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We have introduced a new Fourier-expansion technique for computing gravitational-wave emis-
sion from non-spinning binaries in the post-Newtonian framework. Using this approach, we derived
the full set of 3PN dynamical quantities and gravitational-wave Fourier modes and have released
the corresponding numerical code as open source. Furthermore, applying the method to the tail
contribution of the energy flux, we found that it can be resummed into an exceptionally compact
expression. These advances pave the way for more convenient and accurate frequency-domain wave-
form modeling in the future.

I. INTRODUCTION

Since the first observation in 2015 [1], gravitational-wave (GW) astronomy has advanced rapidly. Joint observing
runs by LIGO, Virgo, and KAGRA [2–4] have amassed a rich data set [5, 6], and—using techniques such as matched
filtering against theoretical templates—researchers have identified scores of binary-black-hole (BBH), binary-neutron-
star (BNS), and even black-hole–neutron-star (NSBH) merger events. More recently, pulsar-timing-array (PTA)
experiments have reported evidence for a stochastic background produced by super-massive binary-black-hole merg-
ers [7–10]. Looking ahead, next-generation ground-based detectors like the Einstein Telescope (ET) [11] and Cosmic
Explorer (CE) [12], together with planned space missions such as LISA [13], TianQin [14], Taiji [15], and DECIGO [16],
are expected to uncover many more GW signals.

The dominant sources of GWs in the Universe are generally compact binaries. The background generated by systems
such as BBHs is thought to prevail over a wide range of frequencies [17]. Current data-analysis pipelines—whether
based on traditional matched filtering or modern machine-learning methods—depend [18] critically on accurate models
of two-body dynamics and GW emission in general relativity. Numerical-relativity (NR) simulations have already
produced extensive catalogs of binary waveforms, greatly aiding model development [19–21]. Nevertheless, their
high computational cost limits waveform length, a constraint that becomes severe as future detectors push to lower
frequencies. At the other extreme, the self-force framework treats motion in a known black-hole spacetime as a
perturbative expansion in a small mass ratio, yielding precise geodesic orbits and, via perturbation theory, far-zone
waveforms [22, 23]. Together, NR and self-force methods offer solutions in the strong-field comparable-mass and
large-mass-ratio regimes, respectively.

For weak-field, slow-motion systems, the post-Newtonian–Multipolar-post-Minkowskian (PN–MPM) expansion pro-
vides an analytic framework [24]: the field equations are recast as nonlinear wave equations on a flat background,
and formal solutions emerge through multipolar expansions. PN theory has seen substantial progress, underpinning
mainstream waveform models such as effective-one-body (EOB) [25] models, including SEOBNR models [26–31], TEO-
BResum models [32–34] and IMR families [35–41]. Current ground-based detectors are sensitive to higher-frequency
bands, which typically correspond to the late-stage evolution of binaries approaching circular orbits. In contrast, future
low-frequency detectors will be more concerned with binaries exhibiting non-zero eccentricities. Moreover, in recent
years, GW events with possible residual eccentricities have been identified [42], which has driven the development of
gravitational wave models that incorporate eccentricity.

However, when we look ahead to future low-frequency detectors, constructing accurate frequency-domain GW
models for generic orbits remains a difficult task. The standard strategy is to express the post-Newtonian (PN) orbit
in a quasi-Keplerian parametrization [43–46] and then compute its evolution using an adiabatic approximation or a
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multi-scale expansion [47, 48]. Waveform generation, in turn, relies on analytic Fourier-transform techniques—such
as the stationary-phase approximation (SPA) [49] for non-precessing binaries and the shift-uniform approximation
(SUA) [50] when spin precession is present. Unfortunately, these frequency-domain waveforms all depend on a small-
eccentricity expansion, which tends to break down at large eccentricities.

Recent work has shown that by keeping the Bessel functions that naturally appear in the original Fourier modes
of the gravitational radiation, one can avoid the accuracy loss at high eccentricity caused by the small-eccentricity
expansion [51]. This insight suggests that we need to investigate more deeply the structure of the Fourier modes of
both the dynamics and the radiative multipole moments within the PN framework. Building on the studies of [52]
and [51, 53], we therefore propose a mathematical approach for describing and computing the Fourier modes of the
dynamics and waveforms of a PN two-body system, and we revisit the theoretical treatment of nonlinear contributions.
All implementation code is available in the open-source library pyPNFourier.

II. THEORETICAL BACKGROUND AND REVIEW

A. Post-Newtonian Dynamical System and the Quasi-Keplerian Parameterization

The post-Newtonian approximation solves the Einstein field equations perturbatively in the weak-field, slow-motion
regime [24, 54]. For a two-body system, the equations of motion can be expanded as a power series in c−1. Neglecting
spin and radiation-reaction effects, the acceleration is now known through 4 PN order [55, 56],

aaa = aaaN +
1

c2
aaa1PN +

1

c4
aaa2PN +

1

c6
aaa3PN +

1

c6
(
aaa4PN + aaatail

)
+O

(
c−5
)
, (1)

where the 4PN tail term aaatail represents the back-reaction on the binary from the multipolar GW flux and is a
manifestation of the non-linearity of general relativity [55, 57, 58]. When this non-linear effect is ignored, the system
can be described by the two conserved quantities, the energy E and the angular momentum J . Starting at 2PN
order the field integrals become divergent; to cure this one introduces Hadamard finite-part regularization [59] and
dimensional regularizatioin, which in turn brings in logarithmic terms and an arbitrary length scale r0. A modified
harmonic (MH) coordinate system is therefore defined to eliminate the logarithms [60, 61]; we adopt MH coordinates
throughout this work.

The PN two-body problem corresponds to a precessing elliptical orbit that can still be described in terms of
the familiar orbital elements such as the eccentricity e and semi-major axis a. This is the essence of the quasi-
Keplerian parameterization [43–46], widely used in contemporary waveform models (e.g. the PN models [62–65],
IMR family [40, 41] and the latest EOB model [30]). The 4PN results of instantaneous part was found in ADM
coordinates[66]; here we use MH coordinates and, for completeness, list in the Appendix the 4PN transformations
among the MH, SH, EOB [67–69], and ADM frames.

We now briefly review the method and the results needed below, following [46]. The radial velocity ṙ can be written
as a function of (E, J, u) with u := 1/r. Solving ṙ(E, J, u) = 0 yields two roots u± corresponding to periastron and
apastron, from which we define the semi-major axis and (radial) eccentricity er

ar :=
u+ + u−
2u+u−

, er :=
u− − u+
u− + u+

. (2)

The orbital period P is twice the travel time from u− to u+. Since u varies between these bounds we introduce two
auxilary angles χ, ζ

u =
1 + er cos ζ

ar(1− e2r)
=

1

ar
(
1− er cosχ

) , (3)

where ζ is the relativistic anomaly and χ the eccentric anomaly. The third angle, called true anomaly ψ, is defined by

ψ := 2 arctan

((1 + eϕ
1− eϕ

)1/2
tan

χ

2

)
= 2arctan

((1 + er
1− er

)1/2
tan

ζ

2

)
, (4)

and introducing a new eccentricity eϕ. Owing to later naming conflicts we employ a convention that differs from many
references. The mean anomaly l := n(t − t0) with n := 2π/P , is related to χ by the Kepler equation; up to 4PN it
takes the form

l = χ− et sinχ+
( 1

c4
g4t +

1

c6
g6t +

1

c8
g8t

)
(ψ − χ) +

( 1

c4
f4t +

1

c6
f6t +

1

c8
f8t

)
sinψ +

( 1

c6
i6t +

1

c8
i8t

)
sin 2ψ
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+
( 1

c6
h6t +

1

c8
h8t

)
sin 3ψ +

1

c8
j8t sin 4ψ +O

(
c−10

)
, (5)

where the leading-order coefficient of sinχ is the time eccentricity et, the eccentricity used by most models. Unless
stated otherwise we henceforth drop the subscript and write e.

We next introduce

x := ω2/3, ω := (1 + k)n, (6)

where k is the periastron advance defined via the orbital phase ϕ accumulated in one radial period,

1 + k :=
1

2π

(
−
∫ u−

u+

dϕ

du
du

)
. (7)

For convenience we later set v := x1/2. With these relations (E, J) can be expressed in terms of (x, e), and the basic

dynamical variables (r, ṙ, ϕ, ϕ̇) in terms of (x, e, χ). Of particular interest is the orbital phase,

ϕ = λ+W (v, e; l), λ := (1 + k)l ⇒ λ̇ = ω, (8)

where

W (v, e; l) = χt − χ+ e sinχ+O
(
c−2
)
, χt := 2 arctan

((1 + e

1− e

)1/2
tan

χ

2

)
. (9)

Defining δχ := χt − χ = 2arctan
(
βe sinχ

/(
1− βe cosχ

))
with

βe :=
1−

√
1− e2

e
. (10)

We express ψ in terms of χt in the following sections. One can perform the needed Fourier transformations follow-
ing [70]. All 4PN quasi-Keplerian parameterization results are collected in the Supplementary Material.

B. General Method for Gravitational-Wave Calculations

In the PN-MPM framework [71, 72], the GW polarizations h+,× measured by a distant observer depend on the
radiative multipoles (UL, VL), which in turn depend on the source multipoles (IL, JL, . . . ) and non-linear hereditary
terms [73]. All are ultimately functions of the source dynamics, schematically h(v, e; l). Within the QK framework
one solves for the adiabatic evolution of (v, e, l) under radiation reaction. After averaging over one radial period (the
adiabatic or orbital average) one obtains (v̄, ē, l̄) from the energy and angular-momentum fluxes at infinity,

⟨ ˙̄v⟩ = ∂v

∂E
⟨F⟩+ ∂v

∂J
⟨G⟩ , (11)

⟨ ˙̄e⟩ = ∂e

∂E
⟨F⟩+ ∂e

∂J
⟨G⟩ , (12)

where the orbital average ⟨·⟩ denotes

⟨f⟩ := 1

2π

∫ 2π

0

f(l)dl. (13)

The fluxes F and G are computed from the radiative multipoles; their difference from the actual loss of the sys-
tem energy E and angular J is the Schott term [74], which vanishes upon orbital averaging for 2.5PN, 3.5PN and
4.5PN and doesn’t vanish for 4PN due to the hereditary effect??, leaving some freedom in the explicit form of the
radiation-reaction force [75]. The radiation-reaction force of non-spinning binary is known up to 4.5PN [76–79]. Multi-
scale analysis then yields post-adiabatic corrections [47, 48]. For current 3PN waveform models only the first-order

correction (ṽ, ẽ, l̃) is required [80], which can be evaluated from (v̄, ē, l̄) and substituted into h(v, e; l).
Because data analysis is performed mainly in the frequency domain, analytic Fourier approximations are highly

desirable—especially for future low-frequency GW detectors. In the non-spinning case one expands

h =
∑
m,p

h̃mp(v, e)e
i(mλ+pl), (14)
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and applies the stationary-phase approximation (SPA) to each mode [49], expanding the phase

ϕmp(t) = mλ+ pl − 2πft (15)

about the SPA time tmp as

ϕmp(t) ≈ ϕmp(tmp) + (t− tmp)ϕ̇mp(tmp) +
1

2
(t− tmp)

2ϕ̈mp, (16)

with the condition

ϕ̇mp = 0 =⇒ mω(tmp) + pn(tmp) = 2πf := v 3
f . (17)

For non-spinning case one could assume the amplitude of the mode grows much slower than phase. However this do
not hold for spin-precessing is included, where the Shifted Uniform Asymptotics (SUA) method is applied [65].

