
The spectrum of low-pT J/ψ in heavy ion collisions in a

fractal description

Huiqiang Ding1†, Luan Cheng1,2*†, Tingting Dai1, Enke Wang2, Wei-Ning Zhang1

1*School of Physics, Dalian University of Technology, Dalian, 116024, Liaoning, China.
2Institute of Quantum Matter, South China Normal University, Guangzhou, 510631,

Guangdong, China.

*Corresponding author(s). E-mail(s): luancheng@dlut.edu.cn;
†These authors contributed equally to this work.

Abstract

Transverse momentum spectrum of particles in hadron gas are affected by flow, quantum and strong
interaction effects. Previously, most models are focused on only one of the three effects but ignore
others. The unconsidered effects are taken into the fitted parameters. In this paper, we try to study
the three effects together from a new fractal angle by physical calculation instead of data fitting. Near
the critical temperature, the three effects together induce J/ψ and neighbouring meson to form a
two-meson structure. We set up a two-particle fractal model(TPF model) to describe this structure.
In our model, we propose that under the three effects, J/ψ-π two-meson state, J/ψ and π two-quark
states form a self-similarity structure. With the evolution, the two-meson structure disintegrate. We
introduce an influencing factor qfqs to describe the flow, quantum and strong interaction effects and
an escort factor q2 to describe the binding force between c and c̄ and the three effects. By solving the
probability and entropy equations, we obtain the values of qfqs and q2 at different collision energies
and centrality classes. By substituting the value of qfqs into distribution function, we obtain the
transverse momentum spectrum of low-pT J/ψ and find it in good agreement with experimental data.
We also analyze the evolution of qfqs with the temperature. It is found that qfqs is larger than 1 and
decreases with decreasing the temperature. This is because the three effects decrease the number of
microstates, so that qfqs > 1. qfqs decreasing with the system evolution is consistent with the fact
that with the system expansion, the influence of the three effects decreases. TPF model can be used
to study other mesons and resonance states in the future.
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1 Introduction

Identified particle spectrum in transverse
momenta are pillars in the discoveries of heavy ion
collisions[1, 2]. This led to the study of transverse
momentum distributions of identified particles
sparking an intense activity in this field[3–6].
Among the identified particles, J/ψ is produced

at the early stage of collisions and interacts with
the surroundings during the whole evolution of
the system[7, 8]. So J/ψ carries significant infor-
mation and the study of transverse momentum
spectrum of J/ψ is significantly important[9, 10].

Charmonium dissociates in QGP[11] and can
regenerate by a coalescence of c and c̄ quarks close
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to the hadronization transition[12]. Except pro-
duction, other reactions which induce the change
of particle number influence very little compared
to the dissociation and regeneration process[13].
So the particle number of J/ψ is nearly con-
stant after regeneration. We can study the particle
number distribution after the regeneration process
and compare it with the experimental data. After
regeneration, J/ψ is influenced by the surrounding
hadrons from three aspects: (i) J/ψ is influenced
by the collective flow effect of the expanding
hadron gas[14, 15]. (ii) J/ψ has a quantum corre-
lation with the neighbouring hadron in a limited
region[16]. (iii) J/ψ interacts with the neighbour-
ing hadron[17, 18]. Statistical models are proposed
to study the particle number distribution in recent
years[19–25]. The typical and representative mod-
els are Tsallis blast-wave(TBW) model[19] and
statistical hadronization model(SHM)[20, 21]. The
TBW model concentrates on aspect (i)-the col-
lective flow effect, but ignores aspects (ii) and
(iii)[19]. The SHM model considers aspects (ii)
and (iii)-the interactions and quantum correlation
effects, but ignores aspect (i)[20, 21]. Although
these models consider only one or two different
effects and ignore others, their theoretical results
can all be compared well with the experimental
data. This is because the parameters in their mod-
els are obtained by data fitting. The unconsidered
effects are taken into the fitted parameters[19–22].
So, it’s meaningful and instructive to study the
particle number distribution by physical calcula-
tion instead of by fitting.

