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We have introduced a new Fourier-expansion technique for computing gravitational-wave emis-
sion from non-spinning binaries in the post-Newtonian framework. Using this approach, we derived
the full set of 3PN dynamical quantities and gravitational-wave Fourier modes and have released
the corresponding numerical code as open source. Furthermore, applying the method to the tail
contribution of the energy flux, we found that it can be resummed into an exceptionally compact
expression. These advances pave the way for more convenient and accurate frequency-domain wave-
form modeling in the future.

I. INTRODUCTION

Since the first observation in 2015 [1], gravitational-wave (GW) astronomy has advanced rapidly. Joint observing
runs by LIGO, Virgo, and KAGRA [2-4] have amassed a rich data set [5, 6], and—using techniques such as matched
filtering against theoretical templates—researchers have identified scores of binary-black-hole (BBH), binary-neutron-
star (BNS), and even black-hole-neutron-star (NSBH) merger events. More recently, pulsar-timing-array (PTA)
experiments have reported evidence for a stochastic background produced by super-massive binary-black-hole merg-
ers [7-10]. Looking ahead, next-generation ground-based detectors like the Einstein Telescope (ET) [11] and Cosmic
Explorer (CE) [12], together with planned space missions such as LISA [13], TianQin [14], Taiji [15], and DECIGO [16],
are expected to uncover many more GW signals.

The dominant sources of GWs in the Universe are generally compact binaries. The background generated by systems
such as BBHs is thought to prevail over a wide range of frequencies [17]. Current data-analysis pipelines—whether
based on traditional matched filtering or modern machine-learning methods—depend [18] critically on accurate models
of two-body dynamics and GW emission in general relativity. Numerical-relativity (NR) simulations have already
produced extensive catalogs of binary waveforms, greatly aiding model development [19-21]. Nevertheless, their
high computational cost limits waveform length, a constraint that becomes severe as future detectors push to lower
frequencies. At the other extreme, the self-force framework treats motion in a known black-hole spacetime as a
perturbative expansion in a small mass ratio, yielding precise geodesic orbits and, via perturbation theory, far-zone
waveforms [22, 23]. Together, NR and self-force methods offer solutions in the strong-field comparable-mass and
large-mass-ratio regimes, respectively.

For weak-field, slow-motion systems, the post-Newtonian—Multipolar-post-Minkowskian (PN-MPM) expansion pro-
vides an analytic framework [24]: the field equations are recast as nonlinear wave equations on a flat background,
and formal solutions emerge through multipolar expansions. PN theory has seen substantial progress, underpinning
mainstream waveform models such as effective-one-body (EOB) [25] models, including SEOBNR models [26-31], TEO-
BResum models [32-34] and IMR families [35-41]. Current ground-based detectors are sensitive to higher-frequency
bands, which typically correspond to the late-stage evolution of binaries approaching circular orbits. In contrast, future
low-frequency detectors will be more concerned with binaries exhibiting non-zero eccentricities. Moreover, in recent
years, GW events with possible residual eccentricities have been identified [42], which has driven the development of
gravitational wave models that incorporate eccentricity.

However, when we look ahead to future low-frequency detectors, constructing accurate frequency-domain GW
models for generic orbits remains a difficult task. The standard strategy is to express the post-Newtonian (PN) orbit
in a quasi-Keplerian parametrization [43-46] and then compute its evolution using an adiabatic approximation or a
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multi-scale expansion [47, 48]. Waveform generation, in turn, relies on analytic Fourier-transform techniques—such
as the stationary-phase approximation (SPA) [49] for non-precessing binaries and the shift-uniform approximation
(SUA) [50] when spin precession is present. Unfortunately, these frequency-domain waveforms all depend on a small-
eccentricity expansion, which tends to break down at large eccentricities.

Recent work has shown that by keeping the Bessel functions that naturally appear in the original Fourier modes
of the gravitational radiation, one can avoid the accuracy loss at high eccentricity caused by the small-eccentricity
expansion [51]. This insight suggests that we need to investigate more deeply the structure of the Fourier modes of
both the dynamics and the radiative multipole moments within the PN framework. Building on the studies of [52]
and [51, 53], we therefore propose a mathematical approach for describing and computing the Fourier modes of the
dynamics and waveforms of a PN two-body system, and we revisit the theoretical treatment of nonlinear contributions.
All implementation code is available in the open-source library pyPNFourier.

II. THEORETICAL BACKGROUND AND REVIEW
A. Post-Newtonian Dynamical System and the Quasi-Keplerian Parameterization

The post-Newtonian approximation solves the Einstein field equations perturbatively in the weak-field, slow-motion
regime [24, 54]. For a two-body system, the equations of motion can be expanded as a power series in ¢~ 1. Neglecting
spin and radiation-reaction effects, the acceleration is now known through 4 PN order [55, 56],

1 1 1 1 .
@ =ay + 5a1pN + 02PN + GaspN + 5 (aspn + @gait) + O(c™?), (1)

where the 4PN tail term a,; represents the back-reaction on the binary from the multipolar GW flux and is a
manifestation of the non-linearity of general relativity [55, 57, 58]. When this non-linear effect is ignored, the system
can be described by the two conserved quantities, the energy F and the angular momentum J. Starting at 2PN
order the field integrals become divergent; to cure this one introduces Hadamard finite-part regularization [59] and
dimensional regularizatioin, which in turn brings in logarithmic terms and an arbitrary length scale rg. A modified
harmonic (MH) coordinate system is therefore defined to eliminate the logarithms [60, 61]; we adopt MH coordinates
throughout this work.

The PN two-body problem corresponds to a precessing elliptical orbit that can still be described in terms of
the familiar orbital elements such as the eccentricity e and semi-major axis a. This is the essence of the quasi-
Keplerian parameterization [43-46], widely used in contemporary waveform models (e.g. the PN models [62-65],
IMR family [40, 41] and the latest EOB model [30]). The 4PN results of instantaneous part was found in ADM
coordinates[66]; here we use MH coordinates and, for completeness, list in the Appendix the 4PN transformations
among the MH, SH, EOB [67-69], and ADM frames.