Since post-adiabatic effects enter at v5, one first solves for the averaged part, giving v̄3 = (m+ p)−1v3f
(
1 +O(v̄)

)
,

and then substitutes vf for v̄ in the corrections (ṽ, ẽ, l̃, . . . ).
In principle there is no closed-form relation between v̄, l̄, and ē. One strategy is to expand ē around its initial

value e0, but high initial eccentricity requires very high expansion order. Padé resummation has been introduced to
improve accuracy in that regime [81]. Recent work shows that one can directly integrate numerically with a standard
Runge–Kutta scheme [51], using v̄ rather than t as the independent variable, and then determine tmp by interpolation
from the relation v̄3 = (m+ p)−1v3f

(
1 +O(v̄)

)
. Given f and (p,m), this yields the averaged orbital frequency v̄(tmp)

and all other dynamical quantities.

III. FOURIER SERIES OF BOUNDED-BINARY PN DYNAMICS

[52] showed that, at Newtonian order, the Fourier modes of a binary system’s multipole moments can be expressed in
terms of Bessel functions. Because the gravitational field is sourced by these radiative multipole moments, its Fourier
modes inherit the same structure. Recent studies[51, 53] have demonstrated that this property can be exploited to
compute arbitrary Fourier modes rapidly, thereby greatly improving the accuracy of eccentric-orbit models. However,
at higher PN orders ordinary Bessel functions are no longer sufficient; here we introduce a new family of generalized,
Bessel-like elliptic integrals that can represent the Fourier modes of all post-Newtonian multipole moments.

A. Generalized Bessel elliptical function

The non-spinning binary’s dynamics in the PN framework is characterized by a double periodicity. The Fourier
series of a dynamical quantity f takes the form

f(λ, χ) =

∞∑
p,m=−∞

f̂ (p,m)ei(pℓ+mλ), (18)

where the Fourier coefficient f̂ (p,m) is given by

f̂ (p,m) =
1

(2π)2

∫∫ π

−π

f(λ, χ)e−i(pℓ+mλ) dℓ dλ . (19)

Here we use χ is because In most cases the quantity depends on χ rather than l. And usually, the dependence on λ
mainly comes from the orbital phase ϕ = λ+W (l), so we can simplify it via

f(λ, χ) =

∞∑
m=−∞

fm(χ)eimλ, (20)

f̂ (p,m) =
1

2π

∫ π

−π

f (m)(χ)e−ipℓ dℓ

=
1

2π

∫ π

−π

f (m)(χ)
dℓ

dχ
dχ (21)
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One would find that after sorting, up to 3PN order, these Fourier coefficients can be expressed by two kinds of
integrals,

J(n)pqa(e) :=
1

2π

∫ π

−π

ei(pχ−qe sinχ)

(1− e cosχ)a
(iδχ)ndχ, (22)

K(n)
pqa(e) :=

1

2π

∫ π

−π

ei(pχ−qe sinχ)

(1− e cosχ)a
(iδχ)c ln(1− e cosχ)dχ, (23)

These integrals can be viewed as extensions of Bessel functions or Hansen coefficients [82]. And also can be regarded

as the extension of [83–85]. For example, J
(0)
pq0 ≡ Jp(qe). The factor (1 − e cosχ) shows in the denominator can be

regarded as the derivative with respect to l, since

df

dl
=

df

dχ

dχ

dl
=

1

1− e cosχ

df

dχ
+O

(
c−4
)
. (24)

At 3PN order, we only encounter the term J
(3)
pqa and K

(0)
pqa. By observing the symmetry of the integrands we can

quickly obtain some properties,

J
(n)
(−p)(−q)a = (−1)nJ(n)pqa, K

(n)
(−p)(−q)a = K(n)

pqa. (25)

And the properties of differentiation,

∂

∂e
J(n)pqa =

q

2

(
J
(n)
(p−1)qa − J

(n)
(p+1)qa

)
+
a

2

(
J
(n)
(p−1)q(a+1) + J

(n)
(p+1)q(a+1)

)
− n

2
√
1− e2

(
J
(n−1)
(p−1)q(a+1) − J

(n−1)
(p+1)q(a+1)

)
, (26)

∂

∂e
K(n)

pqa =
q

2

(
K

(n)
(p−1)qa −K

(n)
(p+1)qa

)
+
a

2

(
K

(n)
(p−1)q(a+1) +K

(n)
(p+1)q(a+1)

)
− n

2
√
1− e2

(
K

(n−1)
(p−1)q(a+1) −K

(n−1)
(p+1)q(a+1)

)
− 1

2

(
K

(n)
(p−1)q(a+1) +K

(n)
(p+1)q(a+1)

)
, (27)

And recursion identities

2pJ(n)pqa = e

[
q
(
J
(n)
(p+1)qa + J

(n)
(p−1)qa

)
+ a
(
J
(n)
(p−1)q(a+1) − J

(n)
(p+1)q(a+1)

)]
+

2nβe(1− βe)

1 + β2
e

(
J
(n+1)
(p−1)q(a+1) + J

(n+1)
(p+1)q(a+1)

)
,

(28)

2pK(n)
pqa = e

(
J
(n)
(p−1)q(a+1) − J

(n)
(p+1)q(a+1)

)
+ e

[
q
(
K

(n)
(p+1)qa +K

(n)
(p−1)qa

)
+ a
(
K

(n)
(p−1)q(a+1) −K

(n)
(p+1)q(a+1)

)]
+

2nβe(1− βe)

1 + β2
e

(
K

(n+1)
(p−1)q(a+1) +K

(n+1)
(p+1)q(a+1)

)
, (29)

J
(n)
pq(a−1) = J(n)pqa +

e

2

(
J
(n)
(p+1)qa + J

(n)
(p−1)qa

)
, K

(n)
pq(a−1) = K(n)

pqa +
e

2

(
K

(n)
(p+1)qa +K

(n)
(p−1)qa

)
, (30)

e

2

(
J
(n)
(p+1)qa − J

(n)
(p−1)qa

)
=

1

1− a

(
pJ

(n)
pq(a−1) + q

(
J
(n)
pq(a−2) − J

(n)
pq(a−1)

)
+ n

√
1− e2J(n−1)

pqa

)
, (31)

e

2

(
K

(n)
(p+1)qa −K

(n)
(p−1)qa

)
=

1

1− a

(
pK

(n)
pq(a−1) + q

(
K

(n)
pq(a−2) −K

(n)
pq(a−1)

)
+ n

√
1− e2K(n−1)

pqa

− e2

2

(
J
(n)
(p+1)qa − J

(n)
(p−1)qa

))
(32)

At some special cases, we have [86],

J
(0)
00a =

1

(1− e2)a/2
Pa−1

( 1√
1− e2

)
, (33)

K
(0)
00a =

(−1)a−1

(a− 1)!

(da−1Y (y, e)

dya−1

)
y=1

, (34)

K
(0)
p00 = −β

|p|
e

|p|
. (35)



6

where PN (x) is Legendre polynomial and

Y (y, e) =
1√

y2 − e2

[
ln
(√1− e2 + 1

2

)
+ 2 ln

(
1 +

√
1− e2 − 1

y +
√
y2 − e2

)]
. (36)

These integrals generally do not have a closed form, but they can be easily expanded as power series of eccentricity.
We reorganize them into the infinite series of Bessel function and βe,

J(0)pqa = (1 + β2
e )

a
∞∑

k=−∞

(−1)kJk(qe)L(a)
k+p, (37)

J(1)pqa = (1 + β2
e )

a
∞∑

n=0

∑
δ=±1

δβn+1
e

n+ 1

∞∑
k=−∞

(−1)kJk(qe)L(a)
k+p+δ(n+1), (38)

J(2)pqa = −(1 + β2
e )

a
∞∑

n=0

n∑
s=0

∑
δ=±1

βn+2
e

(s+ 1)(n− s+ 1)

∞∑
k=−∞

(−1)kJk(qe)
(
L(a)
k+p+δ(n−2s) − L(a)

k+p+δ(n+2)

)
, (39)

J(3)pqa = −(1 + β2
e )

a
∞∑

n=0

n∑
s1=0

s1∑
s2=0

∑
δ=±1

δβn+3
e

(s1 − s2 + 1)(n− s1 + 1)(s2 + 1)

×
∞∑

k=−∞

(−1)kJk(qe)
(
L(a)
k+p+δ(1+n−2s2)

+ L(a)
k+p+δ(1+n−2s1+2s2)

− L(a)
k+p+δ(n+3) − L(a)

k+p+δ(n−1−2s1)

)
, (40)

K(0)
pqa = −(1 + β2

e )
a

∞∑
k=−∞

(−1)kJk(qe)
(
L(a)
k+p ln

(
1 + β2

e

)
+

d

da
L(a)
k+p

)
(41)

where L(a)
n denotes an extension of Laplace coefficients [87],

L(a)
n (βe) :=

1

2π

∫ π

−π

einy

(1 + β2
e − 2βe cos y)a

dy , (42)

which is also equivalent to

L(a)
n (βe) =

( e

2βe

)a
J
(0)
n0a(e). (43)

It can be written in the form of a hypergeometric function. Since the coefficients of this hypergeometric function are
non-negative, it can be further expanded into a finite polynomial of βe when a > 0,

L(a)
n =

(a)|n|

|n|!
β|n|
e (1− β2

e )
1−2a[2F1]

(
1− a, |n|+ 1− a

|n|+ 1
;β2

e

)
= (a)|n|β

|n|
e (1− β2

e )
1−2a

a−1∑
m=0

(−1)m(|n|+ 1− a)m
(|n|+m)!

(
a− 1

m

)
β2m
e , (44)

where the general hypergeometric function is defined by [88]

[pFq]

(
a1, a2, ...ap
b1, b2, ...bq

; y

)
=

∞∑
m=0

(a1)m(a2)m...(ap)m
(b1)m(b2)m...(bq)m

xm

m!
. (45)

And (a)n := Γ(a+ n)/Γ(a) is Pochhammer symbol. d
daL

(a)
n is the formal derivative with respect to a, which takes a

polynomial series,

d

da
L(a)
n := |n|!