In this paper, we will study the transverse
momentum spectrum of J/ψ from a new angle and
obtain the particle distribution by physical cal-
culation instead of data fitting. We analyze J/ψ
is influenced by the hadron gas as the following.
Near the critical temperature, J/ψ is influenced by
hadron gas through collective flow[14, 15], quan-
tum and strong interaction effects[16–18]. With
the system expansion and temperature decreasing,
the influence decreases. We analyze the physical
process and set up a two-particle fractal(TPF)
model to study the thermal properties. Near the
critical temperature, the collective flow, quantum
and strong interaction induce a J/ψ-π two-hadron
molecule state[26]. From the whole picture, the
J/ψ-π molecule state shows a two-body struc-
ture. From the partial picture, the quarks inside
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Fig. 1 The self-similarity structure of c and c̄ in the
hadron gas near the critical temperature.

J/ψ and π also show two-quark structure. In our
model, we propose that J/ψ-π molecule state, J/ψ
and π meson form a self-similarity structure[27]
as shown in Fig. 1(d). With the system expan-
sion, the two-meson molecule state and the self-
similarity structure disintegrate. We will use the
fractal theory to describe the self-similarity struc-
ture near the critical temperature, and introduce
an influencing factor qfqs to reflect the flow, quan-
tum and strong interaction effects on J/ψ, an
escort factor q2 to denote the influence of binding
interaction, flow, quantum and strong interaction
effects on quarks. By solving the probability and
entropy equations, we will obtain the values of
qfqs and q2 through physical calculation instead
of data fitting. By substituting the obtained qfqs
into the distribution of J/ψ, we will calculate the
transverse momentum spectrum and compare it
with the experimental data.

2 Charmonium in hadron gas

After regeneration, the particle number of low-pT
J/ψ is nearly constant[13]. So we can study the
transverse momentum spectrum by analyzing the
particle distribution of low-pT J/ψ after regener-
ation. Near the critical temperature, the particle
distribution is influenced from three points: (i)
in the hadron gas, J/ψ co-moves with the neigh-
bouring hadron(may well be pion)[14, 15]. (ii)
J/ψ has quantum correlation with the neighbour-
ing hadron[16]. In the space outside J/ψ with
the diameter 2λ, J/ψ is easy to form quan-
tum correlation with the neighbouring hadron.
Where λ is the wavelength of J/ψ with λ =
h/

√
2πmkT = 0.681 fm[28]. This space with diam-

eter 2λ = 1.362 fm can accommodate a pion
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according to that the density of pion is 0.5/fm3[16]
and the distance of pion is 1.3 fm[16]. So that
J/ψ and the nearest neighbouring pion has quan-
tum correlation. (iii) J/ψ has strong interaction
with the neighbouring pion[17, 18, 29]. From the
Schrödinger equation, it is found that c quark
has large probability to interact with other quarks
if the distance is smaller than 0.8 fm[29]. So
besides inside J/ψ c quark can interact with c̄
antiquark, outside J/ψ c quark can also inter-
act with other quarks in other hadrons in the
distance less than 0.8 fm. According to the pion
density[16], J/ψ and its nearest neighbouring pion
interacts and this must be taken into account.
Overall, the collective flow, quantum correlation
and strong interaction effects influence low-pT
J/ψ and the nearest neighbouring pion. Near the
critical temperature, these two mesons form a two-
body molecule-state system as shown in Fig. 1(b).
From the quark aspect, inside the meson, the
quark and anti-quark form a two-quark bounded
system. So in our model, we propose that near
the critical temperature, the J/ψ-π two-meson
system from the whole picture, J/ψ and π two-
quark system from the partial picture satisfies
self-similarity[27]. Fractal owns the character of
self-similarity and self-affinity, and can reflect the
similarity in the field of statistics[27, 30]. So we
will use the fractal theory to study the J/ψ-π
self-similarity structure. With the system expan-
sion, the distance between mesons increases, most
molecule states disintegrate. So the self-similarity
structure vanish.

Near the critical temperature, we firstly study
the charmonium in vacuum from quarkonium
aspect as shown in Fig. 1(a).