We now briefly review the method and the results needed below, following [46]. The radial velocity 7 can be written
as a function of (F, J,u) with u := 1/r. Solving 7(E, J,u) = 0 yields two roots uy corresponding to periastron and
apastron, from which we define the semi-major axis and (radial) eccentricity e,

_ uy +u_ e = U_ — Ug )
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The orbital period P is twice the travel time from u_ to u4. Since u varies between these bounds we introduce two
auxilary angles x, ¢
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3)
where ( is the relativistic anomaly and y the eccentric anomaly. The third angle, called true anomaly v, is defined by
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and introducing a new eccentricity e4. Owing to later naming conflicts we employ a convention that differs from many
references. The mean anomaly [ := n(t — ty) with n := 27 /P, is related to x by the Kepler equation; up to 4PN it
takes the form
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where the leading-order coefficient of sin x is the time eccentricity e;, the eccentricity used by most models. Unless
stated otherwise we henceforth drop the subscript and write e.
We next introduce

zi=w??  wi=(14k)n, (6)
where k is the periastron advance defined via the orbital phase ¢ accumulated in one radial period,
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For convenience we later set v := x'/2. With these relations (E, J ) can be expressed in terms of (x,e), and the basic
dynamical variables (r,7, ¢, ¢) in terms of (x,e, x). Of particular interest is the orbital phase,

d=A+W(v,el), A=0+kl = A=w, (8)

where
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Defining dx := xt — x = 2arctan(ﬂe sin x/(l — Be cos x)) with
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We express ¢ in terms of y; in the following sections. One can perform the needed Fourier transformations follow-

ing [70]. All 4PN quasi-Keplerian parameterization results are collected in the Supplementary Material.

B. General Method for Gravitational-Wave Calculations

In the PN-MPM framework [71, 72], the GW polarizations hy x measured by a distant observer depend on the
radiative multipoles (Ur, Vy), which in turn depend on the source multipoles (Iy,,Jy,...) and non-linear hereditary
terms [73]. All are ultimately functions of the source dynamics, schematically h(v,e;1). Within the QK framework
one solves for the adiabatic evolution of (v, e,l) under radiation reaction. After averaging over one radial period (the

adiabatic or orbital average) one obtains (7, &,1) from the energy and angular-momentum fluxes at infinity,
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The fluxes F and G are computed from the radiative multipoles; their difference from the actual loss of the sys-
tem energy E and angular J is the Schott term [74], which vanishes upon orbital averaging for 2.5PN, 3.5PN and
4.5PN and doesn’t vanish for 4PN due to the hereditary effect??, leaving some freedom in the explicit form of the
radiation-reaction force [75]. The radiation-reaction force of non-spinning binary is known up to 4.5PN [76-79]. Multi-
scale analysis then yields post-adiabatic corrections [47, 48]. For current 3PN waveform models only the first-order
correction (7, €,1) is required [80], which can be evaluated from (7,€,1) and substituted into h(v, e;1).

Because data analysis is performed mainly in the frequency domain, analytic Fourier approximations are highly
desirable—especially for future low-frequency GW detectors. In the non-spinning case one expands

h= hp(v,e)el ™7, (14)
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and applies the stationary-phase approximation (SPA) to each mode [49], expanding the phase

Gmp(t) = mA+ pl — 2w ft (15)
about the SPA time t,,, as
. 1 ..
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For non-spinning case one could assume the amplitude of the mode grows much slower than phase. However this do
not hold for spin-precessing is included, where the Shifted Uniform Asymptotics (SUA) method is applied [65].
Since post-adiabatic effects enter at v°, one first solves for the averaged part, giving v° = (m + p)_lvfc (1 + (9(17)),

and then substitutes vy for ¥ in the corrections (7, €, l~, ce)e

In principle there is no closed-form relation between @, [, and €. One strategy is to expand € around its initial
value eg, but high initial eccentricity requires very high expansion order. Padé resummation has been introduced to
improve accuracy in that regime [81]. Recent work shows that one can directly integrate numerically with a standard
Runge—Kutta scheme [51], using ¥ rather than ¢ as the independent variable, and then determine ¢,,, by interpolation
from the relation ¥° = (m + p)_lvfc (1+ O(v)). Given f and (p,m), this yields the averaged orbital frequency o(ty)
and all other dynamical quantities.

III. FOURIER SERIES OF BOUNDED-BINARY PN DYNAMICS

[52] showed that, at Newtonian order, the Fourier modes of a binary system’s multipole moments can be expressed in
terms of Bessel functions. Because the gravitational field is sourced by these radiative multipole moments, its Fourier
modes inherit the same structure. Recent studies[51, 53] have demonstrated that this property can be exploited to
compute arbitrary Fourier modes rapidly, thereby greatly improving the accuracy of eccentric-orbit models. However,
at higher PN orders ordinary Bessel functions are no longer sufficient; here we introduce a new family of generalized,
Bessel-like elliptic integrals that can represent the Fourier modes of all post-Newtonian multipole moments.

A. Generalized Bessel elliptical function

The non-spinning binary’s dynamics in the PN framework is characterized by a double periodicity. The Fourier
series of a dynamical quantity f takes the form

fOux) =Y flemeitmy), (18)
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where the Fourier coefficient f (Pm) is given by

fom = (2717)2 // " POV e, (19)

Here we use x is because In most cases the quantity depends on y rather than I. And usually, the dependence on A
mainly comes from the orbital phase ¢ = A\ 4+ W(l), so we can simplify it via
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One would find that after sorting, up to 3PN order, these Fourier coefficients can be expressed by two kinds of
integrals,
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These integrals can be viewed as extensions of Bessel functions or Hansen coefficients [82]. And also can be regarded

as the extension of [83-85]. For example, JI(?(;)O = Jp(ge). The factor (1 — ecosx) shows in the denominator can be

regarded as the derivative with respect to [, since

df _dfde 1 df

— 24
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At 3PN order, we only encounter the term J](j})a and KI(,%)Q. By observing the symmetry of the integrands we can

quickly obtain some properties,
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And recursion identities
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At some special cases, we have [86],

(0) o ]. 1
To0a = A= ey Po1 (7\/@), (33)
0 _ (=Dt d" Y (y,e)
= 4
Koo (a—1)! ( dya-1 )y . (34)
Pl
KO = 2. (35)

