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Stabilizer states, which are also known as the Clifford states, have been commonly
utilized in quantum information, quantum error correction, and quantum circuit sim-
ulation due to their simple mathematical structure. In this work, we apply stabilizer
states to tackle quantum many-body ground state problems and introduce the concept
of stabilizer ground states. We establish an equivalence formalism for identifying stabi-
lizer ground states of general Pauli Hamiltonians. Moreover, we develop an exact and
linear-scaled algorithm to obtain stabilizer ground states of 1D local Hamiltonians and
thus free from discrete optimization. This proposed equivalence formalism and linear-
scaled algorithm are not only applicable to finite-size systems, but also adaptable to
infinite periodic systems. The scalability and efficiency of the algorithms are numeri-
cally benchmarked on different Hamiltonians. Finally, we demonstrate that stabilizer
ground states are promising tools for not only qualitative understanding of quantum
systems, but also cornerstones of more advanced classical or quantum algorithms.

1 Introduction

Discovering the ground state of quantum Hamiltonians remains a central challenge in quantum
many-body physics. The difficulty stems from the exponential scaling of the Hilbert space di-
mension, rendering exact calculations impractical in most cases [1, 2, 3, 4, 5, 6]. Consequently, a
variety of classical and quantum algorithms have been developed to address this problem. Two
of the most commonly employed strategies for ground state determination are variational meth-
ods and approaches based on imaginary time evolution. The variational approach, represented by
techniques such as variational quantum Monte Carlo (VQMC) [7, 8, 9, 10], density matrix renor-
malization group (DMRG) [11, 12, 13], and variational quantum eigensolver (VQE) [14, 15, 16],
constructs a parameterized quantum state ansatz |¢(0)) and minimizes the energy with respect to
the parameters 8. In contrast, imaginary time evolution methods, including auxiliary-field quan-
tum Monte Carlo (AFQMC) [17, 18, 19], time-evolving block decimation (TEBD) [20, 21, 22], and
quantum imaginary-time evolution (QITE) [23, 24], iteratively apply e ®## to an initial state
|10), converging toward the ground state. In both categories, the choice of initial state is crucial.
A well-chosen initial state can mitigate non-convex optimization challenges in variational methods
and improve the overlap with the true ground state |(to|tgs)|, which directly impacts the effi-
ciency of imaginary time evolution. The importance of the initial state is equally apparent in other
algorithms like Krylov subspace methods [25, 26] and quantum phase estimation (QPE) [27, 28].

In most scenarios, mean-field states [29, 30] are commonly chosen as initial guesses. These
states not only simplify computations but also often capture essential aspects of a system’s physics,
making them useful for qualitative insights [31, 32]. However, mean-field approximations can be
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overly simplistic for general many-body systems, and they frequently fail to describe more complex
phenomena, such as those found in topological systems [33, 34] and multireference systems [35, 36].
Therefore, alternative choices of quantum states with both mathematical simplicity and physical
expressivity are highly demanded.

During the development of quantum computing [37, 38] in recent decades, a new type of states
called stabilizer states has gained significant attention. From one perspective, it is the set of
quantum states “stabilized” by a maximum number of Pauli operators, which implies a polynomial-
sized classical description [39, 40]. From another perspective, it is the set of quantum states
reachable solely by Clifford operations, i.e., the combination of CNOT, Hadamard, and phase gates,
which are the “easy-to-implement” gates in the fault-tolerant quantum computation (FTQC) era
[41, 42, 43]. Compared with product states, stabilizer states are able to not only capture long-
range area-law entanglement that is significant for understanding topological order and symmetry-
protected topological states [44], but also support volume-law entanglement [45], which is a feature
lacking in other ansatzes, such as matrix product states (MPS) [46]. Thanks to these features,
Clifford operations and stabilizer states are utilized as important tools in the explorations of
quantum information [47, 48], quantum dynamics [49, 50, 51], quantum error correction [52, 53],
topological quantum computing [54], quantum circuit simulation [55, 56, 57], and quantum-classical
hybrid algorithms [58, 59, 60, 61, 62].

With the polynomial-sized classical description and efficient implementation on quantum com-
puters, stabilizer states naturally become a promising candidate for quantum initial states, facili-
tating the construction of advanced algorithms or quantum state ansatzes. Furthermore, one can
even take advantage of both stabilizer states and mean-field states by moving to the Heisenberg
picture and treating one of them as a Hamiltonian transformation (i.e. Clifford transformation or
basis rotation). In fact, stabilizer states have been used to enhance the power of VQE [58, 63, 64],
DMRG [65], tensor network [66], and quantum Monte Carlo [67]. However, the challenge lies
in the absence of scalable and general algorithms for identifying the appropriate stabilizer initial
state, typically the one with the minimum energy for a given Hamiltonian, which is defined as
the stabilizer ground state in this work. Although several optimization-based methods have been
proposed [63, 68], they are not guaranteed to reach the real minimum and are not scalable to large
systems due to the intrinsic difficulty of discrete optimization and the O(2("+1)("+2)/2) gcaling of
the number of n-qubit stabilizer states [69].

In this work, we provide a series of algorithms to identify the stabilizer ground state of dif-
ferent types of Hamiltonians. We start by theoretically establishing the equivalence between the
stabilizer ground states and the closed maximum-commuting Pauli subsets (CMCS) for general
Pauli Hamiltonians. We further present an exact and linear-scaled algorithm to find the stabilizer
ground states of 1D local Hamiltonians. For properly defined sparse Hamiltonians, this exact 1D
local algorithm is proved to be computationally efficient with a scaling of O(nexp(Cklogk)) with
some constant C', where n is the number of qubits and k represents the locality. Additionally, we
prove that stabilizer ground states of 1D local Hamiltonians can be prepared on quantum com-
puters with fewer operations than general stabilizer states. Furthermore, we present that both
the equivalence formalism for general Hamiltonians and the linear-scaled algorithm for 1D local
Hamiltonians can be extended to infinite periodic systems. By numerical benchmarking on dif-
ferent systems with classical and quantum algorithms, we reveal that stabilizer ground states are
promising tools for both qualitative understanding of quantum systems and serving as the initial
states of advanced classical or quantum algorithms for quantum many-body ground state problems.
We envision stabilizer ground states and the corresponding algorithms as a pivotal foundation for a
wide range of interesting applications, and highlight the collective power of the theories, algorithms,
and applications to advance the field of quantum physics.

This paper is organized as follows: We first introduce the notations and mathematical back-
grounds of stabilizer states in Sec 2.1. The equivalence between the stabilizer ground state and
CMCS for general Hamiltonians is derived in Sec. 2.2, and the exact linear-scaled algorithm for
the stabilizer ground states of 1D local Hamiltonians is further presented in Sec. 2.3. Sec. 2.4
extends both the equivalence formalism for general Hamiltonians and the algorithm for 1D local
Hamiltonians to infinite periodic systems. In Sec. 2.5, we discuss the advantages and potential
applications of stabilizer ground states to both classical and quantum algorithms, along with a
comparison with other approximated ground states. Secs. 3.1 and 3.2 benchmark the exact 1D
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local algorithm on example Hamiltonians by numerically verifying the computational scaling and
comparing the performances with numerically optimized stabilizer ground states, respectively. In
Sec. 3.3, we demonstrate the ability of stabilizer ground states to qualitatively describe topological
systems. The power of stabilizer ground states as the cornerstone of advanced classical or quantum
algorithms is shown in Sec. 3.4 and Sec. 3.5, respectively. Finally, we draw conclusions and outline
future directions for the development and applications of stabilizer ground states in Sec. 4.

2 Theory

2.1 Notations and mathematical background of stabilizer groups

We first revisit the definitions and a few frequently used properties of Pauli operators and stabilizer
groups [37, 52].

Let P, = +{I, X,Y, Z}®" represent the set of Hermitian n-qubit Pauli operators. It is impor-
tant to clarify that P, itself is not a group since P,, does not include anti-Hermitian operators.
For any two elements F;, P; € Py, P; and P; either commute or anticommute. A Pauli operator
Q@ commutes with a set of Pauli operators P = {P;}, denoted as [@, P] = 0, if [Q, P] = 0 for each
P € P. We denote it as [Q, P] # 0 if @Q anticommutes with any P € P.

A stabilizer group S is a subset of P, that forms a group and satisfies —I ¢ S. Any two
elements P, in S commute with each other, otherwise PQP(@ = —I violates the definition.
(P)y=(P,..,P) = {HQEQ Q|Q C P} is the stabilizer group generated by a set of Pauli operators
P = {P!_,}, if (P) satisfies the definition of stabilizer group. We say P is a set of generators of
the stabilizer group S when S = (P). An n-qubit stabilizer group S has at most n independent
generators g = {g;} and 2" elements. If |g| = n, S is a full stabilizer group and we have either
P e Sor—PecS (denoted as P € £8) for any [P, S] =0, P € P,.

We say state |¢) is stabilized by P € P, if P|y) = |¢)). We define the stabilizer group of a
given |¢) as

Stab(|¢)) = {P € Pu| P[Y)) = [¢)}, (1)

and |¢) is a stabilizer state when Stab(|y)) is a full stabilizer group. The mapping |¢)) — Stab(|y)))
from stabilizer states to full stabilizer groups is a one-to-one correspondence.

2.2 Stabilizer ground states of general Hamiltonians

In this section, we establish the equivalence between the stabilizer ground state and the closed
maximally-commuting Pauli subset. Furthermore, we show that, for properly defined sparse Hamil-
tonian (which includes almost all common Hamiltonians), such equivalence implies a much cheaper
algorithm to get the stabilizer state compared with the brute-force approach. We first define the
stabilizer ground state of Hamiltonian H:

Definition 1. (Stabilizer ground state) The stabilizer ground state of a given Hamiltonian H
is the stabilizer state |1p) with the lowest energy expectation (p|H ).

The number of n-qubit stabilizer states is S(n) = 2" [[/"; (2 + 1) ~ 22(**D("+2) thus looping
over all the stabilizer states is infeasible for large n [69]. To find the stabilizer ground state,
Lemma 1 is first presented to determine the expectation value of a Pauli operator in a stabilizer
state:

Lemma 1. (Expectation values of stabilizer states) For any n-qubit stabilizer state 1)) and Pauli
operator P € Py, if P ¢ £Stab(|v)), then (¢|P|yp) =0

Proof. Since Stab(|¢)) is a full stabilizer group, there exists @ € Stab(|1)) such that {P,Q} = 0.
Thus

(WIP[Y) = (WIPQIY) = —(Y|QP|Y) = = (¢|P[3)). (2)
Therefore, (¢|P|y) = 0. O

We further extend the concept of energy expectation associated with a stabilizer state to a (not
necessarily full) stabilizer group:
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Definition 2. (Stabilizer group energies) The energy of a stabilizer group S for a given Pauli
operator P or a Pauli Hamiltonian H = . p wpP is defined by

+1 Pe4S

0 otherwise’

Estab(P7 S) = {

Estab(Hv S) = Z wPEstab(Pa S)
PeP

The relationship of stabilizer state energies and stabilizer group energies can be given by:

Corollary 1. (Stabilizer state energies are stabilizer group energies) We denote P =+P =
{£P|P € P} for a set of Pauli operators P. For a Hamiltonian H =) . pwpP and a stabilizer

state ), let stabilizer group S = (Stab(|yh)) N P), we have (Y|H[Y) = Egap(H, S).

Corollary 1 implies that, the energy of a stabilizer state |¢)) depends only on Stab(|)))NP C P.
Since the number of subsets of P is much less than S(n) ~ 22(+D(+2) when P is sparse (see
Definition 4 for rigorous definition), it gives a better way to determine the stabilizer ground state.
Rigorously, we introduce the concept of closed commuting subsets as follows:

Definition 3. (CCS) We define the closed commuting subsets (CCS) induced by P (or H) as

S(P)={QCPlQ=(Q)nP,~I1¢(Q)} (4)
We note that —1I ¢ (Q) implicitly indicates that (Q) is a stabilizer group.

Physically @ = (Q) N P is saying that, (Q) is generated by elements in P. The name
“closed” means that Q is closed under group mutiplication operations within the range of P.
Thus {(Q)|Q € .7(P)} is the full set of stabilizer groups generated by elements in P, and .7 (P)
is an equivalent approach to represent with the generators in P instead. (knowing either @ or
(@) immediately gives the other) As an example, we consider P = {+Z7;,+Z2, —X; X5}, then
P = {£Z,,+75,£X,X5}. Then .#(P) includes 0, {sZ1},{sZ2},{5121,52%5},{sX1 X2}, where
each s can be +1 independently. We additionally note that each CCS corresponds to a stabilizer
subspace and can be viewed as a discrete analog of a noncontexrtual subspace in the sense used in
Contextual Subspace VQE [70], where all operators in the subset mutually commute and can be
jointly diagonalized.

We now present Theorem 1, which states that the stabilizer ground state can be obtained by
searching for @ € .(P) with the lowest Eg.n(H, (Q)). The proof is given in the Appendix 5.1.

Theorem 1. (CMCS gives the stabilizer ground state) Given a Hamiltonian H = ) p.pwpP ,
then
Epe= min  Eua(H, 5
g = Quuin, B b(H,(Q)) (5)
is the stabilizer ground state energy. Such Q minimizes Egap(H,(Q)) is named as the closed
mazimally-commuting subset (CMCS) of P (or H). Additionally, for any S = (Q), Q €
S (P) such that Esa(H,S) = Egs, each stabilizer state |v) stabilized by S is a (degenerate)
stabilizer ground state.

Theorem 1 suggests that the stabilizer ground state of a Hamiltonian H = ), pwpP can
be found by listing all elements of . (P), and thus the computational cost is scaled with |7 (P)].
However, the exact value of |.7(P)| heavily depends on the form of the Hamiltonian, e.g. the
commutation/anticommutation relations between the Pauli terms. We give a loose upper bound
of |.7(P)] as follows:

Lemma 2. (Upper bound of CCS) If P is defined on at most n qubits, then |.7(P)| < (n+1)|P|".