∞∑
m=0

1

(|n|+m)!m!
β2m
e

d

da

[
(1− a)m(|n|+ 1− a)m

]
, (46)

where the Pochhammers’ derivative with respective to a is

d

da
(1− a)m =

{
(1− a)m∆Ha

a−m m ≤ a− 1

(−1)aΓ(a)Γ(m+ 1− a) m ≥ a
(47)
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d

da
(|n|+ 1− a) =


(|n|+ 1− a)m∆H

|n|+1−a
|n|+1+m−a a ≤ n,

(|n|+ 1− a)m∆H
a−|n|
a−m−|n| a ≥ n+ 1 and m ≤ a− |n| − 1,

(−1)a−|n|Γ(a− |n|)Γ(m+ |n|+ 1− a) a ≥ n+ 1 and m ≥ a− |n|

(48)

∆Hn
m denotes the difference between the (n − 1)th and (m − 1)th Harmonic number. The poles produced by the

di-Gamma function ψ(x) := Γ′(x)/Γ(x) divided by the Gamma function are removed by the following limit,

lim
n→Z+

ψ(1− n)

Γ(1− n)
= (−1)n(n− 1)!. (49)

Specifically, when a = 0,

d

da
L(a)
n

∣∣∣∣
a=0

=

{
β|n|/|n| n ̸= 0

0 n = 0.
(50)

Here we recall the Kepteyn series of standard Bessel functions [89]

1

1− e
=

∞∑
p=−∞

J
(0)
pp0, (51)

1√
1− e2

=

∞∑
p=−∞

(
J
(0)
pp0

)2
. (52)

These identities can be generalized to

δn0
(1− e)a+1

=

∞∑
p=−∞

J(n)ppa,
δn0 ln(1− e)

(1− e)a+1
=

∞∑
p=−∞

K(n)
ppa, (53)

J
(c+d)
m0(a+b) =

∞∑
p=−∞

J
(c)
(p+m)qaJ

(d)
pqb, K

(c+d)
m0(a+b) =

∞∑
p=−∞

J
(c)
(p+m)qaK

(d)
pqb, L

(c+d)
m0(a+b) =

∞∑
p=−∞

K
(c)
(p+m)qaK

(d)
pqb, (54)

where L
(n)
pqa is defined via

L(n)
pqa :=

1

2π

∫ π

−π

ei(pχ−qe sinχ)

(1− e cosχ)a
ln2
(
1− e cosχ

)
(iδχ)n dχ . (55)

The proof of the first identity is easy,

∞∑
p=−∞

J(n)ppa =
1

2π

∫ π

−π

(iδχ)n(1− e cosχ)−a
∞∑

p=−∞
ei(pχ−pe sinχ)dχ

=

∫ π

−π

(iδχ)n(1− e cosχ)−aδ
(
p(χ− e sinχ)

)
dχ =

δn0
(1− e)a+1

, (56)

where we use the Poisson summation formula

∞∑
p=−∞

eipx = 2π

∞∑
k=−∞

δ(x− 2πk). (57)

The proof of the second identity is similar,

∞∑
p=−∞

J
(c)
(p+m)qaJ

(d)
pqb =

1

(2π)2

∫∫ π

−π

ei
[
mx−q(sin x−sin y)

]
(1− e cosx)a(1− e cos y)b

ic+dδχ(x)cδχ(y)d
∞∑

p=−∞
eip(x−y) dxdy ,

=
1

2π

∫ π

−π

eimx dx

(1− e cosx)a+b

(
iδχ(x+ y)

)c+d
= J

(c+d)
m0(a+b), (58)
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where we use
∑

p e
ip(x−y) = 2πδ(x − y). Note that this identity is independent of q. For other cases involving

logarithms, just add the logarithmic term to the integral. At this point, we can easily expand these integrals to any
power of eccentricity. Because Jp(qe) ∼ (qe/2)p/p! and, for e ∈ (0, 1), there is βe < e, the series expansions of these
integrals converge very rapidly. In practical calculations one usually determines the dynamical variables first and then
evaluates the waveform. Hence, for a fixed eccentricity, the coefficients L, the Bessel functions Jp(qe), and even the

generalized coefficients J
(c)
pqa themselves are repeatedly required. By caching these coefficients the computational cost

can be reduced substantially. All of these integrals, together with the waveform routines discussed later, are packaged
in the publicly available module pyPNFourier.

B. Results

1. Solution of PN-Kepler equation

Here we present the Fourier-series solution of the 4PN Kepler equation (5). We emphasize that the Kepler equation
considered here does not include the contribution from the 4PN non-local effects.

First, we replace the orbital energy E and angular momentum J in the equation by v and e, and substitute the
true anomaly ψ with χt. We then compute the Fourier series of χ− l,

χ− l =

∞∑
p=1

Xp sin pl. (59)

The Fourier coefficients Xp have the structure

Xp = X0
p + v4X2

p + v6X3
p + v8X4

p +O
(
c−9
)
, (60)

X0
p =

2

p
Jp(ep) (61)

X2
p =

1√
1− e2

[
(15− 6ν)

(
Jp(eq) + J

(1)
pp0

)
− 3

2
e(5− 2ν)

(
2Jp−1(ep) + 2(+)J

(1,1)
pp0 + 2p(−)J

(1,1)
pp0 − ep(−)J

(1,2)
pp0

)
− 1

4
e
√
1− e2(60− 39ν + ν2)(−)J

(0,1)
pp0

]
, (62)

X3
p =

1

(1− e2)3/2

{
− νp(1− e2)5/2

(
13ν2

48
− 73ν

48
+

23

48

)
J
(0)
pp1 +

[
21ν2 +

(
41π2

32
− 427

3

)
ν + 60

− (1− e2)(30− 29ν + 11ν2) + νp(1− e2)3/2
(
ν2

12
+

131ν

12
− 505

12

)]
Jp(ep) +

[
10ν2 +

(
41π2

32
− 340

3

)
ν + 30

+ e2(30− 29ν + 11ν2)

]
J
(1)
pp0 + e

[
e

(
13ν3

24
− 347ν2

24
+

86ν

3
− 30

)
+
√
1− e2

(
− 13ν3

24
− 181ν2

24

+

(
12413

210
− 41π2

16

)
ν + 50

)]
(−)J

(0,1)
pp1 + e

[
5ν2 +

(
41π2

64
− 170

3

)
ν + 15 + e2

(
11ν2

2
− 29ν

2
+ 15

)](
ep(−)J

(1,2)
pp0

− 2Jp−1(ep)− 2(+)J
(1,1)
pp0 − 2p(−)J

(1,1)
pp0

)}
(63)

X4
p =

1

(1− e2)5/2

{
9

8
p(1− e2)3/2(5− 2ν)2

(
4J

(2)
pp0 − 4e(+)J

(2,1)
pp0 − 2ep(−)J

(2,1)
pp0 + e2(−)J

(2,2)
pp0

)
+

3

8
(1− e2)2(−300 + 315ν − 83ν2 + 2ν3)

(
ep(−)J

(1,1)
pp1 − J

(1)
pp1

)
− 3

16
ν(1− e2)(75− 35ν + 2ν2)

(
e2p2(+)J

(1,2)
pp0

− 2(1− e2)J
(1)
pp2

)
+

[
νp2(1− e2)2(2− e2)

(
3ν2

8
− 105ν

16
+

225

16

)
− 3

2

√
1− e2

(
5(1− e2)− 3

)
(5− 2ν)2 − 321ν3

4

+

(
8977

8
− 615π2

32

)
ν2 +

(
47503π2

1024
− 207253

120

)
ν +

2949

8
+ (1− e2)

(
171ν3

2
+

1

96

(
615π2 − 64552

)
ν2
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+

(
37567

36
− 53281π2

3072

)
ν − 2055

8

)
+ (1− e2)2

(
− 143ν3

12
+

403ν2

24
− 37ν

8
+ 15

)]
J
(1)
pp0

+ νp(1− e2)5/2
((

103e2

384
− 107

192

)
ν3 +

(
− 35e2

64
− 45

32

)
ν2 +

(
85e2

128
− 41π2

128
− 92303

4032

)
ν +

349e2

384
− 903π2

1024

− 7111577

201600

)
J
(0)
pp1 + νp(1− e2)7/2

(
5ν3

64
− 187ν2

32
+

20269ν

576
− 1447

144

)
J
(0)
pp2 + νp(1− e2)9/2

(
25ν3

256
+

27ν2

128
− 1639ν

256

− 31

256

)
J
(0)
pp3 + e

(
321ν3

4
+

1

32

(
615π2 − 35908

)
ν2 +

(
207253

120
− 47503π2

1024

)
ν − 2949

8
+ e2

(
− 171ν3

2

− 1

96

(
615π2 − 64552

)
ν2 +

(
53281π2

3072
− 37567

36

)
ν +

2055

8

)
+ e4

(
143ν3

12
− 403ν2

24
+

37ν

8
− 15

)

+
3

2

√
1− e2

(
2(1− e2)− 3

)
(5− 2ν)2 − 1

32
ν2p2(1− e2)

)
Jp−1(ep) +

[
p(1− e2)3/2

(
− 45ν3

4
+

(
135π2

8
− 274069

2520

)
ν2

+

(
1730437

4200
− 34135π2

3072

)
ν − 1695

8
+ ν
√

1− e2
(
− 9ν2

4
+

315ν

8
− 675

8

)
+ ν(1− e2)

(
5ν3

192
+

639ν2

32

− 5699ν

192
− 1135

96

))
+

1

32
ν2p2(1− e2)5/2(15− ν)2 +

3

2

√
1− e2(5− 2ν)2

(
1 + 2e2

)
− 321ν3

4
+

(
8977

8
− 615π2

32

)
ν2

+

(
47503π2

1024
− 207253

120

)
ν +

2949

8
+ (1− e2)

(
171ν3

2
+

(
205π2

32
− 8069

12

)
ν2 +

(
37567

36
− 53281π2

3072

)
ν − 2055

8

)

+ (1− e2)2
(
− 143ν3

12
+

403ν2

24
− 37ν

8
+ 15

)]
Jp(ep) + e

[
− 3

2

√
1− e2(1 + 2e2)(5− 2ν)2 +

20ν3

3

+

(
205π2

16
− 933

2

)
ν2 +

(
123877

180
− 22307π2

768

)
ν − 507

4
+ e2

(
185ν3

3
+

(
205π2

32
− 3833

6

)
ν2 +

(
18617

18
− 53281π2

3072

)
ν

− 1815

8

)
+ e4

(
143ν3

12
− 403ν2

24
+

37ν

8
− 15

)]
(+)J

(1,1)
pp0 + ep

[
3

2

√
1− e2(2− 5e2)(5− 2ν)2 +

49ν3

6
+

(
205π2

16
− 1971

4

)
ν2

+

(
67001

90
− 22307π2

768

)
ν − 507

4
+ e2

(
176ν3

3
+

(
205π2

32
− 1759

3

)
ν2 +

(
8296

9
− 53281π2

3072

)
ν − 1815

8

)