Ip|



where Py (z) is Legendre polynomial and
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These integrals generally do not have a closed form, but they can be easily expanded as power series of eccentricity.
We reorganize them into the infinite series of Bessel function and S,
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where ﬁgf‘) denotes an extension of Laplace coefficients [87],
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which is also equivalent to
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It can be written in the form of a hypergeometric function. Since the coefficients of this hypergeometric function are
non-negative, it can be further expanded into a finite polynomial of 5. when a > 0,

a ()n n _2a l1—a, In|+1—-a
£ =1 'l,‘ﬂ' gy (P T e
a—1
\n| 1 2a |TL| +1- a’) a—1 2m 44
( )‘nlﬂ TI;::O |n| +m) m ﬁe Y ( )
where the general hypergeometric function is defined by [88]
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And (a),, :=T'(a +n)/T(a) is Pochhammer symbol. dd—aﬁsla) is the formal derivative with respect to a, which takes a
polynomial series,
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AH” denotes the difference between the (n — 1)th and (m — 1)th Harmonic number. The poles produced by the
di-Gamma function ¢(x) := I"'(z)/T'(x) divided by the Gamma function are removed by the following limit,
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Specifically, when a = 0,
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Here we recall the Kepteyn series of standard Bessel functions [89]
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where we use > elP(—y) — 276(x — y). Note that this identity is independent of ¢q. For other cases involving
logarithms, just add the logarithmic term to the integral. At this point, we can easily expand these integrals to any
power of eccentricity. Because Jy,(ge) ~ (ge/2)?/p! and, for e € (0,1), there is S, < e, the series expansions of these
integrals converge very rapidly. In practical calculations one usually determines the dynamical variables first and then
evaluates the waveform. Hence, for a fixed eccentricity, the coefficients £, the Bessel functions J,(ge), and even the
generalized coefficients J ,(,Z)a themselves are repeatedly required. By caching these coefficients the computational cost
can be reduced substantially. All of these integrals, together with the waveform routines discussed later, are packaged
in the publicly available module pyPNFourier.

B. Results
1. Solution of PN-Kepler equation

Here we present the Fourier-series solution of the 4PN Kepler equation (5). We emphasize that the Kepler equation
considered here does not include the contribution from the 4PN non-local effects.

First, we replace the orbital energy F and angular momentum J in the equation by v and e, and substitute the
true anomaly ¥ with y;. We then compute the Fourier series of x — [,
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L (67001 223077 507 , (176 | (20577 1750\ , (8206 53281r%) 1815
_ , _ 207 _ _ _
90 768 4 3 32 3 9 3072 8
1612 103302 487v 14113 619691 33572 2584979 9972
4 _ 1 (=) 71,1 /1 _ 2 _ _ 2
te < 12 21 T8 5)] Topo” € Sl T 1260 6 )V T\ 600 " ea
11233 (69581 69772 6795172 10111811 135 28314
107+ (1 —e?)( - - 2 ) - -
107+ e)< 12 +< 120 64 )" +< 3072 12600 >”+ 8)+( <) 576
12315 21412 241p VB 832 3150 1 .
_ 1 1-e22( -2 _ L 202(15 — )2 | () 3D
BT 192 ' 192 5)} - < 2 4 1 +75> RS
3 32105 (8977 61572 4750372 207253 2949
2p 2 _ 2 2\(5 _ 2, _ 2 o
+ep 4\/1 €2(1+ 2¢*)(5 —2v)* + 3 +( 16 o >V +< 5048 240 )I/+ 16
(11T (2058069, (3TS6T _ 53281 2055\ |y _ ey 1430 4037
_ _ 5 _ [, _ 2095 _ _ 1437 4037
¢ 1 64 24 72 6144 16 24 48
37v 15 -y +(1,2)
~ 6 2)]( T (64)
where we introduce shorthands
1
() ) . L (50 (®)
Ipga’ = ) (J(p+6)qa + J(p—C)qa)’ (65)
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2. Multipole moments

There are two sets of radiative-type multipole moments Uy, Vy, [73], where L = 4;...4; denotes the (STF) multi-
indices. These radiative-type moments is determined by six source-type moments (I, Jy, Wr, X1, Yy, Z1) or two
kinds of canonical source-type multipole moments My, Sy,

Un(t,) = MO, QMADM / drM (¢, — ){m ( o ) + m} +0(c7), (67)
Vilt,) = SO + W%/O dr§ (1, — )[m <2r ) + m} +0(c), (68)

where ¢, denotes retarded-time and M,y is ADM mass. At same PN-level, the number of the indices of V is 1 less
than U. At present, we have a clear understanding of the form of 3PN in the MH frame [90, 91|, and recently the 4PN
results were published [92]. In this work, we are concerned with the form of 3PN in the MH frame [93]. Following [90],
the structure of the Fourier decomposition of My, Sy, reads

My = Z Z M, e’(m’\‘“’l) (69)

m=—t p=—oo (Pm

Sy = Z Z Sy 1(m/\+pl (70)

m=—{p=—00 (p,m)
To expand these moments, we use polar coordinates (r, 7, ¢, ¢), then

(vg, vy, v;) = (Fcos ¢ — résin g, 7 sin ¢ + ré cos ¢, 0). (72)
In this coordinates, the STF matrices can be represented by (r, 7, (;5) Substituting the results of the quasi-Keplerian
expansion and then performing Fourier integration, we obtain the Fourier modes of these moments. Here we show the

2PN results of M, as an example, the results of higher PN order and the other moments are showed in supplementary
material,

My = 2 (M AN 4 pSMEPS 4 PAZEPY 1 N 1 0(c ), )
(»2) U Np2) (p,2) (p,2) (p,2) (p,2)

MDY :ejpzle\/l—e?(—l—i- 1—e2p)Jp,1(ep)+%(—1+\/1—e2)(—1+x/1—e2 2(1—¢€?) )J,,(ep)],

(p_272)
(74)
MIPN _ ; §€2p3 [56(2+€2)(+)J(1’1) _ 2(2+62)(+)J(1’2) Fe(2— )(+)J(1 3)} 1—e2p? {2(1 +e2) -
(p_r21’2) (1 _ 62)p3 8 ppO pp0 4
1,3) _ 1,1 15 1) 23 4v 1 v
J](apo — 5el )J;po)} 7€ et 3J( b0 1€ \/1—62|:18—pl/— (1—e)<42+21>+p3(1—62)2<21—7>]—
27 3 23  4dv 11
1-e?)| = 10p—91)p ) — (1 —e)*?( = + — 1—+/1—¢2 —
+ ( 6)(14p+14( 0p 9)p> (=P’ 5+ 57 Jps1(ep) + ( e?) 9+ 5
1 1 11 11w 13p
1—e?) —vp(—162p — 67) + — p(180p + 1539 1—e?)?p? = 4+ — Vi—e2lvyp— =L _9
+( e)(84vp( P )+84p( P + )>+( Pyt )T e*lvp - —
+(1—¢€%) iyp(ﬁp —17) + ip(57 —758p) | + (1 —e*)?p?*( — 1 AN (ep) (75)
84 84 21 ' 7 P ’
MZPN _ 1 et (1 e 219 1T () 2 (75p  15up  45VI-— €2 L1850 765 )
w5 €pi(l—e?)? 16 4 16 8 4 8 16 |"Pr0