Proof. For any Q € .(P), (Q) is constructed by at most n independent generators in P. We
simply select each generator one by one, each with at most |P| choices. Thus, we have |.7'(P)| <
o [P" < (n+1)|P|". O
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In fact, we will see that if | P| scales polynomial with n, |.#(P)| will have a slower growing rate
than the number of n-qubit stabilizer states S(n). Therefore we define the sparse Hamiltonians as
follows:

Definition 4. (Sparse Hamiltonians) A n-qubit Pauli Hamiltonian H =) . p wp P is sparse if
|P| ~ O(poly(n)).

We note that almost all the common Hamiltonians are sparse Hamiltonians. Now we estimate
|7 (P)| of sparse Hamiltonians:

Corollary 2. (Upper bound of CCS for sparse Hamiltonians) For sparse Hamiltonians H =
> pepWpP, | (P)| ~exp(Cnlogn) for some constant C.

For sparse Hamiltonians, although |7 (P)| still increases exponentially with n, it is much
smaller than the number of n-qubit stabilizer states S(n) ~ 23 (n+1)(n+2)

2.3 Stabilizer ground states of 1D local Hamiltonians

In this section, we present an algorithm to determine the stabilizer ground state of a given n-qubit
1D k-local Hamiltonian with a O(nexp(Cklogk)) computational scaling. Note that such scaling
reduces to the exp(Cnlogn) scaling in Corollary 2 in the limit of £k — n up to a (possibly) different
factor C. We refer to this algorithm as the exact 1D local algorithm. To illustrate the motivation
of this algorithm, we first consider the constrained 1D classical Hamiltonians in Sec. 2.3.1 and
introduce a state machine algorithm with a linear scaling to obtain the exact ground state. Then
we build an exact mapping from the 1D local stabilizer ground state problem to the constrained
1D classical ground state problem in Sec. 2.3.2. We formally present the exact 1D local algorithm
for stabilizer ground states in Secs. 2.3.3 and 2.3.4, and its computational complexity is discussed
in Sec. 2.3.5.

2.3.1 A classical analogy: State machine algorithm for the constrained 1D classical ground state
problem

We first consider a general 1D n-site, k-local classical Hamiltonian without constraints on a chain
{o1,....,0,} as:

n
H= Z P (Cmy Ot 1y ooes Ot k—1)s (6)
m=1

where each o; is a discrete variable which can take d distinct values, and h; is an arbitrary discrete
function. Here k-local means that each term acts on at most k& continuous sites. The ground
state of such Hamiltonian can be exactly determined by the following state machine algorithm
with a computational complexity of O(nd**!). We introduce s,,, = (0, i1, - Omik_1), which
combines k degree of freedoms (DOFs) as a single DOF with d* possible values. The Hamiltonian
can be written as the following 1-local form

H=" hlsm). (7)

with the price that different s; are dependent. In other words, the coupling is transferred from
the Hamiltonian to the valid state space, and we will later see that such change of perspective is
necessary in the quantum case, as the definition of independent local state is impossible. A key
step in this algorithm is that, for a fixed s,,, the possible values of s<,, = {s1,..., s} are now
decoupled from 8~ = {Sm+1,..-sSn}, i€,

{slsm} = {s<mlsm} ® {s>mlsm} (8)
where s = {s1,...,8,}. This independence is because there is no overlap between s<,, and Ss.,

over {o;} beyond s, = (0, Om+1, -y Omtk—1). We define the energy on s<,, as

m

E(s<m) = Zhi(si) 9)

i=1
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and the “conditioned ground state energy” Eggsm(sm) as

Eggsm(sm) = min E(s-,,). (10)

SIS,,,LE{SSmlsm} -

The sequence {s1, ..., s, } in Eq. (8) admits a natural physical interpretation as a non-probabilistic
analogue of a Markov chain, where the past (s<,,) and future (s-,,) are conditionally independent
given the present state (s,,). In addition, Eggsm(sm), as a function defined on the “non-probabilistic
Markov chain” s,,, has the property that, for given values of Eggsm(sm) for all s,,, Eggsm“(smH)
for each s,,41 can be determined within O(d**!) time. This conclusion is proved by first noticing
that

{s<mlsm+1} =Us, {8<m|sm+1, 5m}
= UsmG{s;n|Sm+1}{S§m|Sm} (11)
= USmGFback(Srn,+1){8§m|sm}'

In the first line, all possible values of s, are looped over to determine s<,,. The shared sites
Om+1s - Om+k—1 i both s, 41 and s, must have the same values, and this constraint is denoted as
Sm € {8),|Sm+1} in the second line. If this constraint holds, we have {S<,|Sm+1,5m} = {S<m|sm}
due to the decoupling between s<,, and s,,4+1 for given s,, (see Eq. (8)). We also introduce a
shorthand Fpack($m+1) for {s),|$m+1} in the last line. For instance, the 2-local spin Hamiltonian,
i'e‘v k= 27 Sm = (0m70m+1)7 and o; € {Tv\J/}? has Fback(0m+170m+2) = {(0m70m+1)‘0—m € {T? \L}}
From Eq. (11), the recurrence relation between E5™(s,) and EZ™ ! (sy,11) can be derived as
EZ"  (sm41) = E(s%pmi1)

s €{s<mprlsmia}

= hm+1(3m+1> + min E(S/Sm) (12)

s, €{s<mlsmi1}

= hmt1(Sm+1) + min Eggsm(sm).
Sm € Foack(Sm-1)

For the above 2-local spin Hamiltonian example, Eq. (12) is equivalent to

Eggsm+1(0m+1, 0m+2) - hm+1(0m+1a 0m+2) + - Ig%?i} Eggsm(o—ma Um+1)~ (13)
Thus, to obtain the ground state energy, we can sequentially build tables T;,, for m = 1,2,...,n by
Eq. (12) to record the values of E5™(sm,) over all s,,, with the initial table Ty as Ex!(s1) = hi(s1).
The final ground state energy is expressed as

E4s = min Egén(sn) (14)
Sn

Since Fhack(Sm+1) only has d elements (i.e. only o, can choose different values freely), and s,,
has d* choices, one can build T}, from T}, within O(d**!) time, so the final computational
complexity is O(nd**1). The ground state s* (or o*) is achieved when each table T, is built with
Sm = Sk, where s}, minimizes the right hand side (RHS) of Eq. (12) (m < n) or Eq. (14) (m = n).
A schematic workflow diagram of this algorithm using 2-local spin Hamiltonian example is shown
in Fig. 1.

Although the constraints between s,, are local (s,, and s, are independent if |m —m/| > k)
in the above case, this approach also works for some special non-local constraints. An illustrative
example is H = > _ hy(sm), sm € {0,1,...,d — 1} with constraints f,,(3>°i";s;) > 0 and
9m (D i1 Si) > 0 for each m, where the summation ", s; and Y " ., s; are modulo d. We
introduce a state machine

Am:(sm;am:ishﬁm: Z Si)a (15)
i=1

1=m-+1

which is a function of s = {s1, ..., s, }. With a fixed A,; = (Sm, @m, Bm), the constraints f; and g
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H= 21311:1hm(5m1 Om+1)

Egssl(gr a3) Egssz(o'z:aa) Egssg(%: as)

Eg (1) e CDOR R o~ B2

EZ2(LD
(of,03) = (11 (63,63) = (1,1 (63,050 = (L1) o =1L
| | J
Y Y
EZ 1 (mi1 Omiz) = Roni1(Omin Omz) + ming ESI (0, Giri1) Eys = ming, ;. £33 (a3, 0,)

Figure 1: State machine algorithm of the 1D local classical ground state problem illustrated by a 2-local spin
Hamiltonian H = Z?n:l hm (Om,0m+1). For illustration, we use o instead of s everywhere. For each m we
define the “conditioned ground state energy” Ex" (0m,om+1) (see Eq. (10)). Eg' is simply ki, and Eg™!
can be determined from ES™ via Eq. 12. The final ground state is the minimum value of ES" (see Eq. (14)).
The ground state can be obtained by finding each s,,, = (0m,0m+1) (orange blocks) that minimizes the RHS

of Eq. (12) and Eq. (14).

with [ < m can be rewritten as
l
fl(z 54)
o (16)
9i( > si) = g (Bm + 1i(s<m)) > 0,

i=l+1

= filam — 1i(8<m)) >0

where 7y (s<m) = Y ir, 415~ This implies that these two constraints act only on s<,. Similarly,
the constraints of [ > m act only on s-,,. Therefore, s<,, and s-,, are again decoupled given A4,,,
ie.,

{slAm} = {SémlAm} @ {8>m|Am}. (17)

For a given A,,, s<,, fully determines each A;<,, as A; = (s, tm — T1(S<m), Bm + T1(8<m)), and
S>m similarly determines each A;~,,. Thus we conclude

{A1, .., AplAn} = {41, ., Al A} @ {Amt1, - AnlAm }, (18)

which is a generalized form of Eq. (8). In fact, Eq. (8) can be viewed as a special case of Eq. (18)
when A, = $,,,. Since A,, contains the information of s,,, we can rewrite h,,(sm) as bl (Ay,). To
use the previous algorithm, we introduce a transition function

F(Am) = {Am+1|Am}
= {(8m+1, ¥ms1 = @ + Smi1, Byt = B — Smr1) | fmr1(@me1) > 0, gma1(Bmg1) > 0},
(19)
and thus Foack(Am) = {Am-1|4m € F(A—1)}. We can then similarly define the “conditioned
ground state energy” EgSSm(Am) and recursively construct the values for m = 1,2, ..., n to determine
the ground state. For this specific problem, A,, has d* choices, and F(A4,,) has d elements, so the
computational complexity to obtain the ground state is O(nd*).

We further generalize the above solution of constrained 1D classical ground state problems.
Without loss of generality, the input Hamiltonian can be assumed as 1-local since a k-local problem
can always be rewritten as a 1-local problem. The key is to construct a state machine A,, that
satisfies Eq. (18). Once we constructed such A,,, the ground state could be obtained by recursively
building tables 7T;,, that record each ngsm(Am). Now we rigorously define a state machine as follows:
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Definition 5. (State machine) Consider a classical system with single-site states si, ..., S,, where
each of them can take some discrete values s; € d;. The valid space D is a subset of the full space
d1 ®dy®...Qd, due to some constraints. A,, defined on D is a state machine if (1) A,, contains
information of sy, i.e. there exists a state function G(A,,(s)) = sm for any s € D, and (2)
given A,,, the possible values of the left state machines Ay, ..., Ay, and the possible values of right
state machines A1, ..., Ay are independent, i.e.

{A1, .., AplAn} = {41, ., Al A} @ {Amt1, o AnlAm (20)
The corresponding transition function is defined as

F(Am) = {Am+1|Am} (21)
= {Aps1(8)|Am(8) = A, s € D}, (22)

where the second line is a rigorous definition of {Amy1|Am}. The definitions of other expressions
like {...|...} are similar.

As mentioned previously, it can be understood as a non-probabilistic version of the Markov
chain. We additionally require the existence of the state function G so that we could write h, (s:,)
as hy, (G(An,)) in the Hamiltonian. Now the above state machine algorithm of the constrained clas-
sical ground state problem can be generalized in the following theorem, and a schematic workflow
is shown in Fig. 2.

Theorem 2. (State machine algorithm of the constrained classical ground state problem) If A,
s a state machine on s € D with the state function G and transition function F, then the ground
state of Hamiltonian H =" _| hy,(sm) can be determined by

1. Construct A; = {A;(s)|s € D} and EZ' (A1) = hi(G(Ay)) for all 4; € A;.
2. From m =1 to n — 1, create Ay,11 = Ua, ea,, F(Ap) and

ES"™ (A1 € Amg1) = hins1 (G(Apa)) + i ES™(A,), 23
gs ( +1 +1) +1( ( +1)) AmEFtI,ilkI%Am+1) gs ( ) ( )

where Fyack(Am+1) = {Am|Am+1 € F(4Am)}.

3. The ground state energy is
By = Alfleiiltn EZM(Ay). (24)

4. To obtain the ground state s*, we find {A%,..., A} by
Ay = argmin EgSS"(An),
An€A,

: <
Ay, = argmin  EZ™(Ap)
AmEFback (A, 1)

(25)

for m =1,2,...,n — 1. Then the components of s* is s}, = G(A},) form =1,2,...,n.

Proof. The Hamiltonian can be rewritten as H = > _, hy,(G(Ay,)), thus the all derivations in
the first k-local classical ground state problem still hold with all s, changed to A,,. O

We additionally note that, the algorithm in Theorem 2 is not automatically linearly-scaled, unless
we can ensure that the evaluations of transition function F' and the initial A; can be done in a
constant time.
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Figure 2: (a) Schematic diagram of the state machine and transition function defined in Definition 5. Given
Am, the possible paths of A<, = {A1,..., Am—1} should be decoupled from the possible paths of A~.,, =
{An+1, ..., An}. The transition function F(A,,) gives the possible values of A1 given Ay, and Fhack(Am+1)
gives the possible values of A, given A, 1. (b) Schematic diagram of the state machine algorithm in Theorem 2
to obtain the ground state of constrained 1D local classical Hamiltonians. The Hamiltonian is given by H =

:1:1 hm(sm) in some constrained space D. Given a state machine A,, and transition function F' satisfying
Definition 5, we start from A; € A;, and sequentially determine the possible values of A,,41 € F(Ap)
for each A,,. (lines connecting A,, and A,,41 indicates that A1 € F(Aw)) In this process, each A,
can generate multiple A,,+1, and each A,,11 can be generated from multiple A,,. The energy difference
AFE,, = hm(G(Ay)) is a function of A,,, where G is the state functions satisfying G(A.,) = sm. By such
construction, each path {A1,..., Ay} such that Ap41 € F(Anm), m =1,...,n — 1 uniquely maps a valid state
s € D via s,, = G(A,,). To determine the ground state, we record the value of Ex™(A.) for each A, in a
table starting from Eg'(A1) = h1(A1). Once we record all values of Ex™(A,), the values of ES™ ! (Am+1)
can be determined from Eq. (23). The final ground state is simply Eg = mina, (E5"(Ax)), and the ground
state is the corresponding path {s7,...., sy} (bold lines) such that each minimization in Eq. (23) and Eq. 24 is
taken at s, = sg,.