+ e4
(
161ν3

12
− 1033ν2

24
+

487ν

8
− 15

)]
(−)J

(1,1)
pp0 + e

[√
1− e2

[
141ν3

2
+

(
− 619691

1260
− 335π2

16

)
ν2 +

(
2584979

6300
+

99π2

64

)
ν

+ 107 + (1− e2)

(
− 1123ν3

12
+

(
69581

120
− 697π2

64

)
ν2 +

(
67951π2

3072
− 10111811

12600

)
ν +

135

8

)
+ (1− e2)2

(
− 283ν4

576

+
1231ν3

96
− 2141ν2

192
+

241ν

192
− 15

)]
+ (1− e2)2

(
− ν3

2
+

83ν2

4
− 315ν

4
+ 75

)
− 1

64
ν2p2(15− ν)2

]
(−)J

(0,1)
pp1

+ e2p

[
3

4

√
1− e2(1 + 2e2)(5− 2ν)2 +−321ν3

8
+

(
8977

16
− 615π2

64

)
ν2 +

(
47503π2

2048
− 207253

240

)
ν +

2949

16

+ (1− e2)

(
171ν3

4
+

(
205π2

64
− 8069

24

)
ν2 +

(
37567

72
− 53281π2

6144

)
ν − 2055

16

)
+ (1− e2)2

(
− 143ν3

24
+

403ν2

48

− 37ν

16
+

15

2

)]
(−)J

(1,2)
pp0

}
, (64)

where we introduce shorthands

(±)J(b,c)pqa :=
1

2

(
J
(b)
(p+c)qa ± J

(b)
(p−c)qa

)
, (65)

(66)
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2. Multipole moments

There are two sets of radiative-type multipole moments UL, VL [73], where L = i1...il denotes the (STF) multi-
indices. These radiative-type moments is determined by six source-type moments (IL, JL,WL, XL, YL, ZL) or two
kinds of canonical source-type multipole moments ML, SL,

UL(tr) =M
(ℓ)
L (tr) +

2MADM

c3

∫ ∞

0

dτM
(ℓ+2)
L (tr − τ)

[
ln
( τ

2r0

)
+ κℓ

]
+O

(
c−5
)
, (67)

VL(tr) = S
(ℓ)
L (tr) +

2MADM

c3

∫ ∞

0

dτS
(ℓ+2)
L (tr − τ)

[
ln
( τ

2r0

)
+ πℓ

]
+O

(
c−5
)
, (68)

where tr denotes retarded-time and MADM is ADM mass. At same PN-level, the number of the indices of V is 1 less
than U . At present, we have a clear understanding of the form of 3PN in the MH frame [90, 91], and recently the 4PN
results were published [92]. In this work, we are concerned with the form of 3PN in the MH frame [93]. Following [90],
the structure of the Fourier decomposition of ML, SL reads

ML =

ℓ∑
m=−ℓ

∞∑
p=−∞

ML
(p,m)

ei(mλ+pl), (69)

SL =

ℓ∑
m=−ℓ

∞∑
p=−∞

SL
(p,m)

ei(mλ+pl). (70)

To expand these moments, we use polar coordinates (r, ṙ, ϕ, ϕ̇), then

(x, y, z) = r(cosϕ, sinϕ, 0), (71)

(vx, vy, vz) = (ṙ cosϕ− rϕ̇ sinϕ, ṙ sinϕ+ rϕ̇ cosϕ, 0). (72)

In this coordinates, the STF matrices can be represented by (r, ṙ, ϕ̇). Substituting the results of the quasi-Keplerian
expansion and then performing Fourier integration, we obtain the Fourier modes of these moments. Here we show the
2PN results ofMxx as an example, the results of higher PN order and the other moments are showed in supplementary
material,

Mxx
(p,2)

=
ν

v4

(
MN

xx
(p,2)

+ v2M1PN
xx

(p,2)

+ v4M2PN
xx

(p,2)

+ v5M2.5PN
xx
(p,2)

+ v6M3PN
xx

(p,2)

+O
(
c−7
))
, (73)

MN
xx

(p−2,2)

=
1

e2p2

[
e
√
1− e2

(
− 1 +

√
1− e2p

)
Jp−1

(
ep
)
+

1

2

(
− 1 +

√
1− e2

)(
− 1 +

√
1− e2 − 2(1− e2)p

)
Jp(ep)

]
,

(74)

M1PN
xx

(p−2,2)

=
1

e2(1− e2)p3

{
3

8
e2p3

[
5e(2 + e2)(+)J

(1,1)
pp0 − 2(2 + e2)(+)J

(1,2)
pp0 + e(2− e2)(+)J

(1,3)
pp0

]
+

3

4
e2
√
1− e2p3

[
2(1 + e2)(−)J

(1,2)
pp0

− e(−)J
(1,3)
pp0 − 5e(−)J

(1,1)
pp0

]
− 15

4
e4p3J

(1)
pp0 + e

[√
1− e2

[
18− pν − p2(1− e2)

(
23

42
+

4ν

21

)
+ p3(1− e2)2

(
1

21
− ν

7

)]
− 15

2
p

+ (1− e2)

(
27

14
νp2 +

3

14
(−10p− 91)p

)
− (1− e2)2p2

(
23

42
+

4ν

21

)]
Jp+1

(
ep
)
+
(
1−

√
1− e2

)[
9 +

11

2
p

+ (1− e2)

(
1

84
νp(−162p− 67) +

1

84
p(180p+ 1539)

)
+ (1− e2)2p2

(
11

21
+

11ν

42

)
+
√
1− e2

[
νp− 13p

2
− 9

+ (1− e2)

(
1

84
νp(6p− 17) +

1

84
p(57− 758p)

)
+ (1− e2)2p3

(
− 1

21
+
ν

7

)]]
Jp
(
ep
)}
, (75)

M2PN
xx

(p−2,2)

=
1

e2p4(1− e2)2

{
e4p4

[
(1− e2)

(
249

16
− 17ν

4

)
+

(
1− e2

)3/2(
75p

16
− 15νp

8

)
− 45

√
1− e2

4
+

135ν

8
− 765

16

]
J
(1)
pp0

+
45e4p4

4
J
(2)
pp0 + (1− e2)4p4

(
613ν2

3024
− 7195ν

3024
+

4513

1512

)
J
(0)
pp1 + (1− e2)5p4

(
− 613ν2

3024
+

2011ν

3024
+

131

1512

)
J
(0)
pp2
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+ e

[(
ν2

16
− 15ν

16

)
p5(1− e2)4 +

(
9ν

14
− 97

28

)
p4(1− e2)3 + p3

((
− 53ν2

168
+

655ν

504
+

2

7

)
(1− e2)3

+

(
197ν2

126
+

344ν

63
+

7375

504

)
(1− e2)2 +

(
− 149ν

14
− 207

14

)
(1− e2)

)
+ p2

(
135ν

4
+

(
4579

56
− 531ν

14

)
(1− e2)2

+

(
515ν

28
− 180

7

)
(1− e2)− 765

8

)
+ p
(
252(1− e2) + 144

)
+
√
1− e2

[
p4
((

73ν2

378
− 19ν

54
+

149

1512

)
(1− e2)3

+

(
32ν2

189
+

437ν

378
+

8989

756

)
(1− e2)2

)
+ p3

((
397ν

28
− 1891

56

)
(1− e2)2 +

(
347

8
− 63ν

4

)
(1− e2)

)
+ p2

(
ν2

2
+

17ν

2

+

(
− 5ν2

24
− 15ν

56
+

85

168

)
(1− e2)2 +

(
− 37ν2

21
− 19ν

6
− 2955

28

)
(1− e2)− 361

4

)
+ p

(
− 63ν

+

(
348ν

7
− 1737

14

)
(1− e2) +

315

2

)
− 216

]]
Jp−1(ep) +

[(
15ν

16
− ν2

16

)
p5(1− e2)4 + p4

((
31ν2

252
− 41ν

84

+
143

1008

)
(1− e2)4 +

(
181ν2

756
+

1787ν

756
+

37013

3024

)
(1− e2)3

)
+ p3

((
53ν2

168
+

6653ν

504
− 501

14

)
(1− e2)3

+

(
− 197ν2

126
− 2713ν

126
+

15359

504

)
(1− e2)2 +

(
149ν

14
+

207

14

)
(1− e2)

)
+ p2

(
− 99ν

4
+

(
3ν2

112
+

37ν

48
− 155

336

)
(1− e2)3

+

(
− 503ν2

336
+

4385ν

112
− 9419

48

)
(1− e2)2 +

(
− 681ν

28
− 253

7

)
(1− e2) +

617

8

)
+ p

(
− 81ν

2

+

(
111ν

7
− 729

28

)
(1− e2)2 +

(
159ν

14
− 2151

7

)
(1− e2)− 117

4

)
− 108(1− e2)− 108 +

√
1− e2

[(
− 53ν2

378
− 103ν

378

+
131

1512

)
p5(1− e2)4 + p4

((
− 73ν2

378
+

188ν

189
− 5387

1512

)
(1− e2)3 +

(
− 32ν2

189
− 437ν

378
− 8989

756

)
(1− e2)2

)
+ p3

((
149ν2

504
− 317ν

168
+

295

504

)
(1− e2)3 +

(
19ν2

42
− 185ν

63
+

443

8

)
(1− e2)2 +

(
ν2

2
+

211ν

84
− 10993

168

)
(1− e2)

)
+ p2

(
− ν2

2
+

67ν

2
+

(
5ν2

24
− 239ν

8
+

1799

24

)
(1− e2)2 +

(
37ν2

21
+

116ν

21
+

191

2

)
(1− e2)− 59

4

)
+ p

(
63ν

+

(
4005

14
− 348ν

7

)
(1− e2) +

153

2

)
+ 216

]]
Jp(ep) + e3

[
p4
(
− 405ν

16
+

(
1055

224
− 65ν

56

)
(1− e2)2

+

(
1983ν

112
− 1581

28

)
(1− e2) +

2295

32

)
+
√
1− e2

[
p5
((

75

32
− 15ν

16

)
(1− e2)2 +

(
45ν

16
− 225

32

)
(1− e2)

)
+ p4

(
9− 9(1− e2)

2

)]]
(+)J

(1,1)
pp0 − 45

8
e3p4(1 + 2e2)(+)J

(2,1)
pp0 + e2

[
p4
(
81ν

8
+

(
55ν

28
− 883

112

)
(1− e2)2

+

(
471

14
− 591ν

56

)
(1− e2)− 459

16

)
+
√
1− e2

[
p5
((

3ν

8
− 15

16

)
(1− e2)2 +

(
45

16
− 9ν

8

)
(1− e2)