45ep*
4

+

(2) ova 461307 71950 4513\ () o5 4 61302 2011y 131
1-— — 1— _
Topo + (1= €)p ( 3020~ 3004 " 1512) e T )P 3004 T 3002 T 512 Tooh
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V2 15V . o 97 532 6550 2
1— 24 1—e2p3 a3 2 _ 2y
(16 p(l=e) +<14 28) M= 165 T 5oa T 7)1 ¢

1972 34y | 7375 1490 207 1350 (4579 531w
1— 2\2 _ _ 1 _ 2 _ 1— 2\2
126 63+504)( 6)+< 14 14> €>+p< ( 14>( ¢)

5150 180 765 7302 190 149 ;
—— (1 =€) - = 252(1 — 144 1—e2|pt - —— (1 —¢€?)3
28 7>( ¢) 8>+p(5( ¢f) +144) + e{p(<378 54+1512>( ¢)

320% 437y 8989 L[ (397 1891 V2 17w
1— ¢2)2 3 )2 B (1- of V- Liv
+<189+378+756)( e>>+p(<28 56) * )+t 5+

24 56 ' 168

348v 1737 315 150 v? 312 4lv
1— = )-21 _ — — PP =t 4 p? -
Ja-e+ 32 6HJp e+ |(F - ra- e (G -

s (T ) (B S
e (o) (5 B
+(_503y2+43851/_9419>(1_e2)2+< 681y 253 ) )+p(_6%1u

336 112 48 28 2
+ (1171” - 22;))(1 —e?)? 4 (1?2” - 21751>(1 —e?) - 1717 — 108(1 — €?) — 108 + m{( - 5337”82 - 13073;
* 1153112> ") +p4(< N 23722 * 1f:9V N igf;)(l —el (_ 3128yg2 - 4;77&: N 8795869)(1 N 62)2)
+p3(<1§gz2 - 3116781/ N ?BZ)O 2y (1222 - 12? . 4;13)(1 e (u; N 2513; - 1(1)223)(1 B ez)>
+p2(—y22+6;y+ (5222 - 23:” +1;?19)(1—e2)2+ (3;:2 + 1;(131/ +121>(1—62)— i‘g) +p(631/
(Y 19y (- (1)
(8- 2o ) V(B oo (- o)
. (9 - 9(1;62>)H<+>J%01> %563294(1 T 2e)PIED 4 2 p4<8;v N (525; - ?ﬁ)“ ey
+ (41741 - 52;“) (1—¢e%) — 41569> + /1 —e? {pf’ ((38” — 12) (1—e*)?+ (;12 - 952’) (1— 62)>
+pt (9 —9(1 - 62))H (+)JZ();O2) + 262274(1 T 262)(+)J1(i,02) 1 e2 p4< B 2IZV . 62)2(3;? _ 2242?:16)
+(1- )(513162” - 1?26) + 1228) +V1—¢2 [p5<(1 - 62)2<31€6” - 135;) +(1- e2)(31€é’ - 1;;))
—|—p4(96(1262)—96ﬂ (+)J;L’g’)+§e3p4(—2+e ) )J(23)+ 1€ Apty/1—e2(h) i) <Iz—1gy>p5(l—62)2

ppO pp0
1(1 — 1 14 1 525 45
+p4<643 81(1 —¢? >+\/7 { 05v ( 39_61/)(1_62)_H B (N J R R/, e C (201)

4 4 112 14 16 pp0

(7)o (5 7)o 62)2)

347
8
502 15v 85 3?19y 2955 3

Jp(ep) + €

43 12
+ep'(1— )72 ( “ut 7v) g + e
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27(1 —€2)?  45(1 — e? 21 22 11
+p4( 7(1—e?) i 5( 6)643>+ /162p4[2’/+(3’/>(162)2

4 2 56 7

28 56 16 8 4

295 1529 105 15 3 9(1 —e?
+< V—>(1—62)+4H()Jp202—ep\/ 2(1 + €? ()J22)+34[( V)p(l—eQ)Q—(e)

27 21v 579  29v 105 1.3 2.3 1,4)
Tt 1_62{8+(112_14)(1_62) mH( D 4 StV BOIED 4 Jetph (<o 4 )OI

(76)

where the 1PN results are consistent with [94].

8. Gravitational waveform

The GWs emitted to null infinity can be expressed in transverse-traceless frame h;;" constituted by two polarizations
hy,hx. The perturbation matrix h;;" can be uniquily decomposed in to radiative-type multipole moments [71]

4 =1 20 _
hi = =R i?Zb(N)Z o |:NL 2Uap(r—2) — WNC(L&)%d(aVb)d(sz) +O(R™?), (77)
=

where N = (sin 6 cos ¢, sin 6 sin ¢, cos 0) is the direction from the source to the observer, R denotes the (luminosity)
distance of the source, and F7, is transverse-traceless projector. The GW polarization can be decomposed by

spin-weighted -2 spherical harmonics [93]

oo L
hy =i =Y Y hum[-2Yem] (0, ). (78)

=2 m=—¢

The spherical harmonic modes are given by

1 1

hzm = —W(Uem - Ewm)’ (79)
where the spherical modes of the radiative moments Uj,,, Vi, are

4 [+1)(£+2) ,
Upp = — | ————a7"Uyp, 80
m =\ T2 -1y v UE (80)

8 L +2

W’"L - - ( a ) aimVL' (81)

a\ 20+ -2

The coefficient o™ denotes the connection between STF tensor N{&) and spherical harmonics Yy, [95],

14

N = 3" af, (N)Yen(N), (82)
m=—~

Vi) = 2o s, (38)

alm = / ANNEYY; (N). (84)