2.3.2 Mapping the stabilizer ground state problem to the constrained classical ground state problem

In this subsection, we show that the 1D local stabilizer ground state problem can be rigorously
mapped to the constrained classical ground state problem considered in Sec. 2.3.1. we first define
the 1D k-local Hamiltonian as follows:

Definition 6. (k-local Hamiltonians) A Hamiltonian H =), pwpP is k-local if each P € P
is between qubit qﬁm to g9t that satisfies i3t — qﬁm <k-1.

In the context of stabilizer ground states, we need to find suitable states with equivalent identi-
ties as s. According to Definition 5 and Theorem 2, the stabilizer ground state energy can be found
via Egs = minge o (p) Estan(H, (Q)). In other words, &/ (P) = {Q C PlQ=(Q)nP,-I¢(Q)}
serves as the state space D, and each Q € . (P) is a state s. We find the equivalent identity
of single-site states s,, as follows We divide P onto sites m by the last non-identity qubit qlast
for any P € P, and define P; = {P € P|¢}3*t € I} for a given index set I. For index sets {m},
{ila <i < b}, {z\z > m}, {ili > m}, {ili <m}, and {i|i < m}, we use shorthands P, P,y P,
P>m7 P_,,, and P<m, respectively. For example, P<m ={P¢ P|qlaSt < m}. According to the
definition, we have P = U?,_, P,,,. We also introduce similar shorthands for P;. Since Q € .¥(P)
is a subset of P, we have Q = Ur_1Q,, with Q,, =QnN P,,, and Q,,, is the equivalent identity
of single-site states s,,,. The constraint Q € . (P) is the equivalent relation of s € D. To give
an example of the constraint, we consider P = {Z,, Z5, Z1Z5}, and correspondingly Py = {Z;},
Py ={Z5,71Z5}. f Z1 € Q and Z3 € Q we must have 7175 € @ as well, so Q; = {Z1} and
Q, = {Z>} cannot hold simultaneously, although either of them can be taken if the other one is
empty. Finally, the stabilizer energy Egap(H, (Q)) for any Q € #(P) can also be written as the
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sum of local @Q,,,

Egan(H,(Q)) = Z wP - Z w_p

Pe(Q)N(—P)
Z Z wo— Y, wq) (26)
m  Q€Q,,NPn QeQ,,N(—Pm)
=2 hm

In summary, the mapping from the 1D local stabilizer ground state problem to the 1D local
constrained classical ground state problem is:

1. Q,, = Sm

2. {Q,,|Q, C Pu} = diy
(P)— D

@

4. Qe S(P)—seD

5. hm(Q.) = hun(Sm)

We additionally note that the single-site state @,, becomes the CCS @ in the limit of k£ — n,
which suggests that the 1D local algorithm reduces to the general solution when k — n.

2.3.3 Construction of state machine A4,,

In the previous section, we have already mapped the 1D local stabilizer ground state problem
to a constrained classical ground state problem. Once we construct the state machine satisfying
Definition 5, we can obtain the ground state by Theorem 2. We first introduce the projection
operation as follow:

Definition 7. (Projection) We denote Py = +{I;, X;,Y;, Z;}®i€, where i indicates the qubit
index, and I stands for some index set. The projection of a set of Pauli operators P to qubits I
is Pr(P) = PN Pr. The notations of the index set I are the same with Py in Sec. 2.3.2.

It is important to note that, if S is a stabilizer group, P;(S) is also a stabilizer group. Following
the definition of state machine in Definition 5 and the mapping in Sec. 2.3.2, we hope to construct
Ay, on Q € Y (P) satisfying Eq. (20). In the second example of Sec. 2.3.1, we first constructed
A, satisfying Eq. (17). In Appendix 5.2, we prove that Eq. (17) is a necessary condition of Eq.
(20). According to the mapping s — Q, Eq. (17) is

{QlAn} = {Q<y|An} ®{Qx,n|An}, (27)

ie., given Ay, Q,, and Q,, are decoupled. In Appendix 5.3, we derive

od ’H’L

Am(Q) ( proj (Q<m) 1nva11d(Q<m) ;?ght(QZm)) (28)

that satisfies Eq. (17) and further Eq. (20), where

=M

Piraia(Q<) ={P € P[P, Q.| # 0}, (29)
ngrm (Q ) IP)>m k(<Q<m>) (30)

A physical illustration is that, the coupling between Q,,, and Q.,,, comes from (1) [Q-,,, Q<,,] =
0 since elements of a stabilizer group commute, and (2) group multiplication operations be-
tween Q,,, and @, does not generated new elements in either P~,, and P<,,. Given A, =

~ m . . ~m . .
(Sgioy invalid» ;?ght)7 (1) 18 equlvalent to Pinvalid(QSm) = Panalld’ and (2) 18 eqUIvalent to
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SL’ioj(ng) = Sgﬁoj (for the P, part) and S;’i’ght(QZm) = S?fght (for the Pgm part), respec-
tively. Thus, Q,,, and Q-,,, are now decoupled.

Finally, by noticing

:?;ght(QZm) N Pm = Pgm(<Q2m>) N Pm = Qm7 (32)

the state function G is

m

G(A, = (8™ . P

projs * invalid»

Stient)) = Stigne N P (33)
Therefore, the state machine for the 1D local stabilizer ground state problem is

Corollary 3. (State machine of the 1D local stabilizer ground state problem) A, defined in Eq.
(28) is a state machine of the state space S (P). The state function G is given in Eq. (33).

2.3.4 Construction of transition function F'

After defining the state machine in Corollary 3, we need to further derive the transition function
F(Ap) = {An+1(Q)|An = An(Q),Q € L (P)} in order to use Theorem 2. A naive strategy is
looping over all Q € #(P) and calculating each A,,(Q) and A4,,+1(Q), however its computational
complexity is still exponential. Our strategy is introduced as follows with a linear complexity. We

. = 1 .
first notice that both S”F1 and P-m+hd can be obtained from A,, and S?{gj as:

proj inva
S;’iﬁf( L’ioj, m+1) = <P>m—k+1(S$oj(Q§m)),Qm+1>7 (34)
Pt (Phisatia: @uit) ={P € Poit|P € Pliia(Qep) or [P.Qup] #08, (39)
where Q,, | = S;’lgﬁ N P, is determined by S:’llgﬂ The derivations can be found in Appendix
5.3. For given A,, and Sg‘gﬁ, Apny1 is determined via Eq. (34) and Eq. (35), and we denote it as
A1 = A (A, STt (36)
This suggests that, to obtain the transition function F(A,,), we need to determine all possible
S:’i’;}é given Ap,:

Stight (Am) = {5 Am} = {SEL(Q)[Am = 4 (Q), Q € 7 (P)}. (37)

Thus, the transition function F'(A,,) can be written as
F(Am) = {Ami1(Am, SThe) STt € Sight (Am)}- (38)
However, the exact computation of Sfigtl (A;,) is still exponentially scaled. A solution to this issue

is proposed by relaxing the definition of state machines and transition functions as follows:

Definition 8. (Relazed state machine and transition function) Let A, be a state machine defined
on D with transition function F', and A,, = {Am(Ls)\s € D}. For an enlarged space A, O A,,, we
say A € A, is a relaxed state machine, and F(A,, € A.,) is a relaxed transition function

if
1. F’(Am € A,)N A = F(An), ie. F behaves the same with F' in the “valid region” A,,.
2. F(Am S (./Nlm — Am)) - Am+1 — Am+1, ie. if Am+1 S Am+1, then A,, € Am

According to this definition, once some path {A4;, As, ...} enters into the “invalid region” at some
A, ie., A € Ay — A, all the following {Am+1, ...} will stay in the invalid region and the path
could even be early terminated at step t < n when F(A;) = (. To assure each full path {41, ..., A,,}
always staying in the valid region, the condition of A, — A, = 0 is additionally required. With
this additional condition, the replacement of F to the relaxed definitions, F, in Theorem 2 should
still result in the ground state. We refer to this replaced algorithm as the relaxed state machine
algorithm, whose schematic diagram is shown in Fig. 3.
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Figure 3: Schematic diagram of the relaxed state machine algorithm to obtain the ground state of constrained
1D local classical Hamiltonians in Corollary 4. Given a relaxed state machine A,, and a relaxed transition
function F defined in Definition 8, the full space of the relaxed state machine flm is divided to a valid part A,
and a non-valid part A,,, — An. F can connect A, € A, with Apy1 € Ammi1, Am € Am with Ay & Apsa,
Am & Ay with Ayt & Agr, but not A, & A, with Ayyyy € Appa (red dashed line with a “x” sign).
In the valid part A, the behavior of F should be the same as the original transition function F. (the bottom
part is the same as Fig. 2. If there’s no invalid state machine at m = n, i.e. Am = Au,, then the ground state
can be obtained by the same approach in Theorem 2 with the relaxed transition function F'. (once the path
A1, Ag, ... enters into the top part is never reaches m = n so does not affect the result) With the mapping of the
stabilizer ground problem to the constrained classical ground state problem in Sec. 2.3.2, and the constructed
relaxed state machine A,,, relaxed transition function ', and state function G, one can obtain the stabilizer
ground state of 1D local Hamiltonians with a linear scaling. (See Corollary 6)

Corollary 4. (Relaved state machine algorithm of contrained 1D local classical ground state)
Following the notatwns in Definition 8, we replace F' by F and replace the initial A, by some Ay D
Ay in Theorem 2, and generate A,,, m = 1,2, .....,n with the same procedure. If we additionally
have A, = A,, then the modified algorithm still gives the correct ground state.

We now revisit the stabilizer ground state problem, where an enlarged space Sggtl(flm) D

Sg”‘fls( m) heeds to be created. By implying Am 2 A, for each m, the corresponding construction

(Eq (39)) automatically satisfies first condition of Definition 8.

F(Am) = {An1(Am, SE50)ISTeh € Siighe (Am) ) (39)

In Appendix 5.4, we show that the second condition of Definition 8 can be achieved if each S ?fgﬁ €

SngJﬁtl (A,,) satisfies

—1 ¢(Q, 1),
Qm-i—l n szalid(ng) =0,

o " (40)

<P<m(sr1gj}_1%) Q’m> = Srighm

qur:]l N S::Lg—i}_é = Qm+17
where we used Q,, = Sy N P, Qi1 = S:’g{é N P11, and S;’frg}l Sg“rjj(sg”;oj, 1)
defined in Eq. (34). Thus, Sggtl(Am) could be constructed by looping over all stabilizer groups

between qubit m — k + 2 and m + 1, and keeping only the terms satisfying Eq. (40). However,
this apporach has a non-ideal upper bound |8/ | < S(k) ~ 23 (1D (*+2) We note that if F on
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flm D A, is a relaxed transition function, F on any fl’m with flm D) fl’m D A, is automatically
a relaxed transition function (Fig. 3). Thanks to this fact, a better solution can be obtained with
the truncation operation defined as follows:

Definition 9. (Truncation) Let P € P, be a Pauli operator, and P = £p; @ pa ® ... ® p,,, where
pi € {I;, X;,Y;, Z;}. The truncation of P to qubits I is T;(P) = ®;crp;. Similarly, the truncation
of a set of Pauli operators P is T(P) = {T;(P)|P € P}.

A tighter constraint is S}1,,(Q € 7(P)) € T iz, Where

Tighe = {(@)1Q € ' (T<m(P>m))}, (41)

which are stabilizer groups generated by elements in £T<,,(P>,). For example, if a stabilizer
group S is generated by elements in P = { X X5, 7175, Z2}, S1 = P1(S) is generated by elements
in Ty(P) = {X1,Z1}. Note that the converse statement is not true, i.e. S; generated by Ty (P)
is not necessarily some P;(.S). Clearly the number of elements in T<,,(P>,) is up to the number
of elements in P, p4x—1. This leads to a O(exp(Cklogk)) scaling for some constant C' given the
Hamiltonian is sparse, which will be shown in Theorem 3.

Finally, we define

Sglgﬁtl( ) = {Srlght € rlght‘Srlght satisfies Eq (40)} (42)

The corresponding relaxed transtion function F(A,,) is now given by

Corollary 5. (Relazed transition function of the stabilizer ground state problem) F(A,,) defined
in Eq. (39) with Sl’l’;h%( m) defined in Eq. (42) is a relazed transition function of the state machine

Ay, defined in Corollary 3.

The last component we missed is an approach to determine the initial values A;. A clever

construction is A; = Ua,ed, F'(Ao) from Ag by adding an ancillary site 0 with Q, = Py = (. With
this ancillary site, we can derive SpmJ P. 1((Q<p)) = (1), Pionvalid ={P ¢ 15>0|[P,Q§0] #
0} =0, Snght P<o({Qx0)) = (0), and thus Ay = {Ao}, where Ag = ((0), 0, (#)). This naturally
gives Ay = F(Ag = ((0),0,(D))). According to Corollary 4, the final exact 1D local algorithm is
given by:

Corollary 6. (Ezact 1D local algorithm of the stabilizer ground state problem) With the state
machine A, , relazed transition function F, and state function G defined in Corollary 3, Corollary 5
and Eq. (33), starting from A; = F(Ay = ((0),0,(D))), the stabilizer ground state of 1D local
Hamiltonians can be determined by Corollary 4.