)
+ p4

(
9− 9(1− e2)

)]]
(+)J

(1,2)
pp0 +

9

4
e2p4(1 + 2e2)(+)J

(2,2)
pp0 + e2

[
p4
(
− 27eν

16
+ (1− e2)2

(
37eν

56
− 243e

224

)
+ (1− e2)

(
53eν

112
− 129e

56

)
+

153e

32

)
+
√
1− e2

[
p5
(
(1− e2)2

(
3eν

16
− 15e

32

)
+ (1− e2)

(
3eν

16
− 15e

32

))
+ p4

(
9e(1− e2)

2
− 9e

)]]
(+)J

(1,3)
pp0 +

9

8
e3p4(−2 + e2)(+)J

(2,3)
pp0 +

9

4
e4p4

√
1− e2(+)J

(1,4)
pp0 + e3

[(
75

16
− 15ν

8

)
p5(1− e2)2

+ p4
(
63

4
− 81(1− e2)

4

)
+
√
1− e2p4

[
105ν

8
+

(
1439

112
− 61ν

14

)
(1− e2)− 525

16

]]
(−)J

(1,1)
pp0 +

45

4
e3p4

√
1− e2(−)J

(2,1)
pp0

+ ep4(1− e2)7/2
(
− 43

14
+

12

7
ν

)
(−)J

(0,1)
pp1 + e2

[
p5
((

15

8
− 3ν

4

)
(1− e2)3 +

(
3ν

2
− 15

4

)
(1− e2)2

)
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+ p4
(
− 27(1− e2)2

4
+

45(1− e2)

2
− 63

4

)
+
√
1− e2p4

[
− 21ν

2
+

(
223

56
− 11ν

7

)
(1− e2)2

+

(
295ν

28
− 1529

56

)
(1− e2) +

105

4

]]
(−)J

(1,2)
pp0 − 9

2
e2p4

√
1− e2(1 + e2)(−)J

(2,2)
pp0 + e3p4

[(
15

16
− 3ν

8

)
p(1− e2)2 − 9(1− e2)

4

+
27

4
+
√

1− e2
[
21ν

8
+

(
579

112
− 29ν

14

)
(1− e2)− 105

16

]]
(−)J

(1,3)
pp0 +

9

4
e3p4

√
1− e2(−)J

(2,3)
pp0 +

9

8
e4p4(−2 + e2)(−)J

(1,4)
pp0

}
,

(76)

where the 1PN results are consistent with [94].

3. Gravitational waveform

The GWs emitted to null infinity can be expressed in transverse-traceless frame hTT
ij constituted by two polarizations

h+, h×. The perturbation matrix hTT
ij can be uniquily decomposed in to radiative-type multipole moments [71]

hTT

ij =
4

c2R
PTT

ijab(NNN)

∞∑
l=2

1

cll!

[
NL−2Uab(L−2) −

2ℓ

c(ℓ+ 1)
Nc(L−2)ϵcd(aVb)d(L−2)

]
+O

(
R−2

)
, (77)

where NNN = (sin θ cosϕ, sin θ sinϕ, cos θ) is the direction from the source to the observer, R denotes the (luminosity)
distance of the source, and PTT

ijab is transverse-traceless projector. The GW polarization can be decomposed by

spin-weighted -2 spherical harmonics [93]

h+ − ih× =

∞∑
l=2

ℓ∑
m=−ℓ

hℓm[−2Yℓm](θ, ϕ). (78)

The spherical harmonic modes are given by

hℓm = − 1√
2Rcℓ+2

(
Uℓm − i

c
Vℓm

)
, (79)

where the spherical modes of the radiative moments Ulm, Vlm are

Uℓm =
4

ℓ!

√
(ℓ+ 1)(ℓ+ 2)

2ℓ(ℓ− 1)
αℓm
L UL, (80)

Vℓm = − 8

ℓ!

√
ℓ(ℓ+ 2)

2(ℓ+ 1)(ℓ− 2)
αℓm
L VL. (81)

The coefficient αℓm
L denotes the connection between STF tensor N ⟨L⟩ and spherical harmonics Ylm [95],

N ⟨L⟩ =

ℓ∑
m=−ℓ

αL
ℓm(NNN)Yℓm(NNN), (82)

Yℓm(NNN) =
(2ℓ+ 1)!!

4πℓ!
αL∗
ℓm(NNN)N ⟨L⟩, (83)

αℓm
L :=

∫
dNNNN ⟨L⟩Y ∗

ℓm(NNN). (84)

The GW waveform includes instantaneous part, tail part, and memory part, which correspond to the three components
of the radiation multipole moment respectively. For higher PN orders exceeding 3PN, there will also be a tail-memory
interaction part. Currently, we only consider the instantaneous part and the tail part within 3PN. When calculating
the tail part, one would encounter integrals involving the power of logarithm. To evaluate such integral, one can use

dsΓ(z)

dzs

∣∣∣∣
z=1

=

∫ ∞

0

dτe−τ lns τ. (85)
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Therefore, ∫ ∞

0

e−iyτ lns τdτ =
∂s

∂zs

∫ ∞

0

tz−1e−(ε+iy)τdτ

∣∣∣∣
z=1,ε=0

=
∂s

∂zs

[
(ε+ iy)−zΓ(z)

]∣∣∣∣
z=1,ε=0

=
1

iy

s∑
m=0

(−1)m
(
s

m

)
γ̄γγs−m

(
ln |y|+ sgn(y)

π

2

)m
, (86)

where γ̄γγs :=
ds

dzsΓ(z)
∣∣
z=1

. This formula can recover [96]. Substituting the Fourier expansion ofML, SL and integrating,

one could express the Fourier modes in terms of J
(n)
pqa. Here we show 2PN results of h22 for example, the results of

higher PN order and other spherical modes can be found in supplementary material,

h22 =

√
π

5

4νv2

c4R
e−i2λ

∞∑
p=−∞

H̃2(−2)pe
ipl, (87)

H̃2(−2)p = H̃N
2(−2)p +

1

c2
v2H̃1PN

2(−2)p +
1

c3
v3H̃tail,1.5PN

2(−2)p +
1

c4
v4H̃2PN

2(−2)p +
1

c5
v5
(
H̃2.5PN

2(−2)p + H̃tail,2.5PN
2(−2)p

)
+

1

c6
v6
(
H̃3PN

2(−2)p + H̃tail,3PN
2(−2)p

)
+O

(
c−7
)
, (88)

H̃N
2(−2)(p+2) =

1

e2

[
(−2 + 2e2)J

(0)
pp1 + (2− 4e2 + 2e4)J

(0)
pp2 + 2e

√
1− e2Jp−1(ep)

+

[
e2 − 2− 2

√
1− e2(1 + p− e2p)

]
Jp(ep)

]
(89)

H̃1PN
2(−2)(p+2) =

1

e2p(1− e2)

{
− 12p2(1− e2)3/2J

(1)
pp0 − 12p(1− e2)J

(1)
pp1 + p(1− e2)

[
e2
(
− 8ν

21
− 23

21

)
− 73ν

21
+

113

21

+
√
1− e2

[
p

(
e2
(
2ν

7
+

124

21

)
− 2ν

7
− 124

21

)
− 12

]]
J
(0)
pp1 + p(1− e2)

[
e4
(
− 20ν

21
− 19

21

)
+ e2

(
884

21
− 41ν

21

)

+
61ν

21
− 865

21
+
√
1− e2

[
− 12e2 + p

(
e4
(
2ν

7
− 2

21

)
+ e2

(
4

21
− 4ν

7

)
+

2ν

7
− 2

21

)
+ 12

]]
J
(0)
pp2 + 12p(1− e2)2J

(1)
pp2

+ p(1− e2)

[
e4
(
10ν

7
+

242

21

)
+ e2

(
− 20ν

7
− 484

21

)
+

10ν

7
+

242

21

]
J
(0)
pp3 + p(1− e2)

[
e6
(
6ν

7
− 2

7

)
+ e4

(
6

7
− 18ν

7

)

+ e2
(
18ν

7
− 6

7

)
− 6ν

7
+

2

7

]
J
(0)
pp4 + e

[
p(12− 6e2) +

√
1− e2

[
p

(
e2
(
37

7
− 25ν

21

)
+

67ν

21
− 121

7

)
+ 12

]]
Jp−1(ep)

+

[
6e2 +

(
− 12e4 + 24e2 − 12

)
p2 + p

(
e4
(
17ν

42
− 19

14

)
+ e2

(
39ν

14
− 279

14

)
− 67ν

21
+

121

7

)
− 12

+
√
1− e2

[
p

(
e2
(
25ν

21
− 37

7

)
− 67ν

21
+

121

7

)
+ p2

(
e4
(
11ν

21
+

22

21

)
+ e2

(
62ν

21
− 129

7

)
− 73ν

21
+

365

21

)
− 12

]]
Jp(ep)

+ ep(−12 + 6e2)(+)J
(1,1)
pp0 − 12ep

√
1− e2(−)J

(1,1)
pp0 − 6ep

[
2(1− e2) +

√
1− e2(2− e2)

]
(−)J

(0,1)
pp1

}
(90)

H̃tail,1.5PN
2(−2)(p+2) =

i

e2p

(
3 ln

(
x

x′0

)
+ 2 ln

(
ip

2

))[
p
√
1− e2J

(0)
pp1 +

[
2− e2 + p(1− e2)3/2

]
J
(0)
pp2 +

[
1− 7

2
e2

− p(1− e2)3/2
]
J
(0)
pp3 +

[
− 21e4

2
+

67e2

2
− 23 + 3p(1− e2)5/2

]
J
(0)
pp4 + 35(1− e2)2J

(0)
pp5 + 15(1− e2)3J

(0)
pp6

]
(91)

H̃2PN
2(−2)(p+2) =

1

e2p2(1− e2)2

{
p2

[
p2
(
6ν(1− e2)3 − 15(1− e2)3

)
− 72p(1− e2)2 + 72(1− e2)



14

+
√
1− e2

(
p

((
160e2

7
+

50

7

)
ν(1− e2) +

(
352

7
− 401e2

7

)
(1− e2)

)
+ 36(1− e2) + 36

)]
J
(1)
pp0 − 36p3(1− e2)3/2J

(2)
pp0

+ p2(1− e2)

[
227ν

7
+

(
ν2

8
− 15ν

8

)
p2(1− e2)3 +

(
− 30ν

7
− 242

7

)
p(1− e2)2 +

(
37ν2

42
− 589ν

63
+

97

14

)
(1− e2)2

+

(
− 725ν2

252
− 6829ν

252
+

14459

252

)
(1− e2) +

279

7
+
√
1− e2

[
18ν + p

((
73ν2

189
− 673ν

189
+

7547

756

)
(1− e2)2

+

(
64ν2

189
+

3272ν

189
+

53

189

)
(1− e2)