In the center of mass frame, if we firstly
assume the charmonium in a vacuum and free, the
probability of the charmonium at J/ψ state is

P11 =
⟨ψ1| e−βĤ |ψ1⟩∑
i ⟨ψi| e−βĤ |ψi⟩

, (1)

where ψi is the wave function, the state ψ1

corresponds to J/ψ. Ĥ is the Hamiltonian of

the charmonium in the vacuum, Ĥ =
P̂ 2

Q1

2mQ
+

P̂ 2
Q2

2mQ
+ V̂vac(r), r is the distance between c and

c̄, mQ = 1.275GeV. The partition function∑
i ⟨ψi| e−βĤ |ψi⟩ is the sum of probabilities over

all microstates,∑
i

⟨ψi| e−βĤ |ψi⟩ = e−βE0 + e−βE1 + ...+ e−βE7

+ V

∫ ∞

|p⃗Q1|≥pmin

∫ ∞

|p⃗Q2|≥pmin

∫ rmax

rmin

e
−β(

p2Q1
2mQ

+
p2Q2
2mQ

+Vvac(r))
4πr2

d3p⃗Q1d
3p⃗Q2dr

(2π)6
.

(2)
For the lower discrete energy levels, we sum up
the eight discrete ones ηc(1S), J/ψ(1S), hc(1P ),
χc0(1P ), χc1(1P ), χc2(1P ), ηc(2S) and ψ(2S)
which are measured at experiment[31]. E0, E1, ...,
E7 are the energies of the eight discrete states.
For the energy levels higher than ψ(2S), the ener-
gies are nearly continuous[31], for convenience of
calculation, we integrate the higher energy lev-
els. pmin is the minimum momentum of the higher
levels part. Because the difference of the momen-
tum at adjoint energy levels is little[31], we take
the momentum of ψ(2S) state, which is the high-
est energy level of the eight discrete states, as
pmin here. V is the volume of the charmonium’s
motion relative to the surrounding particles with
a radius r0. Here the value of r0 is not fixed but
changes with collision energy

√
sNN and central-

ity. We have r0 = (vτ + dJ/ψ + dπ)/2, where
v is the mean velocity of the surrounding parti-
cles relative to J/ψ, which can be obtained from
average pT of them. τ is the lifetime of J/ψ in
the medium, τ = 1/Γ ≈ 1/0.03GeV−1[32], dJ/ψ
and dπ are the diameters of J/ψ and pion with
dJ/ψ + dπ ≈ 2 fm[29].

Table 1 The values of r0 at different
collision energies and centrality classes.

Au-Au
√
sNN

r0(fm)

0-20% 20-40% 0-60%

39GeV 3.74 3.66 3.67
62.4GeV 3.83 3.76 3.76
200GeV 3.91 3.84 3.85

The values of r0 which are calculated at
different collision energies

√
sNN and central-

ity classes are shown in Table. 1. The average
pT are obtained from experimental data[33, 34]
and AMPT data[35]. For

√
sNN = 62.4GeV,

v = 0.831, 0.809, 0.811 for 0-20%, 20-40%, 0-60%
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centrality respectively. For
√
sNN = 200GeV,

v = 0.884, 0.865, 0.867 for 0-20%, 20-40%, 0-
60% centrality. For

√
sNN = 39GeV, v =

0.831, 0.809, 0.811 for 0-20%, 20-40%, 0-60% cen-
trality. It shows that at higher collision energies
or more central collisions, r0 is larger. In Eq.(2),
rmin and rmax are the lower and upper limits of
the distance between c and c̄. We take the value
of radius of the motion volume r0 as rmax, and the
minimal spacing 0.05 fm in Ref.[36] as rmin.

In the Hamiltonian of the charmonium in
Eq.(1) and Eq.(2), Vvac(r) is the heavy quark
potential in a vacuum as [37, 38]

Vvac(r) = −αs
r

+ σr − 0.8σ

m2
Qr
, (3)

where αs is the strong coupling constant
with αs=0.385[38], the string tension σ=0.223
GeV2[38].

The above probability of J/ψ is considered
in a vacuum. However, J/ψ is not placed in a
vacuum and free, but lies in and interacts with
the surrounding hadrons[14–18]. Due to the flow,
quantum and strong interaction effects from the
surroundings, J/ψ and the neighbouring hadron
form a self-similar two-body system as shown in
Fig. 1(b). So the probability of J/ψ in the hadron
gas is the escort probability[39], which is the power
of the probability in the vacuum P11[40, 41]. We
introduce an influencing factor qfqs to represent
the flow, quantum and strong interaction effects,
so we have

P1q =
P1

qfqs

1∑
i P1

qfqs

i

=
⟨ψ1| e−βqfqsĤ |ψ1⟩∑
i ⟨ψi| e−βqfqsĤ |ψi⟩

. (4)

When qfqs equals 1, Eq.(4) is the same as Eq.(1),
this implies there is no influence. The more qfqs
deviates from 1, the stronger J/ψ is influenced.