2.3.5 Computational complexity

We estimate the computational scaling of the exact 1D local algorithm, which is controlled by
| A |. For the similar reason mentioned in Sec. 2.2, it does not have a simple expression. A loose
upper bound is provided in the following and its detailed proof is given in Appendix 5.5.

Theorem 3. (Upper bound of |A,,|) Let H = > pepwpP be a k-local Hamiltonian, and there
exists M such that |P,,| < M for each m. Then for any m, we can construct candidate values of
A, as .A’ D A, solely from T, ok+1,m (P), such that |.A | < Na = (4kM)?F = exp(3klog 4kM).

We rewrite | A,,| ~ O(exp(Cklog kM)) for simplicity and further analysis. The total cost spent
on each site m is bounded by the product of (1) | A, (2) | A1), and (3) time to compute a single
Apmg € Am+1 from a single A,, € A,,. Since all stabilizer state operations used in the algorithm
can be realized in polynomial scaling of k, the total cost scales as

T ~n x O(exp(Cklog kM)) x O(exp(Cklog kM)) x O(poly(k))
~ O(nexp(C'klogkM))

for some constant C’. Similar to Definition 4, we consider the 1D local and sparse Hamiltonians
defined as follows:
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Definition 10. (local sparse Hamiltonians) For a 1D k-local Pauli Hamiltonian H = p.pwpP,
we say that it is sparse if |P,,| ~ O(poly(k)).

The conclusions T' ~ O(nexp(C’'klog kM)) and M ~ O(poly(k)) lead to the final computation
complexity as:

Corollary 7. (Computational complezxity of the exact 1D local algorithm) The computational
cost T to obtain the stabilizer ground state of a m-qubit, k-local sparse Hamiltonian is T ~
O(nexp(Cklogk)) for some constant C.

2.4 Stabilizer ground states of infinite periodic Hamiltonians

In this section, the stabilizer ground state problem of infinite periodic Hamiltonians (referred to
as periodic Hamiltonians) is discussed. We will show that, for any 1D periodic local Hamiltonian,
the stabilizer ground state also has periodic stabilizers in some supercells. We also show that, the
stabilizer ground states of 1D periodic local Hamiltonians can be similarly obtained by the state
machine solution in the exact 1D algorithm with an additional periodic boundary condition of
state machines in a supercell. This algorithm is referred as the exact 1D periodic local algorithm.
For general periodic Hamiltonians in higher dimensions, we conjecture that the stabilizer ground
states should still have periodic stabilizers. With this assumption, the formalism in Sec. 2.2 is
extended to general periodic Hamiltonians.

We first review the properties of the eigenstates of periodic Hamiltonians on an infinitely long
1D lattice. Let T be an operator to translate a given |¢) by some fixed number of sites, and H
be a Hamiltonian satisfying [H,T] = 0. Bloch’s theorem [71] states that the eigenstates [¢) of H
can be classified by the eigenvalue of T via T|y) = e'®?|1)) since H and T can be simultaneously
diagonalized. In numerical treatments, a supercell with size L is usually introduced and ¢ can take
discrete values ¢ = 277% for integers 0 < j < L [72, 73].

Now we consider stabilizer states in the qubit space. Let T; be the operator to translate
qubit ¢ to ¢ + 1 for any ¢. A Hamiltonian H = ), pwpP is defined to be invariant under
T; if P' = TTPT satisfies P’ € P and wp = wp for any P € P. However, the stabilizer
ground state |¢) of H might not be an eigenstate of T}, ie., Tj|¢p) = Aly) for some A. An
example is H = Hy + eHj, where Hy = — 3 (X3, X3n41X3n12 + Z30Z3n11Z3n42) and Hy =
— > (Z3n—1X3n + X3n,-17Z3y,), and H thus has a period of 3. At e = 0, H can be divided into
independent subsystems {3n, 3n+1, 3n+2} for each n, and each subsystem has degenerate stabilizer
ground states with stabilizers X3, X3n+1Xsn+2 and Zs3, 23,41 23542, respectively. At 0 < e < 1,
the interaction term Hj breaks the degeneracy, and the stabilizers of the stabilizer ground state
become alternating Xs,, X3,11X3n+2 and Z3, Z3,11Z3,42. This system has a period of 6 and thus
does not satisfy Ti—3|v) = A|¢).

Now let us treat the infinite periodic Hamiltonians as n-qubit Hamiltonians with n = oc.
According to Sec. 2.3, we can efficiently determine the ground state by constructing the state
machines {4,,} from the relaxed transition function F', so we get an infinitely long state machine
chain {A%®__ __}. We introduce an equivalence condition A ~ B, if A and B differ only by
translation of some cl lattices, where ¢ € Z, e.g. (Z1,Zs) ~ (Z7,Zg) with | = 3. The following
theorem presents that the state machine chain {AS°__ 1} corresponding to the stabilizer ground
state is periodic with some period cl, ¢ € Z. The proof is given in Appendix 5.6.

Theorem 4. (State machines of CMCS of infinitely periodic Hamiltonians are periodic) Let H =
> pep WpP be an infinitely periodic 1D local sparse Hamiltonian with period I, and Q" € S(P)
be the CMCS of H. Let A,, = A (Q”), there exists some ¢ < Ny such that Ay, ye =~ Ay for any
m, where Ny is given in Theorem 3. Furthermore, the stabilizer ground state energy per site is

cl
. 1
Eperiedic — ip min — him (G(An)), 43
gs c<Na {A_ |Aii1€F(A;),Ag~An} clmz::l (G(Am)) (43)

which involves a periodic boundary condition Ag ~ Aq , and the boundary state machine must be
one of the candidate values in Theorem 3.
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For a fixed supercell size ¢ and boundary state machine Ay, one can perform the algorithm in
Theorem 2 with an additional final state restriction of Ay ~ Ag to obtain the chain { Ay, Ay, ..., A}
with the lowest energy. With additional loops over ¢ and the boundary state machine Ay, one can
find the stabilizer ground state with a linear scaling of I. This algorithm is referred to as the exact
1D periodic local algorithm. Besides, Theorem 4 implies that the CMCS Q* is also periodic, and
thus the stabilizer ground state |¢) is also periodic, i.e. Ty|v) = |[¢).

We then move on to discuss higher-dimensional Hamiltonians. Although we are not able to the-
oretically prove that the stabilizer ground state |i) satisfies Ty|1)) = |[¢) for translation operators
T.; in each dimension, we speculate that at least some approximated (if not exact) stabilizer ground
state satisfies such condition due to its similarity to the supercell treatments of exact eigenstates.

With the assumption of T,|v)) = |1), we present the stabilizer ground state theory for general
infinite periodic Hamiltonians. For any stabilizer P with P|y) = |¢), let P’ = T:lPTcl7 we have
P'|¢) = |[¢), and thus P’ is also a stabilizer of |1)). We only need to consider those Q € . (P)
such that @ = TJZQTcl. (Roughly speaking, we only need to determine the stabilizers @ in a single
supercell and then copy it to others) Strictly, we define the closed commuting periodic subsets

(CCPS) as
J(P)={QCPIQ=(Q)NP,~1¢(Q),Q=T,QT.}. (44)

Since [Q, TJIQTCl] =0 for any Q € Q, Q € .7.(P), a naive but useful simplification of .7.(P) is
S(P) = “.(P"), (45)

where P’ = {P ¢ P|[P, T} PT,] = 0}. Consider the example H = 3. Z; X; 1 which has period
[ = 1. If the supercell size is ¢ = 1, then according to {Z; X;11, Zi11Xi12} = 0, we have P’ = ()
and thus .%.—1(P) = {#}. This indicates that ¢ = 1 is not a good choice. If the supercell size is
¢ = 2, we could, for example have Q@ = {Z; X, 11|i € Z}. Finally, the stabilizer ground state is
given by
E..= min Euu(H, (Q)). 46
gs c,Q?}?(P) stab(H, (Q)) (46)
The Q € 7.(P) minimizing Eq. (46) is referred as the closed maximally-commuting periodic
subset (CMCPS) of P (or H). For physically reasonable Hamiltonians, it might be enough to
search for the minimum stabilizer ground state energy by checking a few small c.

2.5 Applications analysis of stabilizer ground states

In the following, we discuss the potential applications of the concept and algorithms of stabilizer
ground states in simulating many-body physics problems from the aspects of both quantum and
classical algorithms. The stabilizer ground states are also compared with other common ground
states ansatzes, e.g. the mean-field state, and matrix product states (MPS). Since the concept of
"mean-field” has different definitions in different situations, we only consider the product states
[74, 75], which is a typical example of mean-field states in the qubit space. However, a similar
analysis also works for many other cases. We will also see that, although stabilizer states, product
states, and MPS each have their own advantages depending on the physical system, their strengths
are not mutually exclusive. In fact, one can seamlessly combine stabilizer states with product states
or MPS to leverage the benefits of both, especially for systems that exhibit features characteristic
of both classes.

Stabilizer ground states could serve as good candidates for initial states in terms of quantum
algorithms. Specifically, we consider two quantum algorithms for many-body ground state prob-
lems, i.e., the variational quantum eigensolver (VQE) [15, 16] and quantum phase estimation (QPE)
[27, 28], which are the most widely studied algorithms in the noisy intermediate-scale quantum
(NISQ) [76] and fault-tolerant quantum computation (FTQC) [77] era, respectively. For VQE, a
notorious issue is the barren plateau problem [78, 79, 80], implying that the energy gradients with
respect to the circuit parameters are exponentially small except in an exponentially small region,
and such behavior resulting in the failure of classical optimizations [79]. Thus, starting from a
physically valid state, such as an approximated ground state in the case of stabilizer ground state,
serves as the easiest and the most straightforward solution to mitigate the barren plateau problem.
In terms of the QPE algorithm, the output is a random eigenstate. Let the initial state be |1)init,
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the probability of getting each eigenstate |1y ) follows Born rule |{¢ini¢]1r)|?. For randomly chosen
[Vinit)s |(¥init|r)]? also decays exponentially with the system size [6]. Thus, an initial state having
a large overlap with the exact ground state is also vital for the success of QPE. In summary, for
both VQE and QPE, an initial state close to the ground state is desired, where stabilizer ground
states and the corresponding efficient algorithms serve as good candidates. [81]

One of the main advantages of the stabilizer states for initial states on quantum computers is
its ability to be efficiently prepared on quantum circuits with up to O(n?/logn) single-qubit and
double-qubit Clifford gates [40]. Such advantage is further magnified on fault-tolerant quantum
computers, where the computational cost is dominated by non-Clifford operations via, e.g., magic
state distillation [41]. Besides, we prove in the following that, the gate count number can be further
reduced to O(nk/logk) for the preparation of stabilizer ground states of 1D k-local Hamiltonians
(assuming the stabilizer ground state is not highly degenerate).

Theorem 5. (Decomposed Clifford transformations of local stabilizer groups) Given a m-qubit
stabilizer group S, if there exists independent generators P = {Py,...,P,} (i.e. S = (P)) that
each P; is k-local, then we can find up to L ~ O(nk/logk) single-qubit and double-qubit Clifford
transformations Uy, ...,Ur, such that the combined Clifford transformation U = HLL U; satisfies
UtsU = (Z1,Z5, ..., Zyn). Furthermore, if there are up to s elements in {P;} that are not k-local,
the above conclusion still holds with L ~ O(nk'/logk’), where k' =k + s.

Proof. See Appendix 5.7. The corresponding algorithm is given in Algorithm 1. O

Corollary 8. (Quantum state preparation of stabilizer ground states of 1D local Hamiltonians)
Let H = ) pcpwpP be a n-qubit , k-local 1D local Hamiltonian, and the corresponding CMCS
is Q° € S (P). According to Theorem 1 the stabilizer ground states are those stabilizer states
stabilized by (Q*). If (Q*) has n — s independent generators, then each of the corresponding
ground states can be prepared on quantum circuits with up to L ~ O(nk'/logk’) single-qubit and
double-qubit Clifford operations, where k' = k + s. Specifically, if the stabilizer ground state is
non-degenerate, one needs L ~ O(nk/logk) operations.

Proof. Since each Q@ € Q* is k-local, S = (Q*) has n — s k-local and independent generators,
thus it meets the requirement of Theorem 5, and the conclusion applies. Since each (degenerate)
stabilizer ground state satisfies Ply)) = |¢) for P € S, we have UTPU(U'|%)) = (UT|¢))). Since
U'SU = (Z1,Z4, ..., Z,), we have |[¢') = Ut|) = |0)9", or |[¢) = U|0)®", ie. [¢) can be
prepared by U, which contains L single and double-qubit Clifford operations. When and only
when s = 0, the stabilizer ground state is unique, thus the non-degenerate stabilizer ground state
implies L ~ O(nk/logk). O

We also compare it with product states and MPS in the following. Since product states can be
trivially prepared in O(1) circuit depth and O(n) gates, we mainly discuss the preparation of MPS.
MPS is a powerful common ground state ansatz especially for 1D local and gapped systems as the
ground state satisfies the area-law entanglement. It has also been shown that an n-site MPS with
bond dimension x can be prepared on quantum computers with n numbers of (log, x + 1)-qubit
unitaries [82, 45]. Since m-qubit gate can be decomposed to O(4™) single-qubit and double-qubit
gates [83], this gives a total number of O(nyx?) single-qubit and double-qubit gates. (Recent work
[84] shows that the circuit depth can be reduced to O(logn) or O(loglogn) but with the price of
higher scaling in terms of x, typically O(x*) or O(x®)). In the worst case, MPS requires bond
dimension y = 2 to describe a (k+ 1)-local stabilizer state, which leads to an exponentially higher
cost of circuit preparation in terms of dependence on the locality k. One example is the rainbow
state [1) = >, i li1..ik71...ix), which is essentially the product of & bell pairs on qubits (i, k+1),
i=1,..k.