)
+

(
785

7
− 192ν

7

)
(1− e2)− 13

]]
J
(0)
pp1 + p2(1− e2)

[
216ν

7

+

(
403

7
− 166ν

7

)
(1− e2)− 555

7
+
√
1− e2

[(
30ν

7
− 353

7

)
p(1− e2)− 72

]]
J
(1)
pp1 − 36p2(1− e2)J

(2)
pp1

+ p2(1− e2)2

[
− 3ν2

8
+

4043ν

56
+

(
12ν

7
− 4

7

)
p(1− e2)2 +

(
− 19ν2

72
+

1271ν

504
+

41

36

)
(1− e2)2 +

(
772ν2

189

− 5140ν

189
+

28838

189

)
(1− e2)− 1923

14
+
√

1− e2
[
− 36ν

7
+ p

((
11ν2

63
+

113ν

63
− 137

252

)
(1− e2)2

+

(
− 64ν2

189
− 5ν

189
− 13435

378

)
(1− e2)

)
+

(
138ν

7
− 424

7

)
(1− e2)− 1724

7

]]
J
(0)
pp2 + p2(1− e2)2

[
− 216ν

7

+

(
142ν

7
− 395

7

)
(1− e2)− 957

7
+
√
1− e2

[(
101

7
− 30ν

7

)
p(1− e2) + 72

]]
J
(1)
pp2 + 36p2(1− e2)2J

(2)
pp2

+ p2(1− e2)3

[
− 1283ν2

378
− 14767ν

378
+

(
− ν2

21
+

1238ν

63
− 659

24

)
(1− e2)− 19819

216
+
√
1− e2

[(
− 265ν2

189
− 353ν

189

+
2707

756

)
p(1− e2) + 98

]]
J
(0)
pp3 + p2(1− e2)3

(
60ν

7
+

484

7

)
J
(1)
pp3 + p2(1− e2)4

[
2ν2

189
− 3986ν

189
+

(
− 331ν2

126

− 1193ν

126
+

211

72

)
(1− e2) +

16001

216
+
√
1− e2

[
− 36ν

7
+

(
53ν2

63
+

103ν

63
− 131

252

)
p(1− e2) +

12

7

]]
J
(0)
pp4

+ p2(1− e2)4
(
12

7
− 36ν

7

)
J
(1)
pp4 + p2(1− e2)5

(
238ν2

27
+

5792ν

189
− 12793

756

)
J
(0)
pp5 + p2(1− e2)6

(
− 265ν2

63

− 515ν

63
+

655

252

)
J
(0)
pp6 + e

[
p3
((

ν2

8
− 15ν

8

)
(1− e2)3 +

(
ν2

8
− 15ν

8

)
(1− e2)2

)
+ p2

(
− 27ν

+

(
88ν

7
− 313

14

)
(1− e2)2 +

(
95ν

7
− 1119

7

)
(1− e2) +

81

2

)
+ p(54(1− e2) + 54) +

√
1− e2

[
p2
(
− ν2 + 25ν

+

(
5ν2

12
+

15ν

28
− 85

84

)
(1− e2)2 +

(
74ν2

21
− 563ν

21
+

585

14

)
(1− e2)− 101

2

)
+ p

(
− 42ν +

(
232ν

7
− 579

7

)
(1− e2) + 33

)
+ 72

]]
Jp−1(ep) +

[(
15ν

4
− ν2

4

)
p4(1− e2)3 + p3

((
− ν2

8
− 1143ν

56
+

430

7

)
(1− e2)3

+

(
− ν2

8
+

825ν

56
+

768

7

)
(1− e2)2

)
+ p2

(
18ν +

(
3ν2

56
+

37ν

24
− 155

168

)
(1− e2)3 +

(
− 503ν2

168
+

1881ν

56

− 12203

168

)
(1− e2)2 +

(
1927

7
− 419ν

7

)
(1− e2)− 28

)
+ p

(
27ν +

(
243

14
− 74ν

7

)
(1− e2)2 +

(
132

7
− 53ν

7

)
(1− e2)

− 189

2

)
− 36(1− e2)− 36 +

√
1− e2

[
p3
((

− 149ν2

252
+

317ν

84
− 295

252

)
(1− e2)3 +

(
− 19ν2

21
− 709ν

126
− 99

2

)
(1− e2)2

+

(
− ν2 − 74ν

21
+

4415

42

)
(1− e2)

)
+ p2

(
ν2 − 25ν +

(
− 5ν2

12
− 247ν

28
+

1801

84

)
(1− e2)2 +

(
− 74ν2

21
+

605ν

21
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+
409

14

)
(1− e2) +

245

2

)
+ p

(
42ν +

(
327

7
− 232ν

7

)
(1− e2)− 105

)
− 72

]]
Jp(ep) + ep2(1− e2)

[
− 53ν

7

+

(
243

14
− 74ν

7

)
(1− e2) +

27ν − 81
2

(1− e2)
+

510

7
+ p
√

1− e2
(
3ν +

(
3ν − 15

2

)
(1− e2)− 15

2

)]
(+)J

(1,1)
pp0

− 18ep2(2− e2)(+)J
(2,1)
pp0 + 36e2p2

√
1− e2(+)J

(1,2)
pp0 + ep2

[
(6ν − 15)p(1− e2)2 +

√
1− e2

[
42ν +

(
579

7
− 232ν

7

)
(1− e2)

− 33

]]
(−)J

(1,1)
pp0 − 36ep2(−)J

(2,1)
pp0 + ep2

[
p

((
ν2

8
− 15ν

8

)
(1− e2)3 +

(
ν2

8
− 15ν

8

)
(1− e2)2

)
+

(
403

7
− 166ν

7

)
(1− e2)2

+

(
216ν

7
− 555

7

)
(1− e2) +

√
1− e2

[
27ν +

(
243

14
− 74ν

7

)
(1− e2)2 +

(
6

7
− 53ν

7

)
(1− e2)− 81

2

]]
(−)J

(0,1)
pp1

− 36ep2
[
2(1− e2) +

√
1− e2(2− e2)

]
(−)J

(1,1)
pp1 − 18e2p2(2− e2)(−)J

(1,2)
pp0

}
(92)

C. Comparison with post-circular expansion

Building on the preceding results, one can compute GWs from binary systems with arbitrary eccentricity directly
by following the procedure outlined in Section II. [51] shows that as the eccentricity increases, the number of Fourier
modes required for a high-fidelity waveform rises steeply; when the eccentricity approaches 0.9, hundreds of modes
are needed. Although we have introduced methods and tools for evaluating high-order PN contributions, waveform
generation remains time-consuming at large eccentricities, so there is still substantial scope for optimization. In the
remainder of this section we present several illustrative examples to demonstrate why the new method is indispensable
in the high-eccentricity regime.

First, we compute the 3PN orbital dynamical variables (v̄, ē, l̄, λ̄, χ̄) together with the post-adiabatic corrections

(ṽ, ẽ, l̃, λ̃) as described in Section II. We then obtain the 3PN waveform by summing Hℓm =
∑

pHℓ(−m)p, e
ipl until the

desired accuracy is achieved. For comparison, we also use the familiar post-circular expansion truncated at O
(
e10
)
.

Figures (1)-(3) plot the leading harmonic hℓℓ of the first four multipoles for three representative cases with symmetric
mass ratio ν = 0.22, initial frequency v0 = 0.25, and initial eccentricities of 0.3, 0.4, and 0.5.
Figure (1) indicates that for e ∼ 0.3 the post-circular expansion up to O

(
e10
)
is reasonably reliable. However, its

accuracy degrades rapidly as the eccentricity grows. At e ∼ 0.4, higher multipoles with ℓ > 3 already break down; by
e ∼ 0.5, errors during the early, highly eccentric inspiral exceed the waveform amplitude itself. These findings make
it clear that for moderately eccentric orbits the post-circular approach struggles to describe high-order multipole
waveforms accurately. Developing faster and more precise frequency-domain techniques for waveform generation
therefore remains a pressing challenge.

IV. RE-EXPRESSION OF TAIL EFFECTS IN GW FLUXES

The GW energy flux is consist of instantaneous part, which is directly determined by the dynamics of the source,
and hereditary part, which is caused by non-linear interactions. The reason for the nonlinear effect is the interaction
between the radiative moments and the source-type moments or themselves. Formally these hereditary part are
expressed as integrals. These genetic terms can be divided into a tail part and a memory part. The former originates
from the interaction related to the radiative moments, while the latter originates from the change of the radiative
moment. Sometimes the memory part is also classified as the instantaneous part [90], while the energy flux would
becomes instantaneous after taking a time derivative and the angular momentum would be hereditary [85].

Generally, the energy and angular momentum fluxes of GW read [71]

F =
∑
ℓ≥2

1

c2ℓ+1

[
aℓU

(1)
L U

(1)
L +

1

c2
bℓV

(1)
L V

(1)
L

]
, (93)

Gi = ϵiab
∑
ℓ≥2

1

c2ℓ+1

[
ãℓUa(L−1)U

(1)
b(L−1) +

1

c2
b̃ℓVa(L−1)V

(1)
b(L−1)

]
, (94)
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FIG. 1: Comparison of the leading-mode waveforms hℓℓ (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio ν = 0.22, initial frequency v0 = 0.25,
and the evolution ends at v = 1/

√
6. The initial eccentricity is e0 = 0.3. The black curve corresponds to the Fourier-mode

approach presented in this paper, obtained by summing Hℓm =
∑

p Hℓ(−m)pe
ipl until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O
(
e10

)
.

where

aℓ =
(ℓ+ 1)(ℓ+ 2)

ℓ(ℓ− 1)ℓ!(2ℓ+ 1)!!
, bℓ =

4ℓ(ℓ+ 2)

(ℓ− 1)(ℓ+ 1)!(2ℓ+ 1)!!
, (95)

ãℓ =
(ℓ+ 1)(ℓ+ 2)

(ℓ− 1)ℓ!(2ℓ+ 1)!!
, b̃ℓ =

4ℓ2(ℓ+ 2)

(ℓ− 1)(ℓ+ 1)!(2ℓ+ 1)!!
(96)

Up to 4PN, the radiative moments UL takes the form [97, 98],

UL =M
(ℓ)
L +

1

c3
U tail
L +

1

c5

(
Umem,2.5PN
L + UM2,2.5PN

L

)
+

1

c6
U

tail(tail)
L +

1

c7

(
Umem,3.5PN
L + UM2,3.5PN

L

)
+

1

c8
U

tail(mem)
L +O

(
c−9
)

(97)

And similar for VL. The 4.5PN tail-of-tail-of-tail contribution to canonical moments were known [99]. All of these
tail terms involve infinite integrals over logarithms. The usual procedure is to insert the Fourier expansion of the
multipole moments and then average over the orbit. In this way, the contribution of the tails to the flux can be written
in terms of several eccentricity-enhancement functions. In this section, we follow the method of [52] and, together
with the new J-integrals introduced in this paper, express these eccentricity-enhancement functions as sums of these
J-integrals. We introduce

MF
ℓ (0) =M

(ℓ+1)
L

∫ ∞

0

dτM
(ℓ+3)
L (tr − τ)

(
ln τ + κ

(ℓ,0)
0

)
, (98)

MF
ℓ (α) = 2M

(ℓ+1)
L

∫ ∞

0

dτM
(ℓ+α+3)
L (tr − τ)

α+1∑
s=0

κ(ℓ,α)s lns τ +

α−1∑
j=0

(∫ ∞

0

dτM
(ℓ+j+3)
L

j+1∑
s1=0

κ(ℓ,j)s1 lns1 τ

)
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FIG. 2: Comparison of the leading-mode waveforms hℓℓ (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio ν = 0.22, initial frequency v0 = 0.25,
and the evolution ends at v = 1/

√
6. The initial eccentricity is e0 = 0.4. The black curve corresponds to the Fourier-mode

approach presented in this paper, obtained by summing Hℓm =
∑

p Hℓ(−m)pe
ipl until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O
(
e10

)
.