The interactions we considered here are all
strong interactions. In weak coupling area, the
interaction potential is proportional to r−α with
α = 1[38]. In the strong coupling area, the poten-
tial is proportional to r−α with α = −1[38]. As the
reference [42] defines, for the interaction potential
V (r) ≈ r−α, if α/d ≤ 1(d is the dimension of the
system, here we consider d = 3), the interaction
is a long-range interaction. So according to the
form of the strong interaction here, no matter it is
strongly coupled or weakly coupled, is long-range

interaction. Tsallis entropy is proved to describe
long-range interaction system very well[47]. Here,
we will use the Tsallis entropy to describe the
charmonium system,

S1q =
1−

∑
i P1

qfqs

i

qfqs − 1

=(1−
∑

i ⟨ψi| e−βqfqsĤ |ψi⟩
(
∑

i ⟨ψi| e−βĤ |ψi⟩)qfqs

)/(qfqs − 1).

(5)
The above analysis is carried out from charmo-

nium aspect. Secondly, we will study from quark
aspect as shown in Fig. 1(c) and Fig. 1(d).

If the quark and anti-quark are free, in the cen-
ter of mass frame, the probability of the two-quark
system with the energy the same as the kinetic
energy of J/ψ is

P21 =
⟨ϕ1| e−βĤ0 |ϕ1⟩∑
i ⟨ϕi| e−βĤ0 |ϕi⟩

, (6)

where ϕi is the wave function of the two-quark sys-
tem, ϕ1 corresponds to state with kinetic energy

equals to J/ψ, Ĥ0 =
P̂ 2

Q1

2mQ
+

P̂ 2
Q2

2mQ
, which is the

Hamiltonian of the two-quark system. The par-

tition function
∑

i ⟨ϕi| e−βĤ0 |ϕi⟩ is the sum of
probabilities of the two-quark system of all the
microstates. Similarly to the previous case, we
integrate the higher energy levels and sum up the
eight discrete lower energy levels. The partition
function can be written as∑
i

⟨ϕi| e−βĤ0 |ϕi⟩ = e−βEk0 + e−βEk1 + ...+ e−βEk7

+ V 2

∫ ∞

|p⃗Q1|≥p′min

∫ ∞

|p⃗Q2|≥p′min

e
−β(

p⃗2Q1
2mQ

+
p⃗2Q2
2mQ

) d3p⃗Q1d
3p⃗Q2

(2π)6
.

(7)
We take the momentum of ψ(2S) as the mini-
mum momentum of the higher levels. Here Ek0,
Ek1, ..., Ek7 are the kinetic energies of c and c̄ at
the eight discrete states. They are obtained from
the non-relativistic Schrödinger equation,

Ĥψi(r) = Eiψi(r), (8)

where Ĥ = Ĥkinetic + V̂vac(r) =
P̂ 2

Q1

2mQ
+

P̂ 2
Q2

2mQ
+

V̂vac(r).
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Fig. 2 Transverse momentum spectra of J/ψ in Au-Au collisions at
√
sNN = 39GeV, 62.4GeV, 200GeV for different

centrality classes, in mid-rapidity region |y| < 1.0. The experimental data are taken from STAR[45, 46].

The above calculation is carried out by assum-
ing the quark and anti-quark to be free. However,
the quark and anti-quark are not free, they are
bounded together and influenced by the flow,
quantum and strong interaction effects[14–18].
All these lead to the quark and anti-quark pair
forming quarkonium in the hadron gas, and the
quarkonium and the neighbouring hadron form
two-meson structure as shown in Fig. 1(d). We
introduce an escort factor q2 to denote the influ-
ence of the binding interaction between c and c̄,
and the flow, quantum, strong interaction effects.
Using the fractal theory, the escort probability of
the cc̄ quark and anti-quark pair at J/ψ state
is[39–41]

P2q2 =
P2q21∑
i P2

q2
i

=
⟨ϕ1| e−βq2Ĥ0 |ϕ1⟩∑
i ⟨ϕi| e−βq2Ĥ0 |ϕi⟩

, (9)

when q2 equals 1, Eq.(9) turns to be same as
Eq.(6). This implies no effect. The more q2 devi-
ates from 1, the larger the system is influenced.