Even in systems where area-law entanglement holds and MPS or product states are effec-
tive—such as 1D gapped Hamiltonians—stabilizer ground states can still provide complementary
benefits. One can exploit this by combining stabilizer states with MPS or product states in ei-
ther the Schrodinger picture (e.g., treating stabilizer states as basis) or the Heisenberg picture
(e.g., applying Clifford transformations to simplify the Hamiltonian). Hybrid approaches often
offer more expressive power, particularly in systems that exhibit both short-range correlations and
stabilizer-like structures. In Sec. 3.4, we present an example where product states are used as basis
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transformations to extend stabilizer ground states, which we apply to describe the toric code model
in the presence of external fields. Recent works further support the utility of hybrid strategies be-
tween stabilizer states and MPS or tensor network. For example, stabilizer tensor networks [66]
use stabilizer states as local bases within tensor networks, and Clifford-augmented DMRG [65]
applies sequential Clifford transformations to enhance MPS representations. In the former case,
stabilizer ground states naturally appear as a physical basis for ground state descriptions. In the
latter, stabilizer ground states can be used to construct a Clifford transformation Ug such that
Uc|0)®™ = |thstan gs), thereby simplifying the Hamiltonian before applying MPS methods. The
various ways in which stabilizer states, product states, and MPS can be combined are illustrated
schematically in Fig. 4.

extended stabilizer states (Sec. I1ID)

product states stabilizer states

MPS / TN (unchanged) Stabilizer tensor network (Ref. 66)

Figure 4: Conceptual relationships among stabilizer states, product states, and matrix product states (MPS) or
tensor networks (TN). The intersection of stabilizer states and product states corresponds to extended stabilizer
states (see Sec. 3.4), i.e., stabilizer states expressed in rotated local bases. The intersection of stabilizer states
and tensor networks corresponds to stabilizer tensor networks [66], where stabilizer states serve as local building
blocks of the network. The intersection of product states and MPS/TN is trivially contained within MPS/TN,
since product states correspond to MPS with bond dimension one and MPS naturally allow local basis rotations.

In the context of classical algorithms, stabilizer ground states can be incorporated into both
variational and perturbative methods. On the variational side, similar to their role in mitigating
barren plateaus in VQE, stabilizer ground states can serve as building blocks for classical ansatzes
where energy expectation values must be efficiently computable. While most classical variational
methods operate in the computational basis—such as product states, MPS, or variational Monte
Carlo (VMC)—the stabilizer basis provides a natural generalization. For example, VMC ansatzes
can be extended from the form [¢) = ", ¥;(0)|) to

) = 3 C(tstan: 0)[tsean) (47)

Pstab

where the sum runs over all or a subset of stabilizer states, and C(¢stap; @) is a parameterized
coefficient function. Since overlaps (¢, |H|¥stab) can be efficiently computed for Pauli Hamilto-
nians, such stabilizer-based VMC methods may be especially suitable for capturing long-range or
strongly entangled features beyond those well-described by the computational basis.

Stabilizer ground states also offer a useful tool in perturbative approaches. These methods
typically split the Hamiltonian as H = Hy + H;, where Hj is exactly solvable and H; is treated as
a perturbation. As discussed in Sec. 2.2, our algorithm identifies a CMCS Q* C P for a given Pauli
Hamiltonian H = } . p wp P. This yields a natural decomposition where Hy = ZPeriQ* wpP,
with the stabilizer ground state being the exact ground state of Hy. The remaining terms define Hy,
and their effects can be treated perturbatively. This approach allows the stabilizer ground state
algorithm to not only provide an approximate solution but also guide the optimal partitioning
of the Hamiltonian for perturbative expansion. A related recent direction is the development
of doped stabilizer states [85], which utilize the stabilizer nullity structure of a Hamiltonian for
efficient approximation. Our method is complementary in that it provides a systematic framework
to extract stabilizer-aligned structure even in non-stabilizer Hamiltonians.
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3 Results

In this section, we first perform a few benchmarks on the exact 1D local algorithm, including
the computational cost in Sec. 3.1 and the comparison with numerically optimized approximated
stabilizer ground states in Sec. 3.2. Furthermore, we demonstrate a few potential applications
for stabilizer ground states and the corresponding algorithms on (1) simple qualitative analysis of
phase transitions in Sec. 3.3, (2) serving as the cornerstone of developing advanced ground state
ansatzes in Sec. 3.4, and (3) generation of initial states for VQE problems for better performance
in Sec. 3.5.

All algorithms introduced in this work are implemented in both Python and C++ in https:
//github.com/SUSYUSTC/stabilizer_gs. The Python code is presented for concept illustration
and readability, and the C4++ code is used for optimal performance with a simple parallelization.

3.1 Computational cost of the exact 1D local algorithm

The scaling of the computation time for this exact 1D local algorithm only has a loose theoretical
upper bound (Theorem 3 and Corollary 7) and lacks an exact analytical formula. Therefore,
we implement the algorithm in C4++ and numerically benchmark the computational time. All
corresponding timings are collected on an 8-core i7-9700K Intel CPU.

We consider the following stochastic k-nearest Heisenberg model as the example Hamiltonian:

n i+k—1
H=> Y Jwsrsy+ JWsys! + J;78; S (48)
i=1 j=i+1
with each J&*, J%Y, J7Z ~ N(0,1), i.e. all these coupling coefficients independently follow the
normal distribution. We also consider the case of J7* = 0, J7*, ijy ~ N(0,1) for comparisons.
The two models are referred to as {XX,YY,ZZ} and {XX,YY}, respectively.
Following the procedure of the exact 1D local algorithm, all the possible values of {4,,} with
m =1,2,..n+ 1 are generated sequentially. In Figure 5(a), the computational time of generating
{A41} from {4,,} are plotted as a function of site m for both the {XX,YY,ZZ} and {XX,YY}
models with n = 25 and k = 5. Except for a few sites near the boundaries, the wall-clock time
spent at each site is almost a constant for both models. This verifies that the computational cost
of the 1D local algorithm scales as O(n), as proved in Theorem 3. Due to the smaller number of
Pauli terms in the Hamiltonian, the computational cost of the {XX,YY} model is systematically
lower than the {XX,YY,ZZ} model.

(a) = 1004 (b)
10° 4 o
2
IS 10
=
3 101 4
-1 =
O D 0
o Q@
jo))
£ £ 107
- w
1072
€ 1072
=} ® k-nearest {XX,YY,ZZ}
g 1073 k-nearest {XX,YY}
10-3 4 ® 5-nearest {XX,YY,ZZ} ¢>é = == Cexp(1.23 k log k)
5-nearest {XX,YY} £ 1074 — = Cexp(1.11 k log k)
T T T T T T T T T T T T
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Figure 5: Wall-clock time of the 1D local algorithm on the {XX,YY,ZZ} and {XX,YY} model (see the main
text). (a) Computational time spent on each site m for the two models. (b) Maximum single-site computational
time (solid lines) as a function of k for the two models, and fitted curves (dashed lines) with the form of
Cexp(C'klogk).

After showing that the time spent at each site is a constant except for the sites near the
boundaries, we further discuss the scaling of the maximum single-site running time as a function
of the locality parameter k for different types of Hamiltonians. Figure 5(b) displays the maximum
wall-clock time of a single site as a function of k for both models. We assume that the form of the
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scaling function is C'exp(C'klog k) according to Corollary 7. The numerical scaling functions are
fitted independently for two models in Figure 5(b). The resulting fitted scaling curves have the
parameters C’ = 1.23 and C’ = 1.11 for the {XX,YY,ZZ} and {XX,YY} models, respectively, and
match the true timing data well. This indicates that the computation time of different Hamiltonians
within the same class scales similarly.

3.2 Comparison with numerical discrete optimizations of stabilizer ground states

We demonstrate that numerical optimizations of stabilizer ground states are not scalable and lead
to unacceptable energy errors with an increasing number of qubits. The numerical optimization
of stabilizer ground states can be performed by discrete optimizations of the Clifford circuits
representing stabilizer states [63].

Here, we still use the stochastic k-nearest Heisenberg Hamiltonian in Eq. (48) (the {XX,YY,ZZ}
model) as an example. The Clifford ansatz employed here modifies the hardware-efficient Clifford
ansatz in Ref. [63] by generalizing the single-qubit Clifford rotations to all single-qubit Clifford
operations (24 unique choices in total) [86]. The simulated annealing algorithm is used in the
discrete optimization with an exponential decay of temperature from 5 to 0.05 in 2500 steps.
In each step of the simulated annealing, one of the single-qubit Clifford operations is randomly
selected and replaced with one of the 24 operations, and the move is accepted with a probability
of min(exp(—AF/T), 1), where AF is the energy difference.
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Figure 6: Stabilizer ground state energies of the stochastic k-nearest Heisenberg model obtained by the exact
1D local algorithm (E¢..c:) and the numerical simulated annealing optimization algorithm (E5,.). (a) Fec Per
site versus g, per site with n = 4,8,12,16,20 and k = 4. The black dashed line corresponds to Eg,,cc = Eoy.
(b) The mean relative energy error of stabilizer ground state energy captured by the numerical optimization
algorithm ((Egpe/Eexact)) versus n with locality k = 4.

Figure 6(a) compares the stabilizer ground state energies obtained from the exact 1D local
algorithm (Ej,,.) and the numerical optimization algorithm (£5,;). For each n, 100 random
Hamiltonians are tested. For every single test, the numerically optimized ground state energy is
either equal to or higher than the exact stabilizer ground state energy. With increasing n, the
success probability of numerical optimization that results in accurate stabilizer ground state ener-
gles decreases and Ef ., approaches zero. This indicates that the numerical discrete optimization
cannot correctly obtain the stabilizer ground state due to the exponential scaling of the number of
stabilizer states and the number of possible Clifford circuits. Figure 6(b) displays the quantitative
statistics of the performance degradation speed of numerical optimization by plotting the averaged
relative stabilizer ground state energy (Eg,/Egy,c;) versus the number of sites n with k = 4. A
rapid decay of the energy ratio is observed from 97.4% at n = 4 to 0.4% at n = 20. Therefore, the
optimization method fails to bootstrap large-scale variational quantum algorithms via stabilizer
initializations as claimed in Ref. [63] and the challenge is fully solved by our new algorithm at
least in the 1D case.
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3.3 Qualitative analysis of phase transitions

(a) Numerical ground state (b) Stabilizer ground state
1 polarized 1 polarized
N
<
cluster cluster
ferromagnetism ferromagnetism
[ O —
0 1 0 1
Jy Jy

Figure 7: Ground state phase diagram of the Hamiltonian in Eq. (49) obtained by (a) numerical DMRG
calculations in Ref. [87] and (b) stabilizer ground state calculations via the exact 1D periodic local algorithm.
There are three phases, including the cluster phase, the polarized phase, and the ferromagnetism phase, for
both cases.

Similar to the mean-field states, stabilizer ground states can also qualitatively capture the
phases and phase transitions in many interesting systems. Specifically, stabilizer ground states are
good at capturing topological phases with long-range entanglements. This capability is demon-
strated using an infinite 1D generalized cluster model [87] as an example, whose Hamiltonian
is

o0
H= > —~Xp1ZnXns1 — JyYoYns1 + hyYo. (49)
n=—oo

This model is equivalent to the free fermion model at h, = 0, while it is not dual to any free
fermion model at hy, # 0 due to the lack of Z5 symmetry. This Hamiltonian has been studied
by numerical density matrix renormalization group (DMRG) calculations in Ref. [87], and the
corresponding phase diagram is replotted in Figure 7(a). Three phases are observed in this phase
diagram, including the symmetry-protected topological phase at small but positive .J, and h,, the
polarized phase at J, — 0o, hy, —+ 00, and the ferromagnetic phase at h, =0, J, > 1.

We apply the exact 1D periodic local algorithm to the Hamiltonian to obtain the stabilizer
ground states of this model using different parameters (Jy, hy). Calculations are performed with
candidate supercell sizes ¢ < 6, and the minimum energy is selected as the stabilizer ground state
energy. All possible types of distinct stabilizer ground states are listed in Table 1, and the cor-
responding phase diagram is plotted in Figure 7(b). When comparing Figure 7 (a) and (b), the
stabilizer ground state phase diagram matches the numerical ground state phase diagram well
except for the shape of the boundary between the cluster phase and the polarized phase. The
boundary predicted by stabilizer ground states is a straight line, while the numerical boundary
is slightly curved. These agreements indicate that stabilizer ground states are useful to qualita-
tively understand phase transitions in quantum many-body systems and provide a new perspective
compared to conventional mean-field approaches. The stabilizer ground state at the tricritical
point Jy, = 1,h, = 0 is observed to have two new degenerate stabilizer ground states besides
the stabilizer ground states in other phases. These two new stabilizer ground states have stabi-
lizers {X3n—1Z3nX3n+41, Y3n—1Y3n, Y30 Y3n 11} and { Xz, 123, X341, X30 23041 X3n12, Y3n Y3n41},
respectively.

3.4 Extended stabilizer ground states

Stabilizer ground states can be used as a starting point to develop advanced numerical methods
or quantum state ansatz for classical simulation. As an illustration, we introduce the extended
stabilizer ground state and demonstrate its capability of characterizing phase transitions of a 2D
generalized toric code model. The relation between computational basis states, stabilizer states,
product states, and extended stabilizer states are discussed in Sec. 2.5 and Fig. 4. We first
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Table 1: Stabilizer ground states of the Hamiltonian in Eq. (49) in different phases. Note that the conditions
of (Jy, hy) do not strictly contradict each other, which indicates degeneracies of stabilizer ground states in the
overlap regions (borders between phases or the tricritical point).