The GW waveform includes instantaneous part, tail part, and memory part, which correspond to the three components
of the radiation multipole moment respectively. For higher PN orders exceeding 3PN, there will also be a tail-memory
interaction part. Currently, we only consider the instantaneous part and the tail part within 3PN. When calculating
the tail part, one would encounter integrals involving the power of logarithm. To evaluate such integral, one can use

d*T'(z)
dz*

:/ dre™ 7 In® 7. (85)
0

z=1

b
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Therefore,
/ - 0 [7 1 (etiv) ’
T In® rdr = —/ t*lemetwTqr = (E—i—iy)_zl"(z)]
0 0z° 0 z2=1,e=0 0z z=1,e=0
S\ _ T\ ™
= Z < )vsm(lnlyl +sgn(y)§) : (86)
m=0

where ¥y, := %I‘(z) |Z:1. This formula can recover [96]. Substituting the Fourier expansion of M., Sy, and integrating,

one could express the Fourier modes in terms of JZ(;ZBI. Here we show 2PN results of hyo for example, the results of
higher PN order and other spherical modes can be found in supplementary material,

T dvv? | . .

hao = \/; AR e 2t Z ]_12(—2)pe pl» (87)
p=—00

7 ) 1 5 ~tai 1 1 _ -

= N v2 (1PN 3 fytail L5PN 4 72PN 5 ( £2.5PN tail,2.5PN
Ha(-2yp = Mooy + H2( 2+ 3" H2(—2)p 7” Hy(app + s (HZ(—Q)p+H2(—2)p )

1 6/ 73PN tail, 3PN 7

+ 0761} (HQ( ) HQ( 2)17 ) + O(C ), (88)
1 0

AN i) = =5 | (=2 + 26230 + (2 — 4 + 2610, + 2e/T — 2,1 (ep)

+ |:62 —2-2y/1—-e2(1+p— ezp)] Jp(ep)

51 T o1
884 _ 41y
21 21

+12p(1 — %)%,

~ 1 8v 23 73v 113
1PN 2 3/2 1(1) 2 2
HQ( 2(P+2) = g3, — o2) { 62){ —12p (1 ) / JW0 12p(1 e )Jpp1 +p(1 —e€ )[e < 51 21)

2v 124 2v 124 200 19
_ 2 22V 1em)y AV 1amy (0) 22y | 4 kg 2
1—e {p(e <7 + 21) - 21> 12} Jppr + (L —e )[6 ( 51 21>—|—e

61y 865 2v 2 4 4y 2u 2
V1 —e?] — 1267 i (e 2= - = — - — 12
+ + e [ e +p<e (7 21)+e o1 7 + 79 +

(0)
21 21 Ton2

100 242 20v 484 100 242 6v 2 6 18v
1— )|t 22X L 222 2f _ AUV %O e (0) ) eS(2Y 2 4o lov
+ p( e)[e(7+21>+e< - 21>+7+21}Jp3+( )le O
18 6 6v 37  25v 67 121
=z )-= 12 — 6¢? 1—e2 2= - == — 12
+e< ) + = p( e”) + e?|pl e’ = — 5 tor - +

77 77
) L 121
6e” + (—12e4+2462—12>p2+17(€4<7V_9 2(%1/_2119> _627ly+§> o

21 )+e 14
2%y 37\ 67w 121 1y 22 620 129\ T3v 365
1 _ 52 2 - _ - _ P 2 4 - -~ 2 o= = _ o _ 12
e{p(‘f(m 7> 21+7>+p( or to1) T\ T TR Tolep)
1,1 _ 1,1
+ep(—12+ 6¢%) DI — 12epy/1— 230D — 6 p[ ( )

4

e

e
Frtail, 1.56PN 2 3/2 | 1(0) 7 5
HQ(_Z)(p+2)_62p<31n(%)+21n< >>[p 1—e2] p1+{ — e +p(l - )/}JW2 { —5¢

4 2
2\3/2 (0) 2le 67e
—p(1—e)/]Jpp3+[—2+ 5

2150

pa T € Jp—1(ep)

_|_

2(1 — 2 1—e2(2— )] J;;’,f)} (90)

pp6

—23+3p(1 — )5/2} IO, +35(1 — )20 4+ 15(1 — €2)230)) ] (91)

1
H22(PN2)(Z,+2) 62]92(1_62)2{;)2 [p2 <6u(1 —e?)? —15(1 — 62)3) ~72p(1— ¢2)? 4 72(1 — &)
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409\, 5 245 327 232w, o - 2 | B30

+14)(1 e”) + 2>+p(42 +(7 - )(1 e”) 105) 72HJp(ep)+ep(1 e?) ~
27y — &

+<243—W>(1—62)+V2 510+p\/1—62<31/+<1/—125>(1—e2)—125)](+){];;’é)

4 7 (1—e2)

—18ep?(2 — 2+ )J;iol) + 36¢e%p? M(HJ;;’OQ) +ep?
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(G- BJo-ore (3 )o-or) o (- F)-or

. (2161/ _555>(1_62)+m[27y+ (243_74V)(1_€2)2+ (6_53”)(1_62) 81”< )30

7 7 14 7 7 7 2

(6 — 15)p(1 — e2)2 + m{mu + (579 232”) (1—e?)

- 33H g0~ 36ep? I 4 ep?

— 36ep> {2(1 —e?)+/1—e2(2— eQ)} (g0 —18¢2p%(2 — 62)(—>J§;§>} (92)

C. Comparison with post-circular expansion

Building on the preceding results, one can compute GWs from binary systems with arbitrary eccentricity directly
by following the procedure outlined in Section II. [51] shows that as the eccentricity increases, the number of Fourier
modes required for a high-fidelity waveform rises steeply; when the eccentricity approaches 0.9, hundreds of modes
are needed. Although we have introduced methods and tools for evaluating high-order PN contributions, waveform
generation remains time-consuming at large eccentricities, so there is still substantial scope for optimization. In the
remainder of this section we present several illustrative examples to demonstrate why the new method is indispensable
in the high-eccentricity regime.

First, we compute the 3PN orbital dynamical variables (7,€,1, A, X) together with the post-adiabatic corrections
(7, ¢, l, 5\) as described in Section II. We then obtain the 3PN waveform by summing Hy,, = Zp Hy—m)ps eP! until the

desired accuracy is achieved. For comparison, we also use the familiar post-circular expansion truncated at 0(610).

Figures (1)-(3) plot the leading harmonic hy, of the first four multipoles for three representative cases with symmetric
mass ratio v = 0.22, initial frequency vy = 0.25, and initial eccentricities of 0.3, 0.4, and 0.5.

