dPm(xm)

+ 2n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

(
PiPm{π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)}

)2
≤ 4n2 max

(j,k)∈[p]2
max

(i,m)∈In,2

∫
(Pi{π2,imψj(Xi, xm)π2,imψk(Xi, xm)})2 dPm(xm)

≤ 4n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

∫
Pi(π2,imψj)

2(xm)Pi(π2,imψk)
2(xm)dPm(xm)

≤ 4n2max
j∈[p]

max
(i,m)∈In,2

∥∥Pi(|π2,imψj|2)
∥∥
L2(Pm)

max
k∈[p]

max
(i,m)∈In,2

∥∥Pi(|π2,imψk|2)
∥∥
L2(Pm)

≤ 4n2max
j∈[p]

max
(i,m)∈In,2

∥∥Pi(|π2,imψj|2)
∥∥2
L2(Pm)

,

where the second inequality follows from Jensen’s inequality, the third and the final inequality follows
from Schwarz inequality.

Proof of Eq. (36). From cr inequality, we have∥∥∥∥ max
(j,k)∈[p]2

max
m∈[n]

(φ
(2,2),diag
m,jk )2(Xm)

∥∥∥∥
L1(P)

≤ 2n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

(
Pi{π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)}

)2∥∥∥∥
L1(P)

+ 2n2 max
(j,k)∈[p]2

max
(i,m)∈In,2

(
PiPm{π2,imψj(Xi, Xm)π2,imψk(Xi, Xm)}

)2
≤ 4n2

∥∥∥∥ max
(j,k)∈[p]2

max
(i,m)∈In,2

Pi(π2,imψj)
2(Xi, Xm)Pi(π2,imψk)

2(Xi, Xm)

∥∥∥∥
L1(P)

≤ 4n2 E
[
max
j∈[p]

max
(i,m)∈In,2

{
Pi(π2,imψj)

2(Xm)
}2]1/2 E [max

k∈[p]
max

(i,m)∈In,2

{
Pi(π2,imψk)

2(Xm)
}2]1/2

≤ 4n2 E
[
max
j∈[p]

max
(i,m)∈In,2

{
Pi(π2,imψj)

2(Xm)
}2]

,

where the second inequality follows from Jensen’s inequality and Schwarz inequality and the final
inequality follows from Schwarz inequality.
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