Stabilizers (Jy, hy) Phase
{Xn—lann—i-l} Jy + hy <1 Cluster
{-Y,} Jy +hy > 1hy >0 Polarized
{YV.Y,i1} Jy >1,hy =0 Ferromagnetism
{X3n-1Z3nX3n+1, Y3n—1Y3n, Y3 Yant1} Jy=1,hy; =0 Tricritical point
{X3n71Z3nX3n+17 X3n23n+1X3n+2, Y3nY3n+1} Jy = 1, hy =0 Tricritical point

introduce a quantum state ansatz expressed as applying single-qubit rotations on some stabilizer
states, i.e.

|1/J> = U({ej})|wstab> = Heiej'SJ |’(/}stab>7 (50)

where S is the vector spin operator on the jth qubit. We then define the extended stabilizer
ground state by the state |¢) with the lowest energy among all possible combinations of {6,} and
[thstan). Instead of directly finding the value of {6} and |¢)san) that minimizes the energy, which
requires expensive discrete optimizations, we can effectively transform the Hamiltonian by

H — H'({6;}) = U'({6;) HU({6;}). (51)

The stabilizer ground state of the Hamiltonian H'({6;}) is thus a function of {€;}. Since local
Hamiltonians after single-site rotations remain local with the same localities k, such an extended
stabilizer ground state formalism increases the expressive power without significantly complicating
the problem, especially when each Pauli operator only nontrivially acts on a limited number of
sites.
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Figure 8: Geometry and phase diagrams of the 2D generalized toric code. (a) The geometry of the 2D generalized
toric code model in Eq. (52). (b) Numerical ground state phase diagram obtained by continuous-time Monte
Carlo calculations in Ref. [88]. (c) Extended stabilizer ground state phase diagram. For both (b) and (c), three
phases are found, including the topological phase, phase A, and phase B. The first-order transition line (dashed
blue line) at h, = h begins at h, = h. = 0.34 and ends at h, = h, = 0.418 in (b), while it begins at
he = h, =0.46 and ends at hy = h, = 1.414 in (c)

As a demonstration, we consider a 2D generalized toric code model with external magnetic
fields. The Hamiltonian is

H=— (Y A+ By) ~had X = 0> 7, (52)

which is defined on a torus, where A, = [[,c, X; and B, = [[,¢, Z; represent the product of
spin operators on bonds incident to the vertex v and surrounding plaquette p, respectively. The
geometry of the vertices and plaquettes is shown in Figure 8(a). This Hamiltonian is studied
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by continuous-time Monte Carlo simulation in Ref. [88] and the phase diagram is reproduced in
Figure 8(b). At h, — oo with fixed h, or h, — oo with fixed h,, each spin is polarized in the x
or z direction, and gives the phase A or B, respectively. A phase transition happens between the
phase A and B at the first-order transition line h, = h,, which begins at h, = h, = 0.34 and ends
at h, = h, = 0.418. In the limit of h, — oo and h, — oo, the polarization of the system varies
continuously between phases A and B, thus no phase transition occurs.

Now we consider the extended stabilizer ground state of this Hamiltonian. Since the Hamilto-
nian only contains X and Z, the single-qubit rotations can be restricted to the form of U({6,}) =
I1; 29935 As stated previously, we need to transform the Hamiltonian in Eq. (52) by U ({0;}) and
then determine the stabilizer ground state. As discussed in Sec. 2.4, the stabilizer ground state of a
periodic local Hamiltonian should be periodic over supercells with some size c¢. For simplification,
the stabilizer ground state is assumed to have period 1. We set §; = o and 0; = 3 for sites j
on vertical bonds and horizontal bonds, respectively, and thus the total rotation operator can be
written as U(a, f3).

With fixed supercell size ¢ = 1, the stabilizer ground state of the rotated Hamiltonian U (a, 8)T HU (c, 3)
can be found via Eq. (46) for each set of rotation angles «, 5. The corresponding stabilizer ground
state energy per site is written as E(hy, h,,«, ). The extended stabilizer ground state energy
per site is then given by E(hy, h,) = min, g E(hy, h,, a, ). In the following analysis, we apply
the simplification process in Eq. (45) for convenience, which allows us to exclude Pauli terms like
P = X,7Z,.X,Z;, where the subscripts [, r,u, d stand for the left, right, up, and down site of either
a vertex or a plaquette. The valid Pauli terms of the rotated Hamiltonians include (1) X and Z on
each site; and (2) X; X, X, Xq, X X, Z, Zq, 7,7, X Xa, and Z, 7, Z,,Z4 on each vertex or plaquette.

The resulting extended stabilizer ground state phase diagram is plotted in Figure 8(c) and it
matches the exact phase diagram qualitatively. In the topologically ordered phase, the stabilizers
are the set of all X; X,. X, Xy, X1 X, Z,Zq, 21 7. X Xa, 2127, Z4 on all vertices and plaquettes. We
find that the corresponding E(h,, h., «, 3) is a constant with respect to « and 3, attributed to the
fact that U(a, ) is a symmetry operation of this stabilizer state. In phase A and B, the stabilizers
are simply X on each site and X; X, X, X4 on each vertex and plaquette, which corresponds to the
product of single-site polarized states in the picture of the unrotated Hamiltonian. We consider
hy = h., in which case the extended stabilizer ground state is always found at a« = . The
corresponding per-site energy function E(h,«) = E(h, = h,h, = h,a, 8 = «) is given by

1
E(h,a) = —5(0054 a4+ sin® @) — h(cos a + sin ), (53)
which is symmetric under & — 5 — «. No phase transition happens for large h since only one
minimum « = 7, while two minimums can be found for small h. The behavior could be better

understood by Taylor expansion around o = 7, which gives

32*\@194
4

5 +0(6%). (54)

h 2

+ 6) = const + (\@ 1)6% +
This indicates that the first-order transition ends at h = v/2, where a second-order phase transition
happens due to the change of sign of the quadratic term. Furthermore, at h < h. &~ 0.46, E(h, @)
is higher than the energy of the topologically ordered state for all a. Thus, we claim that the
corresponding first-order transition line begins at h, = h, ~ 0.46 and ends at h, = h, = V2 =
1.414. Although the exact transition values are different, the qualitative picture captured by the
extended stabilizer ground state is consistent with the ground truth.

i
E(h,a ==
(hya =

3.5 Initial state for VQE problems

Stabilizer states have been recently used as initial states [63, 64] for VQE problems to mitigate
the notorious barren plateau issue [78, 79, 80]. The stabilizer initial states can be prepared on
quantum circuits by efficient decomposition to up to O(n?/logn) single-qubit and double-qubit
Clifford gates [40], or even fewer gates for stabilizer ground states of 1D local Hamiltonians (see
Corollary 8). The effective VQE ansatz is

[¥(8)) = U(0)[sta) = U(O)Uc|0)", (55)
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Figure 9: Errors of optimized VQE energies computed using the stochastic k-nearest Heisenberg model. Fexact
represents the exact ground state energy, and Ezi/)QE is the optimized VQE energy, where () is the employed
initialization scheme. Three initialization schemes, i.e. zero state, classical ground state, and stabilizer ground
state, are compared. They are abbreviated as (i) =zero, (i) =cls, (i) =stab, respectively. (a) EYor - Fexact
plots versus E;/e?oE - Eexact for N = 100 random Hamiltonians with n = 6 and k = 2,4. (b) Mean relative errors

of energies (1 — (EX)QE/EGX“Q) versus the number of sites n for the three initializations with k = 2, 4.

where the stabilizer initial state |9)san) is decomposed to Ug|0Y®". Another approach is to employ
the quantum state ansatz as follows:

[¥(8)) = UcU(8)0)"". (56)

The advantage of the latter approach is that one can equivalently transform the Hamiltonian by
H— H = U(];H Uc classically, and thus only the U(8) part needs to be performed on the quantum
circuit [60, 59, 89]. However, its disadvantage is that it might break the locality of the Hamiltonian
and cause additional overhead on the hardware that cannot support nonlocal operations [90, 91].
Therefore, we adopt the former strategy in Eq. (55) for the following benchmark.

The {XX,YY,ZZ} model in Eq. (48) still serves as the example Hamiltonian, and the variational
Hamiltonian ansatz [92] is used as the example VQE circuit for ground state optimization. By
rewriting the Hamiltonian as H = ", wpP with P = S7S7,S/SY,S75%, the corresponding
quantum circuit ansatz is as follows:

[0(0)) =[] e [thini)- (57)

P

We compare three choices of the initial state |tinit), including the [0)®™ state (referred to as zero
state), the classical ground state, and the stabilizer ground state obtained by the exact 1D local
algorithm. The relations between classical ground states, stabilizer ground states, and product
states are discussed in Sec. 2.3.2. The quantum circuit simulations are conducted via the Tensor-
Circuit software [93]. The optimization of parameters 6 is performed by the default L-BFGS-B
[94] optimizer in SciPy [95] with zero initial values.

Figure 9(a) displays the distributions of optimized energy errors of the zero state and stabilizer
ground state initialization strategies tested on 100 random Hamiltonians with n = 6. Stabilizer
state initializations result in lower VQE errors compared with those via the zero state in 82% and
92% of the 100 tests for K = 2 and k = 4, respectively. There are few points in the region of
EYQE < E;ing, which is attributed to the fact that an initialization state with a lower energy
does not guarantee a lower final energy after VQE optimizations. Figure 9(b) also shows the mean
relative errors of energies 1 — <EX)QE /Eexact) for increasing n and k = 2,4, where (i) represents
each of the three initialization strategies. Initializations via stabilizer ground states are observed
to systematically provide better energy estimations for both £k = 2 and k£ = 4.
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4  Conclusions and Outlook

In this work, we introduce stabilizer ground states as a versatile toolkit of both qualitative analysis
of quantum systems and cornerstone of developing advanced quantum state anstazes on classical or
quantum computers. For general Hamiltonians, we establish the equivalence between the stabilizer
ground state and the closed maximally-commuting Pauli subset. For 1D local Hamiltonians, we
additionally develop an exact and efficient algorithm to obtain the exact stabilizer ground state with
linear scaling. Besides, we prove that the stabilizer ground state of 1D local Hamiltonians can be
prepared on quantum circuits with a linear scaled circuit depth. Furthermore, both the equivalence
formalism for general Hamiltonians and the linear-scaled algorithm for 1D local Hamiltonians can
be extended to infinite periodic systems. We also compare stabilizer ground states, mean-field
ground states, and MPS ground states in terms of the applications for constructing quantum and
classical ansatzes. By benchmarking on example Hamiltonians, we verified the computational
scaling of the exact 1D local algorithm and demonstrated the substantial performance gain over
the traditional discrete optimization strategies. We also illustrate that stabilizer ground states
are promising tools for various applications, including qualitative analysis of phase transitions,
generating better heuristics for VQE problems, and developing more expressive classical ground
state ansatzes.

Looking forward, future studies can fruitfully branch into three major directions. The first
avenue is to develop algorithms for stabilizer ground states of other types of Hamiltonians, including
Hamiltonians with other quasi-1D structures and local Hamiltonians in higher dimensions. For the
latter, finding the exact stabilizer ground state is NP-hard, evidenced by the NP-hardness of one
of its simplified cases, i.e., the ground state problem of 2D classical spin models with random
magnetic fields [96, 97]. However, approximate or heuristic algorithms [98, 99, 100] for stabilizer
ground states may still be practically useful for higher-dimensional systems. The second avenue
extends the concept of stabilizer ground states to other physically interesting properties, such
as excited states, mixed states, and thermal state sampling. These extensions are plausible, as
the automaton structure of the 1D algorithm shares similarities with an ensemble of quantum
states. The third avenue involves the exploration of more downstream applications for stabilizer
ground states, especially via combining with other well-established quantum state ansatzes, such
as tensor network [66], perturbation theory [85, 57], variational quantum Monte Carlo, or low-rank
(or low-energy) stabilizer decomposition [55].
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5 Appendix

5.1 Proof of Theorem 1

Let S = (Q), Q € “(P) be one of the stabililizer group such that Ega,(H,S) = Egs, and [1))
is any stabilizer state stabilized by S. Let Sy, = (Stab(|s))) N P), obviously we have § C S,.
Let Sy = (S, P, P, ..., P;) where each P; € P, 1< i < k. We consider the sequence S; =
(8,P,P,,...,P;) with i = 0,1,..., k. Clearly we have S; N P € .7 (P) for each S;.

First we prove that Eg.n(H,S;) = Egs for each S;. Obviously, it is true for i = 0. Given
it is true for S;, we then consider S;1; = (S;,Pi11). If Py € S;, then S;41 = S; so
Esan(H,Siy1) = Egs. Otherwise we consider E; = FEga,(H,S;), Ey = Esan(H, (Si, Pit1))
and E_ = Eg.n(H, (Si,—Pit1)). For each P € P, it falls into one of the following situations: (1)
P € £S5, so it contributes equally to Ey and E_, (2) P ¢ £85; but P € £(S;, Pi+1) so it con-
tributes no energy to E; and opposite energy to Ey and E_, (3) P ¢ £(S;, P;+1) so it contributes
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no energy to F;, . and E_. Thus we have 2E; = E, + E_. However E; is already the minimum
of Egan(H, S) for S € #(P), thus B, = E_ = E; = Eg, i.e. Egan(H, Siy1) = Egs. Now we can
conclude that Egan(H, S;) = Egs for each S;, which implies Egpap(H, Sy) = Egs.

Next we prove |¢) is a (degenerate) stabilizer ground state. According to Corollary 1, we
have (Y|H|¢) = Egan(H, Sy) = Egs. If there exists stabilizer state |¢') such that ('|H|¢’) <
(1|H ) = Egs, we should have Exa, (H, (Stab(|y)) N P)) = (¢/|H[)') < Egs, which conflicts with
the definition of Ey. Thus we conclude that [¢) is a (degenerate) stabilizer ground state.