×
(∫ ∞

0

dτdτM
(ℓ+α−j+2)
L

α−j∑
s2=0

κ(ℓ,α−j−1)
s2 lns2 τ

)
(99)

MG
ℓ (0) = ϵzab

[
M

(ℓ)
a(L−1)

∫ ∞

0

dτM
(ℓ+3)
b(L−1)(tr − τ)

(
ln τ + κ

(ℓ,0)
0

)
+M

(ℓ+1)
b(L−1)

∫ ∞

0

dτM
(ℓ+2)
a(L−1)(tr − τ)

(
ln τ + κ

(ℓ,0)
0

)]
,

(100)

MG
ℓ (α) = ϵzab

[
M

(ℓ)
a(L−1)

∫ ∞

0

dτM
(ℓ+α+3)
b(L−1)

α+1∑
s=0

κ(ℓ,α)s lns τ +M
(ℓ+1)
b(L−1)

∫ ∞

0

dτM
(ℓ+α+2)
a(L−1)

α+1∑
s=0

κ(ℓ,α)s lns τ

+

α−1∑
j=0

(∫ ∞

0

dτM
(ℓ+j+2)
a(L−1)

j+1∑
s1=0

κ(ℓ,j)s1 lns1 τ

)(∫ ∞

0

dτM
(ℓ+α−j+2)
b(L−1)

α−j∑
s2=0

κ(ℓ,α−j−1)
s2 lns2 τ

)]
(101)

where κ
(ℓ,α)
s are constants. These integrals will appear in the tail-related calculations. The structure of the contribution

part of moment SL is the same, just replace ML with SL and the associated constants κ
(ℓ,n)
s . We currently do not

consider the effects of radiation reactions on these moment derivatives, keeping on adiabatic approximation and
neglect possible dissipative pieces [100]. And nor more complicated moment interactions, such as tail-memory terms.
Substituting Fourier expansion of ML, and average over ℓ, one would get the following summation∑

p,p′,m,m′

ia+b(pn+mv3)a(p′n+m′v3)b ML
(p,m)

ML
(p′,m′)

〈
ei[(p+p′)l+(m+m′)λ]

〉∫ ∞

0

e−i(p′+m′(k+1))nτ
(∑

s

κ(ℓ,α)s lns τ
)
dτ .

(102)
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FIG. 3: Comparison of the leading-mode waveforms hℓℓ (first four multipoles up to 3PN) computed with the Fourier-mode
expansion and the post-circular expansion. In this example the binary has mass ratio ν = 0.22, initial frequency v0 = 0.25,
and the evolution ends at v = 1/

√
6. The initial eccentricity is e0 = 0.5. The black curve corresponds to the Fourier-mode

approach presented in this paper, obtained by summing Hℓm =
∑

p Hℓ(−m)pe
ipl until the required accuracy is reached; the red

curve shows the post-circular waveform truncated at O
(
e10

)
.

The average over l reads〈
ei
(
p+p′+m+m′+(m+m′)k

)
l

〉
:=

1

2π

∫ 2π

0

ei
(
p+p′+m+m′+(m+m′)k

)
l dl

= δ(p+p′+m+m′)0 +



∞∑
j=1

(
i2πk(m+m′)

)j
(j + 1)!

= ik(m+m′)π +O
(
k2
)

p+ p′ +m+m′ = 0

∞∑
j=1

j−1∑
j′=0

(−1)j
′(
i2πk(m+m′)

)j
(j − j′)!

(
i2π(p+ p′ +m+m′)

)j′+1
=

k(m+m′)

p+ p′ +m+m′ +O
(
k2
)

p+ p′ +m+m′ ̸= 0

(103)

Note that averaging the l here does not seem to completely limit the Fourier mode index p + p′ +m +m′, but we
find that in fact the higher PN order part still vanishes. This is because of the factor (m +m′)j would cancel the
summation, ∑

m,m′

(m+m′)jmam′b ML
(p−m,m)

ML
(p′−m′,m′)

= 0, (104)

∑
m,m′

(m+m′)jmam′b SL
(p−m,m)

SL
(p′−m′,m′)

= 0, (105)

ϵzab
∑
m,m′

(m+m′)jmam′bMa(L−1)
(p−m,m)

Mb(L−1)
(p′−m′,m′)

= 0, (106)

ϵzab
∑
m,m′

(m+m′)jmam′bSa(L−1)
(p−m,m)

Sb(L−1)
(p′−m′,m′)

= 0. (107)
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The 1PN property was shown in [83]. By inserting the Fourier modes of all the 3PN multipole moments we computed,
it is easy to verify that they all hold for any positive j and any non-negative a, b. This is not a coincidence; it is very
likely true for higher PN orders as well. When j is even, this can be proved using the symmetry of STF tensors; when
j is odd, it should involve properties of the Einstein field equations themselves. Although we cannot prove it for all
PN orders here, even restricting ourselves to the 3PN multipole moments ML, SL greatly simplifies the final result.
We define the following auxiliary symbols for simplification,

M
(p)

L :=

ℓ∑
m=−ℓ

ML
(p−m,m)

, (108)

[
(s) M

(p)
L

]
:=

ℓ∑
m=−ℓ

ms ML
(p−m,m)

. (109)

Eq. (104)-(107) tells us

j∑
s=0

(−1)j−s+b

(
j

s

)[
(s+a) M

(p)
L

][
(j−s+b) M

(p′)

∗
L

]
= 0, (110)

ϵzab

j∑
s=0

(−1)j−s+b

(
j

s

)[
(s+a) M

(p)
a(L−1)

][
(j−s+b) M

(p′)

∗
a(L−1)

]
= 0. (111)

Therefore one can expand Eq. (102), and rewrite it by M
(p)

L and
[
(s) M

(p)
L

]
. First, let’s consider the simplest cases

MF
ℓ (0),M

G
ℓ (0). Following the above steps and then sorting them out, we find they can be re-summed as very simple

forms

MF
ℓ (0) =

π

n

∞∑
p=1

M
(p)

L M
(p)

∗
L, (112)

MG
ℓ (0) = − iπ

n
ϵzab

∞∑
p=1

M̃
(p)

a(L−1) M
(p)

∗
b(L−1), (113)

where

M
(p)

L :=

ℓ∑
m=−ℓ

[
(p−m)n+mv3

]2(ℓ+2)

p+mk
ML

(p−m,m)
, (114)

M̃
(p)

L :=

ℓ∑
m=−ℓ

[
(p−m)n+mv3

]2ℓ+3

p+mk
ML

(p−m,m)
. (115)

And we emphasize here n = l̇. Similarly, the higher order cases MF
ℓ (α),M

G
ℓ (α) are

MF
ℓ (α) =

π

n

∞∑
p=1

[
(α) M

(p)
L

]
M
(p)

∗
L, (116)

MG
ℓ (α) = − iπ

n
ϵzab

∞∑
p=1

[
(α) M̃

(p)
a(L−1)

]
M
(p)

∗
b(L−1), (117)

where

[
(α) M

(p)
L

]
:=

ℓ∑
m=−ℓ

[
(p−m)n+mv3

]2(ℓ+2)+α

p+mk
Λ
(M)
ℓpmα ML

(p−m,m)
, (118)

[
(α) M̃

(p)
L

]
:=

ℓ∑
m=−ℓ

[
(p−m)n+mv3

]2ℓ+3+α

p+mk
Λ
(M)
ℓpmα ML

(p−m,m)
, (119)
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Λ
(M)
ℓpmα =

iα+1

2π

[ α+1∑
s=0

κ(l,α)s

(
Λ(+)
pms − (−1)αΛ(−)

pms

)
− (p−m)n+mv3

2n(p+mk)

α−1∑
j=0

j+1∑
s1

α−j∑
s2=0

(−1)jκ(ℓ,j)s1 κ(l,α−j−1)
s2

×
(
Λ(−)
pms1Λ

(+)
pms2 − (−1)αΛ(+)

pms1Λ
(−)
pms2

)]
, (120)

Λ(±)
pms :=

s∑
s′=0

(
s

s′

)
γ̄γγs−s′ ln

s′
(
± in(p+mk)

)
. (121)

We denote Λℓpm0 = 1, then formally
[
(0) M

(p)
L

]
= M

(p)
L. The expression for the moment SL takes the same structure,

one just need to replace the constant symbol κ
(ℓ,j)
s with π

(ℓ,j)
s . These results reproduce the work of [52, 101]. For

example, when ℓ = 2,

⟨Ftail,quad⟩ = aℓ

(
4MADMMF

2 (0) +M2
ADMMF

2 (1)
)
=

32v13ν2

5

[
4πφ(e) + πv2

(
− 428

21
α(e) +

178

21
νθ(e)

)

+ v3

((
− 515063

11025
+

16π2

3
− 856

35
ln

(
v2

x′0

))
F (e)− 1712

105
χ(e)

)
+O

(
c−4
)]

(122)

〈
Gz
tail,quad

〉
= ãℓ

(
4MADMMG

2 (0) +M2
ADMMG

2 (1)
)
=

32v10ν2

5

[
4πφ̃(e) + πv2

(
− 428

21
α̃(e) +

178

21
νθ̃(e)

)

+ v3

((
− 515063

11025
+

16π2

3
− 856

35
ln

(
v2

x′0

))
F̃ (e)− 1712

105
χ̃(e)

)
+O

(
c−4
)]
. (123)