Figure (1) indicates that for e ~ 0.3 the post-circular expansion up to O(elo) is reasonably reliable. However, its
accuracy degrades rapidly as the eccentricity grows. At e ~ 0.4, higher multipoles with ¢ > 3 already break down; by
e ~ 0.5, errors during the early, highly eccentric inspiral exceed the waveform amplitude itself. These findings make
it clear that for moderately eccentric orbits the post-circular approach struggles to describe high-order multipole
waveforms accurately. Developing faster and more precise frequency-domain techniques for waveform generation
therefore remains a pressing challenge.

IV. RE-EXPRESSION OF TAIL EFFECTS IN GW FLUXES

The GW energy flux is consist of instantaneous part, which is directly determined by the dynamics of the source,
and hereditary part, which is caused by non-linear interactions. The reason for the nonlinear effect is the interaction
between the radiative moments and the source-type moments or themselves. Formally these hereditary part are
expressed as integrals. These genetic terms can be divided into a tail part and a memory part. The former originates
from the interaction related to the radiative moments, while the latter originates from the change of the radiative
moment. Sometimes the memory part is also classified as the instantaneous part [90], while the energy flux would
becomes instantaneous after taking a time derivative and the angular momentum would be hereditary [85].

Generally, the energy and angular momentum fluxes of GW read [71]

1 W) QMO
F=Y iy [eUPU + 5 vV (93)
0>2
; Lor. (1) (1)
g :5iabzm[a€Ua(L71)U(L nt 2 be L-)Vr—1)|» (94)

0>2



16

— Full
m 10
< — PCO(e™®)
)
o2
m
[s2]
<
)
2
<
<
<
)
2
n
LN
<
)
2

0 500 1000 1500 2000 2500 3000
t{M]

FIG. 1: Comparison of the leading-mode waveforms h¢e (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio v = 0.22, initial frequency vo = 0.25,
and the evolution ends at v = 1/ V6. The initial eccentricity is eg = 0.3. The black curve corresponds to the Fourier-mode
approach presented in this paper, obtained by summing H,, = Zp H 4(_m)pei’”l until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O(elo).

where
+1)(£+2) 40(¢ + 2)
ay = , U = ) (95)
00— 1) (20 4+ 1) =1+ )20+ 1)
_ +1)(+2) - 40%(0 4 2)
ap = , be= (96)
(=120 + 1! =1L+ )20+ )N
Up to 4PN, the radiative moments U}, takes the form [97, 98],
¢ 1o iai 1 mem,2.5PN M?,2.5PN 1 tail(tail 1 mem,3.5PN M?,3.5PN
UL:M£)+C—3U21+C—5(UL +ul )+C—6UL ( )+c—7(UL +U} )
1 ail(mem _
+ C—BUz I(mem) | (9(0 9) (97)

And similar for Vz,. The 4.5PN tail-of-tail-of-tail contribution to canonical moments were known [99]. All of these
tail terms involve infinite integrals over logarithms. The usual procedure is to insert the Fourier expansion of the
multipole moments and then average over the orbit. In this way, the contribution of the tails to the flux can be written
in terms of several eccentricity-enhancement functions. In this section, we follow the method of [52] and, together
with the new J-integrals introduced in this paper, express these eccentricity-enhancement functions as sums of these
J-integrals. We introduce

MT(0) = MY / arM Ot —7) (4 k(0), (98)
0

o a+tl a—1 o it 4
M (a) = 2M£Z+1) / dTM£Z+a+3) (tr — ) Z kG In® 7+ Z (/ dTMéHﬁB) Z fiff;’]) In® T)
0 = \Jo

s=0 s1=0
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FIG. 2: Comparison of the leading-mode waveforms h¢e (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio v = 0.22, initial frequency vo = 0.25,
and the evolution ends at v = 1/ V6. The initial eccentricity is eg = 0.4. The black curve corresponds to the Fourier-mode
approach presented in this paper, obtained by summing H,, = Zp H 4(_m)pei’”l until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O(elo).

(/ deTM(Ha i+2) Z (ga J=1) |ps2 7') (99)

So= =0
MY (0) = ezap {M(E?Ll) / dr My (¢ — T)(ln’r + R 0)) + MG / drM{; 2, (b — T)(ln’r R 0))} :
0 0
(100)
a+1 a+l
Mg< ) — M(Z) > d M(£+0‘+3) Z (é,a)l S M(£+1) d M (l+a+2) Z (e, a)l
e\ ) = €zap [ M7 ; TMyp—1) ke 7T b(L—1) a(L-1) Fs o 7T
s=0
a—1 j+1
+ Z d M(Hﬁ_2 ]Z k(6D In® 7 dTM(Ha ]+2) Z S VAR (101)
=0 0 " 0
1= S1= So=

where I€5€7a) are constants. These integrals will appear in the tail-related calculations. The structure of the contribution

part of moment Sy, is the same, just replace M with Sy, and the associated constants ﬁg " We currently do not

consider the effects of radiation reactions on these moment derivatives, keeping on adlabatlc approximation and
neglect possible dissipative pieces [100]. And nor more complicated moment interactions, such as tail-memory terms.
Substituting Fourier expansion of M}, and average over ¢, one would get the following summation

Z 194 (pn 4+ mo®)e (p'n + m'v®)P M, M, <ei[(p+p/)z+(m+m/)A]>/oo e,i(p/+m/(k+1))m(Zﬁge,a) I 7-) dr .
) 0 s

7 !
p,p’ ym,m’ (p,m)(p',m

(102)
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FIG. 3: Comparison of the leading-mode waveforms h¢e (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio v = 0.22, initial frequency vo = 0.25,
and the evolution ends at v = 1/ V6. The initial eccentricity is ep = 0.5. The black curve corresponds to the Fourier-mode
approach presented in this paper, obtained by summing H,, = Zp H 4(_m)pei’”l until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O(elo).