5.2 Proof of Eq. 17 from Eq. 20

We first introduce an important fact s <> {Ay, ..., A, }, where <> means bijective mapping. This is
because (1) G(A,,) = sm gives the mapping from the latter one to the former one, and (2) A4,,(s)
itself is the function that maps from the former one to the latter one. Based on this, we have
{s|An} < {A1, ..., An|An}
= {Ah sy Am|Am} by {Am-i-lv ey An‘Am}
— {3§m|Am} ® {8>m|Am}
2 {slAn},

(58)

where in the first line used s > {4y, ..., A, }, the second line used Eq. 20, the third line used the
mapping G(A,,) = $m, and — means the surjective mapping. Thus Eq. 58 gives a four-step way
to map {s|A,,} to itself. Therefore the mapping in each step must be bijective. Specifically, the
mapping from the third line to the fourth line is bijective, which exactly gives Eq. 17, i.e.

{8l4n} = {s<m|An} @ {s>m|An} (59)

5.3 Derivation of the state machine

We first introduce the following lemma related to the projection operations, which will be frequently
used:

Lemma 3. If B C Py, then P;((A, B)) = (P;({A)), B).

Proof. We only need to prove (A, B N'P; = (AN P, B). This can be seen by (1) (ANPr, B) C
(A, B), (2) (ANP;,B) C Py since ANP; C Prand B C Py, and (3) for any P = (A, B)N'Pr we
can write P = AB where A € A and B € B. Since B € Py, P € P;r we also have A € P;. Thus

P = AB e (P;((A)), B). O
We have already proved that Eq. 17 is a necessary condition of Eq. 20. In fact, if we additionally
have N N N
mo m (—> PR mJ
{8m A} 0 {A1, s A} .
{ssm, Am} < {4Am, ..., An}
they are equivalent. With the mapping s — Q given in Sec. 2.3.2, Eq. 60 becomes
{QSm?Am}H{Alv"WAm}v (61)
{Q>m7 Am} A4 {Am7 ceey An}v
and Eq. 17 becomes
{QIAn} ={Q<nlAm} @ {Qx,|Am}, (62)

i.e. Q<,, must be decoupled from Q,, given A,,. The coupling between Q,,, and Q-,, is given
in the following two lemmas:

Lemma 4. If Q € (P), then Q,, € ¥ (P<y,) for each m.

Proof. We recall that .#(P) = {Q|Q = (Q) N P,—1I ¢ (Q)}. Then —I ¢ (Q.,,) is obvious
because Q.,, C Q. Given that Q = (Q) N P, we have (Q.,,) N P<,, C (Q) ﬁ_lbgm =(Q)N
Pn Pgm = QN Pgm = Q,,- On the other hand, we must have Q. C(Q<,,) N Pgm. Thus
(Qcr) NPy = Q. ie. Qo € S (Payy). O
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For simplicify, given Q,, € 7 (P<y,), we say Q-,, C P, is valid if Q = Q.,,UQ.,, €
& (P). The requirement of Q,, can be rewritten as follows:

Corollary 9. Given Q,, € 7 (P<pn) , Q~,, C P, is valid if and only if
1. —1¢(Q-,,), i.e. (Q,,) is a stabilizer group
2. Q5 Q] =0
3 {Q<im Qo) N Pom = Qo
4 {Qcn, Q) NP = Qo

Condition 1 is only dependent on @, itself so it does not couple @, with Q,,. Condition
2 requires that the added stabilizers Q-,, should commute with all previous stabilizers Q_,,,.
Conditions 3 and 4 require that group multiplication operations between Q.,, and Q-,, does ot
generate new elements in P, which can be further decomposed to 15>m and Pgm. Thus conditions
2, 3, 4 give the coupling between Q- ,, and Q,,,. Now we want to construct A,, to decouple them.
With

P;:valid = szalid(ng) ={P¢c 13>m|[P7ng} # 0} (63)
(i.e. Eq. 29), condition 2 can be rewritten as
[Q§m7 Q>m] =0
<:>Q>m N {P € P>m|[Pngm] 7é 0} =0 (64)

<:>C2>m N Pirgvalid = (Z)
which is only dependent on Q-,,. With

Sproj = Sproj(@<m) = Pom—1((Q<,n)) (65)

(i.e. Eq. 30), condition 3 can be rewritten as

Q... =(Q,, Q)N P,
= P>m7k(<ng’ Q>m>) N P>m
= (Pom- k(<Q<m>) Q>m> mP>m
= < prOJ?Q>m> mP>rm

which is only dependent on Q.,,,. Here we used Q-,, € P>m—r and Lemma 3 in the third line.
With
:rilght = S:?ght(QZm) = PSm(<Q2m>) (67)

(i.e. Eq. 31), condition 4 can be rewritten as

Q< = Q. Q) NPy

<m> P<m(<Q>m>> n me
ng r1ght> N P<ma

which is only dependent on Q,,. Here we used Q,,, € P< and Lemma 3 in the fourth line. As
a summary, given

Am(Q) ( prOJ(Q<m) 1nv'111d(Q<m) ?;ght(QZm))a (69)
the four conditions are now
-1¢(Q-n)
Q>m N ngalid = (D (70)

<Sgllroj7 Q>m> N P>m = Q>m'
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for conditions 1, 2, 3, which depend on Q-,,, and

<Q§m7 ;’ilght> N Pﬁm = ng' (71)

for condition 4, which depends on Q,,. Recalling that Corollary 9 additionally requires Q,,, €
& (P<y,), we conclude that Eq. 62 holds with

{ng|Am} = {ng € & (P<y,) satislying Eq. 71} (72)

and
{Q-n A}t ={Q-,, € 13>m satisfying Eq. 70}. (73)

Now we show that A,, is a state machine. The existence of the state function G is already
given in Eq. 33. Therefore we just need to prove Eq. 61. The “+ ” part is trivial due to
the state function G. For the “— ” part, {Q<,,, Am} — {A1,..., Ay} can be obtained by A; =

( proj (Q<z) 1nvalid(Q§i)7 71;4ight = PS’L(QZ'L>) = ]P)Si( :?ght)) for i < m. To prove {Q>m7Am} -

{Am, ..., Ap}, we show that A,,;1 can be obtained by A,, and Sggﬁ, ie

Am+l = Am+1(A Sm+1) (74)

right

Once it is true, {A,, ..., A, } can be obtained by applying A;+1 = A;41(4,, S:"Igll’lt(Q>l+1)) for i =

m,...,n—1. To construct A,,+1(A;, Srlght) we only need to derive S;’;jjl and vaahd Specifically,
we have.

S;’iéﬁl(ngH) = P>mfk+1(<nga Qm+1>)
= (Pom—r+1((Q<im))s Quuyr)

(75)
= <P>m k+1( prOJ(Q<m)) Qm+1>
Sgal(sgoy m+1)’
where the second line used Q,,, .1 € P>pm—k+1 and Lemma 3, and
m—+1
Plnvalld(Q<m+1) - {P € P>m+1|[P Q>m+l] 7é 0}
={P€Psn|Pe Pinvahd(ng) or [P, Q1] # 0} (76)

m—+1 ~=m
= Plnvahd(Pinvalidv Qm+1)a

which are the same with Eq. 34 and Eq. 35. Finally, Q,,,,, is given by Snght N PmH according

m—+1

to Eq. 33, thus we conclude that A,,1; can indeed be rewritten as a function of A,, and Sright.

5.4 Derivation of Eq. 40

Definition 8 requires that, for any path {A4;,..., Api1|4is1 € F(Ai)}, if App1 € Ay, then
Ap € A, We require a stronger version: if A,,p1 = Amy1(Q) for some Q € Z(P), then
Ay = An(Q'), where Q' = Q. UQL,,, QL,, = U, G(Ay,). Clearly it implies A, € Ay,
given A,,11 € Amr1. Additionally, we require that Q’,, € {Q<,,|Am}. As shown in Eq. 72, it is
equivalent to a B

Q/<m € <y(P<m«)7
<Q/§m7 r1ght> N P<m - Q<m

Now we construct F (A;,) to satisfy the above two requirements. Following the logic of Sec.

2.3.4, we essentially need to construct S:I’gttl(Am), and F(A,,) is then given in Eq. 39. The latter

requirement Q%,, € {Q.,,|An} is equivalent to say that, if Eq. 77 holds for m, it also holds for

m+ 1. Given QL,, = U™, G(4;) € & (P<y,), we want to construct Q;,, = Szglt N P,,.1 such

that Q~,, ., = Q,, UQ,, 1 € Y (P<pmi1). We can derive it by replacing all subscripts > m to

(77)
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m + 1 in Corollary 9 and the following derivations. With such replacements, we require Q' 41 to

satisfy @
=1 m+1
Qm+1 N vaalld - (Z) (78)
<S;’;oj7 Qm+1> N Pm+1 = Q;nJrl

for the first three conditions, and

(Q%m Q1) NP = QL (79)

for the last condition. Similarly, given (Q~,,,, STiypn:) NP<, = Q%,,, we require (Q~,, ., S?ng[lb N

P§m+1 = ngm+17 which can be decomposed to the Pgm part and Pgm part as:

l m—+1
<m+1> Srlght> N Pm+1

P+ (Q<m+1) S?gtl%> um+1

=(Q

= 1 (50)
= (Shiai (Q<mi1); Siight) N P

= (

proj right

m+1 m m—+1
SprOJ S r0J7Qm+1) Srlght> ﬂPerl

where STF1 (8™

! . . . .
proj (P proj m+1) is given in Eq. 66, and

Qi = (Qems1, Siighi) N Pem
= Q% Siiti) N P (81)
= (Q% s (P<m(Sight) Q) N P,

where in the second line we used Q;,, . ; = S}}.
Pgm = Q'Sm, Eq. 81 is satisfied if

rlghtﬁPWH‘l - Srlght By Comparlng with <Q<m? ?ilght>m

(P<im(Stight)s @m) = Siigns- (82)
Now we consider the former requirement A,, = A,,(Q’), which is equivalent to Soroj =

m = m

prOJ(Q<m) invalid — Pinvalid(ngm)v and Srlght = Sﬂr?ght(QZm - Q>m+1 U G( m+1)) glven

Ami1 = Ani1(Q), where Q' = Q-+, 1 UQL,,, QL,, = U™, G(A,,). The first two are trivial since
. N it1 1 ~ i1 ~ g
S proj and vaahd are recursively constructed by S;‘foj S;—E)J (S’z brojs Q;H) and Py oonid (Pinvalids QQH).
Combined with Eq. 75 and Eq. 76, we can recursive derive S;‘folj S;‘;}J(QQ 41) from SproJ =
i+1 1+1 7+1 ~
SZpI‘O‘](Q<l) invalid — Pandlld(Q<l+1) from vaalld = vaalld(QSi)' We show that Srlght =

Haht (@5, = Q<1 UG(Ap11)) can be derived from Eq. 82 as

m (@) = Pen (@)
P (@), @)
< m(P<m+1(<Q>m+l>))ﬂQ{rn>
= (Pen(STIH(@L s @i (83)
= (P (ST, @)
:S::Lht,

where in the last line we used Eq. 82.
Until now, we have shown that A,,+1 € A,,4+1 implies A,, € A,, if Eq. 78, Eq. 79, Eq. 80,
and Eq. 82 are satisfied. We now simplify these conditions as follows. First we show that Eq. 79
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can be derived from Eq. 82 and (Q~,,, Siiy) N P, = Q~,, by observing

Q.,, = (Q%,) NPy,
Q. Q1) N P,
(

(

N

N

ngasg;}_;b mPSm

= (Q P<in(STight)) N Py
= <Q/§m7 ;yilght> ﬂPSm

= Q/<ma

which implies that all the C relations must be =. Similarly, the third line in Eq. 78 can be derived
from Eq. 80 by observing

(84)

le+1 = <le+1> N Pm—H

C (Shrojs 1) N P

- 85)
+1 +1 (
- <S$oj ’S:‘?ght> n Pm+1
= Q/m+1-
Thus it simplies to the four conditions in Eq. 40, i.e.
-1 ¢ <Q;n+1>a
=M
Qi1 N Pioyania = 0, (56)
+1 —
<PSm(Sz?ght)’Q:n> - :?ght7
+1 +1 _ /
Shroi N Stiaht = Qg1
where Sg;jjl = S;’gjl( broj> 1 = S:?gﬁ N P,,41) is a function of S;’;gﬁ. This expression is the

same with Eq. 40.

Besides, one can easily verify that Eq. 40 is satisfied for A,,(Q) and A4,,11(Q) if Q € . (P).
This means that F' defined by Eq. 39 and Eq. 42 has the same behavior with F in the valid
region A,,, which is the first requirement of Definition 8. Finally, we can conclude that such F is
a relaxed transition function according to Definition 8.

5.5 Proof of Theorem 3

Proof. Following Sec. 2.3.4, and especially Eq. 77, for each (partial) path {Aj2;[A;41 € F(A)},
let Qé?} = Uiﬁﬂjgi = UiSmS;ght N P;, we always have Q,, € L (P<m), S;?Oj = Sgoj(ng)
and P aiiq = Pinyalia(Q<y,)- In the following we give the upper bound of the number of pairs
(8™ . Pp q) and the number of 8™, ., respectively.

p;:ijr’st, we can prove that the pair EE?”;;J., P:Zvalid) can be determined from
8" =Pom-ak12((Q<m))- (87)
For ST.,; we have
proj = Pom—r((Q<yn)) (88)
= IED>m—k(‘5’/)- (89)

M begin

For P; aiiq, since P € P, has gpot >m—k+1, any Q € Q,, with {P,Q} = 0 must have
@'%* > m — k + 1 and thus qkl’fgm >m — 2k + 2, so we have Q € §’. Thus

m

Pinvalid = {P € P>m|[P’Q§m] 7é O} (90)
={P € P>,,|[P,S'] # 0}. (91)

For simplify we use ST .(S’) and P?Zvahd

broj (S’) as the shorthands of the above two formulas.
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Next, we have 3
"e {Q)1Q € S (Tsm—2k12(P<m))} (92)

Since any P € P<,, with Ts,, 242 # I must have ¢t > m — 2k + 2, thus ’H‘>m_2k+2(13§m) has
at most (2k — 2) M non-identity elements. Also S’ is a 2k — 2 qubit stabilizer group. According to
Lemma 2, there are at most (2(2k — 2)M)2*~1 choices of §’.