The eccentricity enhancement function is defined by summing the product of the multipole moments,

φ(e) =
v8

32ν2

∞∑
p=1

p7PN0

[
M
(p)

L M
(p)

∗
L

]
, φ̃(e) = −i

v8

16ν2
ϵzab

∞∑
p=1

p6PN0

[
M
(p)

a(L−1) M
(p)

∗
b(L−1)

]
, (124)

F (e) =
v8

64ν2

∞∑
p=1

p8PN0

[
M
(p)

L M
(p)

∗
L

]
, F̃ (e) = −i

v8

32ν2
ϵzab

∞∑
p=1

p7PN0

[
M
(p)

a(L−1) M
(p)

∗
b(L−1)

]
, (125)

χ(e) =
v8

64ν2

∞∑
p=1

p8 ln

(
p

2

)
PN0

[
M
(p)

L M
(p)

∗
L

]
, χ̃(e) = −i

v8

32ν2
ϵzab

∞∑
p=1

p7 ln

(
p

2

)
PN0

[
M
(p)

a(L−1) M
(p)

∗
b(L−1)

]
. (126)

PNa denotes taking O
(
c−2a

)
, the ath PN part. The explicit form of α(e), α̃(e), θ(e) and θ̃(e) are given by [83], here

we reproduce them in terms of our convention

− 428

21
α(e) +

178

21
νθ(e) = 4

(
φ(0,1)(e)−

1

2
νφ(e)− 21

1− e2
(
φ(e)− φ(1,0)(e)

))
, (127)

− 428

21
α̃(e) +

178

21
νθ̃(e) = 4

(
φ̃(0,1)(e)−

1

2
νφ̃(e)− 18

1− e2
(
φ̃(e)− φ̃(1,0)(e)

))
, (128)

where

φ(a,b)(e) :=
v8−2b

32ν2

∞∑
p=1

p7−aPNb

[[
(a) M

(p)
L

]
M
(p)

∗
L

]
, (129)

φ̃(a,b)(e) := −i
v8−2b

16ν2
ϵzij

∞∑
p=1

p6−aPNb

[[
(a) M

(p)
i(L−1)

]
M
(p)

∗
j(L−1)

]
. (130)

The reason for these symbols is that when M
(p)

L is expanded, one get

M
(p)

L = p2ℓ+3v6(ℓ+2)

[
M
(p)

L +
v2

1− e2

(
3(2ℓ+ 3)

[
(1) M

(p)
L

]
− 6(ℓ+ 2)M

(p)
L

)
+O

(
c−4
)]
. (131)
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Similarly, for higher-order tail integrals, the corresponding expansions of
[
(α) M

(p)
L

]
will also include similar terms.

In our convention, these eccentricity enhancement functions can all be expressed as infinite sums of products of
J-integrals. It is well known that some of these sums can be written in simple closed form,

F (e) =
1

(1− e2)13/2

(
1 +

85e2

6
+

5171e4

192
+

1751e6

192
+

297e8

1024

)
, (132)

F̃ (e) =
1

(1− e2)5

(
1 +

229e2

32
+

327e4

64
+

69e6

256

)
. (133)

Consider the general form of summation that appears in eccentricity enhancement function expressions:∑
p p

nJ
(b1)
(p+m1)pa1

J
(b2)
(p+m2)pa2

, a closed-form expression exists only when the summation is carried out over p from

negative to positive infinity. Using the generating function method, this sum can be calculated as follows,
∞∑

p=−∞
pnJ

(b1)
(p+m1)pa1

J
(b2)
(p+m2)pa2

=
1

2π

∫ π

−π

ib1+b2−n δχ(x)b1eim1x

(1− e cosx)a1

∂n

∂zn

[ δχ(σ)b2eim2σ

(1− e cosσ)a2+1

]∣∣∣∣
z=0

dx (134)

where σ(z, x) is an implicit function determined by,

x+ σ(z, x) + z = e(sinx+ sinσ(z, x)). (135)

In addition, due to the symmetry of the dynamic structure itself, after tedious arrangement, it can be found that
some eccentricity enhancement functions can be written in closed form. For example, one can obtain the following
results which will appear in the next PN order of MF

2 (1),

F(1,0)(e) :=
v8

64ν2

∞∑
p=1

p7PN0

[[
(1) M

(p)
L

]
M
(p)

∗
L

]
=

1

(1− e2)5

(
1 +

229e2

32
+

327e4

64
+

69e6

256

)
= F̃ (e), (136)

F̃(1,0)(e) := −i
v8

32ν2
ϵzab

∞∑
p=1

p6PN0

[[
(1) M

(p)
a(L−1)

]
M
(p)

∗
b(L−1)

]
=

1

(1− e2)7/2

(
1 +

97

32
e2 +

49

128
e4
)
, (137)

F(0,1)(e) :=
v8

64ν2

∞∑
p=1

p8PN1

[
M
(p)

L M
(p)

∗
L

]
= − 107

21(1− e2)8

[
507

107
+

10395e2

428
− 33075e4

856
− 45045e6

3424
+

36855e8

1712
+

4347e10

3424

−
√
1− e2

(
397

107
+

216615e2

3424
+ +

548117e4

3424
+

616191e6

6848
+

69631e8

6848
+

43119e10

438272

)]

+
55ν

21(1− e2)15/2

(
1 +

3031e2

240
+

60763e4

3520
− 267e6

176
− 67567e8

33792
− 5427e10

112640

)
, (138)

F̃(0,1)(e) := −i
v8

32ν2
ϵzab

∞∑
p=1

p7PN1

[
M
(p)

a(L−1) M
(p)

∗
b(L−1)

]
= − 107

21(1− e2)8

[√
1− e2

(
441

107
+

28665e2

3424
− 149499e4

13696

− 21609e6

13696

)
−
(
334

107
+

101779e2

3424
+

483379e4

13696
+

181765e6

27392
+

20241e8

219136

)]
+

55ν

21(1− e2)6

(
1 +

11483e2

1760
+

2461e4

880

− 963e6

1280
− 1833e8

56320

)
(139)

The above method is also applicable to the multipole moment SL, which will not be elaborated here. At the end
of this section, we emphasize that although we have, using the new tools developed in this paper, derived a general
re-summed expression for the tail part flux without including other complicated interaction terms, this expression is
valid only when the conditions in Eq. (104)-(107) are satisfied. Substituting the 3PN multipole-moment results, we
find that the condition indeed holds; therefore, at least for the tail contribution to the flux through 4.5PN order under
the adiabatic approximation, our expression is reliable. Whether higher-PN multipole moments continue to satisfy
this condition remains to be established by a rigorous proof.

V. SUMMARY

With the rapid progress of GW observations and the planning of next-generation detectors, the demand for more
accurate waveform templates has intensified. This paper introduces a new mathematical framework that compactly
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captures the dynamics of compact binaries and the high-order PN structure of their gravitational radiation. We also
release a ready-to-use software package implementing the method. We then apply the framework to the computation
of the tail contribution to binary waveforms and derive a highly general re-summed expression. This result streamlines
the evaluation of tail terms in the fluxes at higher PN orders.

At present, our treatment is restricted to non-spinning binaries. The inclusion of spins renders the Fourier structure
substantially more intricate; extending the method to generic spinning, possibly precessing, orbits is an important
topic for future work. Moreover, the current method is highly compute-intensive. When the eccentricity becomes
large, the convergence of the J-integrals slows markedly, and the overall cost of waveform generation grows almost
exponentially. Developing more efficient algorithms to mitigate this scaling will thus be a key challenge for future
work. In addition, one proof step in our tail-flux derivation remains open. We have not accounted for higher-order
hereditary effects arising from couplings among multipole moments or from tail–memory interactions, nor have we
incorporated radiation-reaction forces. Addressing these limitations will require further effort.
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4PN contact transformations

The conservative Lagrangian in SH coordinates depends not only on the positions and velocities of the component
bodies, but also on their accelerations: L(yi, vi, ai), where yi is the position and vi := ẏi, ai := v̇i. And the
accelerations begin to appear from the 2PN order, and only the linear components of accelerations can be retained [102,
103]. Now the Lagrangian has already be derived in COM up to 4PN order [55, 56]. And the Lagrangian in ADM
coordinates can be found in [58, 104, 105]. The accelerations and logarithmic terms can be canceled by applying a
small contact transformation between SH and ADM [60],

yiSH → yiADM + δyiSH→ADM(y
i
ADM). (140)

The difference δy starts at 2PN-order, we need to expand the variation of the Lagrangian up to O
(
δy3
)
,

δL := L(yi + δyi)− L(yi) = δL(1) +
1

2
δL(2) +O

(
δy3
)
, (141)

where the O(δy) term reads

δL(1) =
δL

δyi
δyi +

dQ(1)

dt
, (142)

δL

δyi
= Lyi − L̇vi + L̈ai (143)

Q(1) = (Lvi − L̇ai)δyi + Laiδvi (144)

We use the shorthands LY := ∂L/∂Y , and δvi := δẏi, δai := δv̇i. The O
(
δy2
)
term is

δL(2) = δyiJ ijδyj +
dQ(2)

dt
, (145)

J ij = Lyiyj − d

dt
Lvivj

d

dt
+

d2

dt2
Laiaj

d2

dt2
− 2

d

dt
Lviyj + 2

d2

dt2
Laiyj + 2

d2

dt2
Laivj

d

dt

Q(2) = Lvivjδyiδvj + Laiajδviδaj − d

dt

(
Laiajδaj

)
δyi + 2Lviyjδyiδyj

+ 2Laiyjδviδyj − 2
d

dt

(
Laiyjδyj

)
δyi + 2Laivjδviδvj − 2

d

dt

(
Laivjδvj

)
δyi. (146)
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The transformation of Lagrangian is composed of two part,

L′ = L+
dQ

dt
+
δL

δyi
δyi +

1

2
δyiJ ijδyj +O

(
δy3
)
, (147)

We separate L into three parts,

L = L′ + δLna + Laiai, (148)

where δLna denotes the different terms that don’t involve acceleration. We can add any total-derivative term dF / dt
that don’t affect the dynamics. One just need to make sure

0 = δLna + Laiai + Fyivi + Fviai + Faibi +
δL

δyi
δyi +

1

2
δyiJ ijδyj , (149)

where bi := ȧi. At the 4PN level we must introduce acceleration into F , finally we get
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ṙ4

+

(
− 421ν3

128
− 18263ν2

768
+

2031ν

160

)
v4
)
+

1

r2

(
ṙ2
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It is equivalent to [106]. Similarly,
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F. Pannarale, Physical Review Letters 120 (2018), ISSN 1079-7114, URL http://dx.doi.org/10.1103/PhysRevLett.

120.161102.
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[45] G. Schäfer and N. Wex, Physics Letters A 174, 196 (1993).
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