The average over [ reads

27
<ei(p+p/+m+m/+(m+m’)k)l> o 1 / ei(p+p/+m+m'+(m+m')k)l di
0

T om
(2nkln £ 7OY. — ikt -+ 'y + 032 p+p +mm =0
(G +1)!
— !
= Optp/ +mtm)o + o .

oo j—1 (_1)j/ i27rk:(m—|—m/) J 2 m+m’
ZZ . . ) ( ) j/+1: (, ) I+O(k2) p+p/—|—m+m/¢0
im0 (G = 2a(p +p' +m+m)) p+p +m+m

(103)

Note that averaging the [ here does not seem to completely limit the Fourier mode index p + p’ +m + m/, but we
find that in fact the higher PN order part still vanishes. This is because of the factor (m + m’)? would cancel the
summation,

> (mAmYmm® M, My, =0, (104)
= (p—m.m)(p' —m’,m")
> (mA+mYmm"® S S, =0, (105)
mom! (p—m,m)(p’—m',m’)

€zab Z (m+m" Y mmMyr—1) Myr—1) =0, (106)
m,m/ (p—m,m) (p'—m/,m’)

€zab Z (’ITL + m’)jm“m'bSa(L_l) Sb(L—l) =0. (107)

m,m’ (p—m,m)(p'—m’,m’)
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The 1PN property was shown in [83]. By inserting the Fourier modes of all the 3PN multipole moments we computed,
it is easy to verify that they all hold for any positive j and any non-negative a,b. This is not a coincidence; it is very
likely true for higher PN orders as well. When j is even, this can be proved using the symmetry of STF tensors; when
4 is odd, it should involve properties of the Einstein field equations themselves. Although we cannot prove it for all
PN orders here, even restricting ourselves to the 3PN multipole moments My, Sy, greatly simplifies the final result.

We define the following auxiliary symbols for simplification,

My = My ,
(p)L mzz(p mLm)
[ M ] := Z m® My

(p)

= mmm)

Eq. (104)-(107) tells us

Z( 1)7- S“’C) [(s+a) g\A)L] [G—s+t) M1] =0,

(")

embz )~ 5*”( )[(s+a> Ma(z-1)] [(j-s+0) Ma—1)] = 0.
(p) (")

(108)

(109)

(110)

(111)

Therefore one can expand Eq. (102), and rewrite it by My and [(S ML} First, let’s consider the simplest cases
(p) (p

M (0), M$(0). Following the above steps and then sorting them out, we find they can be re-summed as very simple

forms
T o0
MT(0) == Mz M7,
‘ n pz_;oo) ®"
ME(0) = ;fzabZMa(L 1) N[)b(L 1)
where
) 372(£+2)
p m n -+ mu ]
ML = ML )
(») ; p+mk (p—m,m)
’ 3120+3
- p m)n + mo ]
My, = M
" Z: p+mk (pmm)

And we emphasize here n = [. Similarly, the higher order cases M7 (), /\/lg(a) are
T — .
M7 (a) = - > @y ML M3,
=1 (» " ()
im >
Mg Q) = ——€,q «@ Ma 1\/I>’< —1)
z( ) n bp:1 [( )( ) (L— 1)} (p)b(L 1)
where
2(0+2)+
[ ML] — é [(p_ m)n—|—mv3] et A(M) M
@O =, p+mk P mym)
¢ [( _ 3126+3+a
- p—m)n +mv?] (M)
M| = A Mg
o f2) = 2 p+mk P o)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)
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3 a—1j+1 a—j

a+1
Aé;ﬁ/frza = o |:Z e (A;E;;%)s — (= )aAz()ms) - W Z Z Z 3 (Z’] (l a—j—1)

s=0 j=0 s1 s2=0
(Az()mslAz()JrrnsQ - ( )QA;E)JrrnslAp7rL)sQ):| ) (120)
s s\ y .
A;fn)s = Z <s/>'ys_s, In® (+in(p + mk)). (121)
s'=0

We denote Agpmo = 1, then formally [(0) ML] = M. The expression for the moment Sy takes the same structure,
) (p)

one just need to replace the constant symbol nﬁf’ ) with 7T(e 7). These results reproduce the work of [52, 101]. For

example, when ¢ = 2,

3201312 428 178
(Fuaitauad) = as (4MaoiME (0) + M2y MT (1)) = == [4w<e>+m2(—ﬂa<> Srvbe >)

s (515063 167° 856 (v* 1712 .
+v <( Tioos T3 3 i F(e) = g5 x(e) +0(c?) (122)
3201012 428 178 -
(G quaa) = e (AMaonME (0) + Mo ME (1)) = = [47@((3) + 7o’ ( — 5y a(e) + 211/9(6))
of (515063  167* 856 (v*\\ 5 | 1712 4
+v <( Tios T3 3 p Fle) = g5 X(©) +0(c)|. (123)

The eccentricity enhancement function is defined by summing the product of the multipole moments,

8

wle) = 35,2 Zp NO[ML (M)L] Ple) = 12 5 €zab ZP PNO[(M)a(L 0 %\{bu 1)} (124)
. 08
64 2 ZP NO[IXIL(%L] F(e) = 32 55 3 €zab ZlﬂPNo[M)a(L 1) (M)b(L 1)} (125)

’U 8 ~ . U 7 p *
- Ej 1 PN :f—ME n (2PN [ Mo L (o
x(e) 6102 p:1p n( > o[%L%L} x(e) i, bp:1p n(2> o{(lXI) (L 1)(}1\4)1;@ 1)] (126)

PN, denotes taking O(c=2%), the ath PN part. The explicit form of a(e),&(e),8(e) and 6(e) are given by [83], here
we reproduce them in terms of our convention

428 178 1 21
— S ale) + 5vb(e) = 4(p0)(€) = 5r(e) = T ((e) = 2r10)(€) ). (127)
428 _ 178 ~ - 1 18 .
— S ale) + S5vi(e) = 4B () = 5va(e) - T (#(e) — o)) ) (128)
where
8 2b _
= “PN 12
P(ap)(€) 397 ZP b[[(a) %\/IL]%\I{[) } (129)
Plap(e) == —iL_zbﬁmj ZPG_GPNb[[(a) Mi(r—1)] M;(L,l)}. (130)
16v= 4~ ®) ()

The reason for these symbols is that when M, is expanded, one get
(p)

2
= 000 w2 (a4 9 Ma) 6+ 200 ) + 0 ). (131)
(p) (p) e (») (p)
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Similarly, for higher-order tail integrals, the corresponding expansions of [(a) ML] will also include similar terms.
(p)

In our convention, these eccentricity enhancement functions can all be expressed as infinite sums of products of
J-integrals. It is well known that some of these sums can be written in simple closed form,

1 85e2  517le*  1751e8 2978
Fle) = 1 132
(€) (1—62)13/2< Tt e T 1024) (132)
a 1 229¢?  327¢* 69¢
Fle) = 1 1
() (1—62)5< 32 T 64 256) (133)

Consider the general form of summation that appears in eccentricity enhancement function expressions:

Z p”J(ZLml)panggﬂmz)pw, a closed-form expression exists only when the summation is carried out over p from

negative to positive infinity. Using the generating function method, this sum can be calculated as follows,

nq(b) (b2) 1 bi+ba—n OX(@)el™mE - O" [ Ix (o) }
g = 1o d 134
p;)op (ptma)pas " (ptma)paz — or (1—ecosz)u 920 L(1 —ecoso)a=ti]|__, * (184)
where o(z,z) is an implicit function determined by,
x+o(z,2)+ 2z =e(sinx +sino(z,x)). (135)

In addition, due to the symmetry of the dynamic structure itself, after tedious arrangement, it can be found that
some eccentricity enhancement functions can be written in closed form. For example, one can obtain the following
results which will appear in the next PN order of M7 (1),

(T 1 229¢?  327e*  69e8 -
F = Y _S",7PN { } - 1 — F(e), 1
(1,0) (6) 6412 Z:p 0 [(1) %\;I)L] (IXI)L (1 — 62)5 + 39 + 64 + 256 (6) ( 36)
_ v® 1 07 ,, 49,
Fay(e) =~ 32 o5 Ezab Zp PNO[[(I)(N[)EL(L ) %\/I)b(L 1)} “U—eayn (1 +35¢ T 155¢ >7 (137)
V8 107 [507  10395¢%  33075¢*  45045¢°  36855¢8  4347el0
F =Y ST 8PN { } SN L _ N
on(€) = 512 p;p 1 M My 21(1— 2% [107 T 428 856 3424 T 1712 3424

B \/1_72 397 n 216615¢2 n +54811764 n 6161918 n 69631¢8 n 43119¢0
107 3424 3424 6848 6848 438272

L 5o |, B0B1eS 60763t 2670 67567’ 5427l 3s)
21(1 _ e2)15/2 510 3520 176 33792 112640
_ o 107 441 28665¢%  149499¢*
F =i e, PN, [ M, 107 s _
(€)= —ig e pr 1[(M) (b1 Mz ) 21(1@)8{ ¢ (107+ 3124 13696
206097\ (331 101779¢  483379¢! 1817650 20241 550 11483¢  2461c!
13606 107~ 3424 13606 | 27392 | 219136 ) | © 21(1_e2)° 1760 880
063¢5  1833¢8
_ _ 139
1280 56320) (139)

The above method is also applicable to the multipole moment Sy, which will not be elaborated here. At the end
of this section, we emphasize that although we have, using the new tools developed in this paper, derived a general
re-summed expression for the tail part flux without including other complicated interaction terms, this expression is
valid only when the conditions in Eq. (104)-(107) are satisfied. Substituting the 3PN multipole-moment results, we
find that the condition indeed holds; therefore, at least for the tail contribution to the flux through 4.5PN order under
the adiabatic approximation, our expression is reliable. Whether higher-PN multipole moments continue to satisfy
this condition remains to be established by a rigorous proof.

V. SUMMARY

With the rapid progress of GW observations and the planning of next-generation detectors, the demand for more
accurate waveform templates has intensified. This paper introduces a new mathematical framework that compactly
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captures the dynamics of compact binaries and the high-order PN structure of their gravitational radiation. We also
release a ready-to-use software package implementing the method. We then apply the framework to the computation
of the tail contribution to binary waveforms and derive a highly general re-summed expression. This result streamlines
the evaluation of tail terms in the fluxes at higher PN orders.

At present, our treatment is restricted to non-spinning binaries. The inclusion of spins renders the Fourier structure
substantially more intricate; extending the method to generic spinning, possibly precessing, orbits is an important
topic for future work. Moreover, the current method is highly compute-intensive. When the eccentricity becomes
large, the convergence of the J-integrals slows markedly, and the overall cost of waveform generation grows almost
exponentially. Developing more efficient algorithms to mitigate this scaling will thus be a key challenge for future
work. In addition, one proof step in our tail-flux derivation remains open. We have not accounted for higher-order
hereditary effects arising from couplings among multipole moments or from tail-memory interactions, nor have we
incorporated radiation-reaction forces. Addressing these limitations will require further effort.
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4PN contact transformations

The conservative Lagrangian in SH coordinates depends not only on the positions and velocities of the component
bodies, but also on their accelerations: L(y%,v% a*), where 3 is the position and v' := 7' a’ := ¥*. And the
accelerations begin to appear from the 2PN order, and only the linear components of accelerations can be retained [102,
103]. Now the Lagrangian has already be derived in COM up to 4PN order [55, 56]. And the Lagrangian in ADM
coordinates can be found in [58, 104, 105]. The accelerations and logarithmic terms can be canceled by applying a
small contact transformation between SH and ADM [60],

y;H — y‘iDM + 6y1S;H~>ADM(y.iDM)' (140)

The difference dy starts at 2PN-order, we need to expand the variation of the Lagrangian up to O(5y3),

. ) ) 1
5L = Ly + ) — L) = 510+ Lz + 0(s), (141)
where the O(dy) term reads
SL _, dQW
s T T (142)
5L . .
— =Lyi— Lyi + Lgi 14
oy’ v vi + La (143)
QW = (Lyi — Lyi)oy' + Lyiov (144)

We use the shorthands Ly := dL/0Y, and §v’ := 05", da’ := §0". The O(dy?) term is

o do®@
SLP) = 6y T syl + Cth ;
d d d? d2 d d? d? d
*L g T 7Laiaj - — 2*va J 27[/0} J 27Laivji
de v dt+dt2 dt2 devY + de2 Y + dt2 dt

QW = Lyiyi6y' 007 + Lyigi6v'da? — o (Laiaida? )8y + 2Ly, 0y 0y

(145)

iy S
T = Ly

+ 2Laiyj 6vi6yj - 2% (Laiyjéyj)éyi 4+ 2L i qi sviov — 2% (Laivj (5’[}J)(5yl (146)



23

The transformation of Lagrangian is composed of two part,

dQ

L' =
dit 5

(6y°), (147)

We separate L into three parts,
L=L +06Ly,+ Lyia', (148)

where §L,, denotes the different terms that don’t involve acceleration. We can add any total-derivative term dF' / dt
that don’t affect the dynamics. One just need to make sure

. . . ) oL ) |
0=06Lna+ Lgia" + Fyiv' + Fia' + Fpib' + 5—yi5yl + §5y’\7”5y7, (149)
where b’ := a’. At the 4PN level we must introduce acceleration into F, finally we get
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It is equivalent to [106]. Similarly,

6ySHHMH=32§Z(31 (;;)n—&— 18{[ ( (441n(r0)—111n<7;>)—111n(?%>u>+221n<:6>m)2
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