Finally, according to Eq. 42, we have

zrilght € 7;?g1ht = {<Q>|Q € y(TSm(PZm))} (93)

For the similar reason, there are at most kM non-identity elements in T<,,(P>,,). Thus there are
at most (2kM)**1 choices of ST
Comblnlng the above results, we can construct

m

= {( prOJ( ) Pinvalid(sl)7 ?;Lght)|slvs:?ghtsat18fy Eq 92 and Eq 93} (94)

Clearly we have A, D A, and |4, | < (2(2k — 2)M)?*~1 . (2kM)*F*+1 < (4kM)3*. Also both

T<m(P>m) and T, 2k +2(P<m) can be determined by T, —2x1, m(P) Thus .,Zl’m can be deter-
mined by T,,_ 2k+1_’m(P) O

5.6 Proof of Theorem 4

We prove that the stabilizer ground state per site of an infinite periodic local and sparse Hamilto-
nian with period [ is given by:

Egscrmdic = min E (95)
e A{A_ | Aip1 €F(Ai),Ag~ Ay ~A) cl

Strictly speaking, let H,, be the n-qubit Hamiltonian truncated from the infinite Hamiltonian
(with arbitrary truncation strategy at edges), Eg:“‘)dlc above is defined by the minimum per-site
stabilizer ground state of H,, in the limit of n — oc.

eriodic : 1 :

Egs B TL11—>H;O ﬁ n-qubit staréli}irzler state|y) <¢|Hn|¢> (96)
We first prove that, for any chain of state machine Ag, Ay, ...A4,, such that A,,; € F(A,,) for
each m, if n > Nal we can always find ¢; and ¢y that A, ~ A.,, and |¢; — co| < N4, where
Ny is defined in Theorem 3. According to Theorem 3, each poss1b1e A,, is taken from candidate
values A’ D A,,, and A’ is periodic with period [, i.e. A/ ~ Am+l, since it is determined by
local terms T, 2k 1, m(f)) in the Hamiltonian. Now we consider the equivalence set {A.|c € Z}.
Since each Ay € Ay ~ A for each ¢, and Ay has up to N4 values according to Theorem 3, we

can find some A.; ~ A.,; with |¢; — 02| < Ny.
If Egsri‘)dic is not the stabilizer ground state energy per site, then for sufficiently large n, the

stabilizer ground state energy Er(ml of H, =} pcpwpP can be lower than 71E}_§;’Se“0diC by arbitrary

amount of energy E¢, i.e. Er(mzl < nEpericdic _ B Let the stabilizer group of the corresponding
n-qubit stabilizer state be S = (Q*), Q@ € L (P), and let A4, = A, (Q") for each m. The
expectation energy is given by E = Z?n:l hin(G(Ap)). fmn > Nal, wecan find 0 < ¢; < ey <m
such that A.; ~ A, ~ A. Then we have AE = Efjl aitl hin(G(Am)) = (ca — ¢p)lEEEriodic
according to the definition of EPerodic. Now we remove {Al 1417 from the path {47, _;}, and
consider the new path {Aj|0 <i < n'}, such that A} = A; for i < cil and Aj ~ Ay (¢, ) for i >
c1l, where n’ = n—(ca—cq)l. Obviously, it still satisfies Al € F(A),) for each m, thus it maps to
some n/-qubit stabilizer state with energy (" D= min—AE < Eﬁl—(CQ—cl)Emin < n'Enin—Ec.
We can then continue the above deleting process and create {A}[0 <1i < n'}, {A)|0 <i<n''},

, until we end up with some n* < N4l and the corresponding path {A*|O < i < n*}. Such path
can map to some n*-qubit stabilizer state [1)*) with energy (¢*|H,,«|[¢*) = B ) < n*Ewin — Ec.
However (¢*| Hp,« [t)*) should have a finite lower bound in the order of O(N4l), which is independent
of n. Thus E¢ cannot be arbitrarily large, which conflicts with the assumption. Thus we conclude

that Egse”i"dic is the stabilizer ground state energy per site.
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5.7 Proof of Theorem 5

[]:

General situation ps | | ]
qubits G, qubits qspm,
m n—m

qubits g<p, qubits qs,
example
m n—m
———— ——— ——— ———

pleft n,{ Qe m {Bﬂ .

Uc on qsm

peenter nc{ acenter "c{ n
prisht n { QUight n, {
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k—1
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Situation 2: up to s {P;} are not k-local (only the center part is different)

k-1
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Figure 10: Schematic diagram of a single iteration of the algorithm for Theorem 4. Blocks in the same color
indicate the same values. Three situations are discussed, including (1) the general situation that all {P;} have
no locality, (2) all {P;} are k-local, and (3) up to s elements in {P;} are not k-local. The performed operation
is the same for these three situations (i.e. simply the same algorithm with different types of inputs) except the
choice of m in these cases is different. For a given m, the qubits are divided into the left part g<, and the
right part gs.m, and {P;} are divided to P'%, P="* and P"8" by the part that each P; acts on. A Clifford
Uc is applied on g<,, to transform P to {Z\,Za, ..., Zn,}. One can prove that the other generators of the
stabilizer groups are effectively transformed to qubits g>n,, i.e. the generators become two decoupled parts. In
the general situation that {P;} are non-local, we cannot guarantee that n; > 0. If there are up to s elements
in {P;} that are not k-local, then for any m > 3k — 3, one can guarantee that n; > m — 2k +2 —s. Thus
we can let m = 4(k + s), which gives n; > 2k +3s + 2 ~ O(k + s). Thus with O(n/(k + s)) numbers of
O(k + s)-qubit Clifford transformations we transform (P) to (Z1, ..., Zp).

Let g; be a shorthand of qubits in the index set I with the same convention of P; in Sec.
2.3.2. We first consider a general situation that P = {P;} are nonlocal, and we introduce a
procedure to transform the stabilizers S and the generators P. (see Fig 10, general situation)
Let m be some arbitray integer, divide P = {Py,.., P,} to three parts P = {pleft, ...7P71f;ft ,
peenter — {peenter | peentery - and pright — (prisht Prighty such that, each P only acts on
qubits g<,, (the blue block), each P;ight only acts on qubits ¢, (the green block), and each
Prenter acts on both qubits g<,, (the purple block) and g, (the orange block), where n, ne, n,
are number of elements in P, peenter prisht pegpectively. For each P we can uniquely
decompose it to the left and right part, i.e. P = P Peerte (up to a choice of +1 sign),
where Pﬁ';“ter (the purple block) only acts on g<p,, and Pﬁei“ter (the orange block) only acts on
qubits ¢sn,. Next, we construct a Clifford transformation Uc on ¢<,, such that UéP}e&Uc =7
(small red blocks) for each P/°*. The existence of such Uc comes from the fact that elements in
Piery commute with each other and are independent. Now we consider the elements in UgPUC,
which are generators of the transformed stabilizer group UéS Uc. We keep the above conventions
but use symbol @ to denote the transformed Pauli operators, i.e. @ = UgPUc, Q' = UgP“UC
and Q' = UéPf Uc for p = left, center, right. Thus we have Q' = Z; according to the definition,
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right __ right . center __ center Center center __ center
and Q, =P since Uc acts on g<p,. For Q) = Q5 , we have Q5" = Primer.

We then focus on fo;nter. Since elements of a stabilizer group commute with each other, we have

[Q;:jeinter ; Z;eft] [ center Qleft]
[Pcenter Pleft]
[Pcenter Pleft]

(2

=0

(97)

for each i,j, where the first line uses Q;.Gft = Z}Eft, the second line uses the fact that Clifford
transformation does not change commutation relation, the third line uses the fact that Pﬁfjnter is
on ¢s,, So commutes with P}e“, and the last line use the fact that generators of a stabilizer group
commute. Thus we can write

lcz_nter — ( H(Qleft)sk) cinter (98)

k=1

such that s € {0,1}, and Qccmcr (the yellow block) acts on qubits gy, +1,m (i.e. between qubit n;+1

and m). Since (P, PQ) = (P, Q), for the transformed stabilizer group (Q) = {Qleft Qeenter, Qrishty
we can now remove the [, (Q¥f)** part in each Q¢ = JT,L, (QIe™)s* chnterQr ;- Rigorously,

~ center
let Qgenter _ chnterpcenter and Q

where elements in Q " acts on ¢>n, and elements in Q acts on ¢s,,. Thus the first n; sites
are decoupled from the other sites in the transformed stabilizer group (@), i.e. (Q) = (Z1,..., Zpn,)®

<chnter, Q’right>7 where <chnter, Qright> is on qubits ¢~,,. Therefore, we have successfully reduced

the n-qubit problem to a n — n; qubit problem on ¢s,,. All we do until now is some Clifford
operation on g<,. Since chnte” can be viewed as a truncation of chnter with the global sign kept,
we write it as

_ {Qgenter}’ we have <Q> _ <Qleft’ chnter, erght> as Well,

right

QM =T, (ULP""Uo), (99)
where T% indicates the truncation operation to qubits I with signs kept (similar to Definition 9).
For general stabilizer groups and generators, there is no guarantee that n; > 0, so the above
procedure may eventually do nothing. Now we consider the situation that Py, ..., P,, are all k-local
(see Fig. 10, situation 1), and we hope to construct some m ~ O(k), so that when we can iteratively
execute the above procedure, we can reduce the problem size by some n; > 0 in each iteration
until n = 0. When we execute the above procedure for the first time, each Pf™*°" (the purple and
orange block) is between qubit m —k+2 to m+k — 1 (totally 2k — 2) due to the k-local condition,
so n. < 2k — 2, where we used the fact that a nm-qubit stabilizer group has up to n independent
generators. For the same reason, we have n; < m and n,, < n—m. Since n.+mn;+n, = n, we should
have nj =n—n.—n, > n—(2k—2)— (n—m) = m—2k+2. Thus we just need to let m > 2k —2,
so that we have n; > 0 in the first iteration. When it comes to later iterations, the situation
becomes slightly different. As explained above, the “right” part is unchanged (i.e.Qright = Pright),
so each Q78" is still k-local. However, for each Qgenter — Qlcf;“terPﬁ‘jnter, Qg;nter (the yellow block)
is on gn,41,m and P5™" (the orange block) is on gy, 1,m1k—1,50 we can only ensure that Q§"**
is on ¢pn,4+1,m+k—1- In the reduced n —n; qubit problem (i.e. the first n; qubits are removed), it is
between qubit 1 and m+k—n;—1 < 3k—3, so it is 3k — 3 local. Fortunately, in the above analysis
to derive n; > m — 2k + 2, we only require each P € P to be k-local, but we don’t require
it for P and P"8"  Therefore we want to additionally ensure that all Qfenter in the previous
iteration enter into P'°™ in the next iteration, so P°™" in the next iteration are all taken from
Q''sM = Prisht in the previous iteration, which are k-local. Recall that P are elements of P on
g<m only, so we just need to have m > 3k — 3. To summarize, with m > 3k — 3, we can iteratively
apply a m-qubit Clifford transformation to reduce the problem size by n; > m — 2k + 2. Thus we
could, for example, let m = 4k, so each time we reduce the problem size by O(k). Finally, with
O(n/k) number of O(k)-qubit Clifford transformations, we can transform the original stabilizer
group to (Z1, Za, ..., Zy). Since O(k)-qubit Clifford transformation can decompose to O(k?/log k)
single-qubit and double-qubit Clifford transformations [40], the total number of single-qubit and
double-qubit Clifford transformations we need is O(n/k) x O(k?/logk) = O(nk/logk).

Accepted in {Yuantum 2025-06-10, click title to verify. Published under CC-BY 4.0. 32



Finally, we consider the situation that there are up to s elements in {P,..., P} that are not
k-local. (see Fig. 10, situation 2) In fact, we can use the same procedure with m = 4(k+ s) and no
other modifications. To see the reason, in the first iteration, we have all these s elements classified
into P°™" (the wide purple and orange blocks at the bottom), so we have n, = |P™"| < 2k—2+s
(2k—2 local elements and s non-local elements). After the Clifford transformation, for those k-local
Peenter (the narrow purple block), the corresponding Q™ (the narrow orange block) are still
3k — 3 local, and for those non-local P (the wide purple block), the corresponding Q5°™* (the
wide orange bock) are still generally nonlocal (can also accidentally be local). Thus in the next
iteration, those local Q$*™** enter into plett (including the nonlocal ones that accidentally become
local), and those non-local Q$™*°" enter into P°™*". So we still have n. < 2k — 2 + s in the next
iteration. Thus, with m > 3k — 3, we can iteratively apply m-qubit Clifford transformation to
reduce the problem size by n; > m —n, = m — 2k +2 — s. By choosing, for example, m = 4(k + s),
we achieve the same conclusion with L ~ O(nk’/logk’), where k' = k + s. In fact, when s = 0,
this algorithm reduces to the previous situation. A pseudo-code of this algorithm in shown in
Algorithm 1.

Algorithm 1 Algorithm to find Clifford operations for Theorem 5

m=4(k + s)
Initiate an empty list of single-qubit and double-qubit Clifford operations U
while n = |P| > 0 do
Classify each P € P to P pright  peenter jf p acts on only g<yn, only gsm, or both
parts, respectively
n = |Pleft|
: Construct Clifford transformation Ug such that UéPleftUC ={Z,.... 2y}
7 Decompose Ug to single-qubit and double-qubit Clifford operations Us = U1Us - - - Uy with
the standard method [40]
Append {Uy,Us,...,Un} (the order matters) to the end of U
. P T;nl (UchenterUc) U Pright
10: end while
11: Output U

S
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