For the interactions are long-ranged, similar
to Eq.(5), the Tsallis entropy of the quark and
anti-quark pair can be written as[47]

S2q2 =
1−

∑
i P2

q2
i

q2 − 1

=(1−
∑

i ⟨ϕi| e−βq2Ĥ0 |ϕi⟩
(
∑

i ⟨ϕi| e−βĤ0 |ϕi⟩)q2
)/(q2 − 1).

(10)
Overall, we have analyzed the probability and

entropy of the c, c̄ quark and anti-quark pair
from quarkonium and quark aspects. Although we
consider the system from different aspects, the
properties of the system should be the same, so

we have
P1q = P2q2 ; (11)

S1q = S2q2 . (12)

By solving the conservation equations of proba-
bility and entropy Eq.(11) and Eq.(12), we can
obtain the values of two variables qfqs and q2.
Shown in Table.2 is the values of influencing fac-
tors qfqs and q2 in Au-Au collisions at

√
sNN=39,

62.4, 200GeV in mid-rapidity region |y| ≤ 1.0
for different centrality classes. All the values here
are obtained totally through physical calculation
without any data fitting. We can find that the
value of q2 is larger than qfqs in the same collision.
This is because compared to qfqs, q2 considers one
more binding interaction between c and c̄. So the
value of q2 deviates more from 1.

Table 2 The influencing factors qfqs and q2 in
Au-Au collisions at

√
sNN = 39GeV, 62.4GeV,

200GeV in mid-rapidity region |y| < 1.0 for
different centrality classes.

Au-Au
√
sNN

Centrality

0-20% 20-40% 0-60%

39GeV
qfqs 1.0343 1.0246 1.0258
q2 1.5186 1.5208 1.5205

62.4GeV
qfqs 1.0450 1.0367 1.0367
q2 1.5162 1.5181 1.5181

200GeV
qfqs 1.0542 1.0461 1.0473
q2 1.5139 1.5158 1.5156

By substituting the obtained qfqs into particle
number distribution, the transverse momentum
spectrum of low-pT J/ψ can be obtained. The dis-
tribution of the particle number can be written
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as[6]

d2N

2πpT dpT dy
= Vlab

mT cosh y

(2π)3
fi, (13)

where fi is the distribution function, fi = [(1 +
(qfqs−1)βmT cosh y)qfqs/(qfqs−1)−1]−1[43],mT is

the transverse mass of J/ψ withmT =
√
m2 + p2T ,

m is the mass of J/ψ with m = 3.096 GeV, pT is
the transverse momentum in the lab frame. Vlab is
J/ψ’s motion volume in the lab frame with Vlab =
γV , γ is the Lorentz factor.

Shown in Fig. 2 is the transverse momentum
spectrum of low-pT J/ψ for Au-Au collisions at√
sNN = 39, 62.4, 200GeV and 0-20%, 20-40%,

0-60% centrality classes. We compare our theoret-
ical results with the experimental data[45, 46] at
low-pT region. Our theoretical results show a good
agreement with the experimental data.
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r
0
 = 3.83 fm

r
0
 = 3.74 fm

Fig. 3 The influencing factor qfqs at different fixed tem-
perature with r0 = 3.74, 3.83, 3.91 fm.

We also study the evolution of qfqs with the
temperature. Shown in Fig. 3 is the influencing
factor qfqs at different fixed temperature with
r0 = 3.74, 3.83, 3.91 fm, which is the radius of
motion volume of the charmonium relative to sur-
rounding particles at

√
sNN= 39, 62.4 200 GeV

for 0-20% centrality. It is found that qfqs is larger
than 1. This comes from that for Tsallis entropy,
Sq < SB-G if q > 1[44]. Here the three effects
induce the two-meson structure and decrease the
number of microstates. So the entropy is decreased
and the value of qfqs is larger than 1. At fixed
r0, the value of qfqs decreases with decreasing the
temperature. This is consistent with the fact that

J/ψ is typically influenced near critical temper-
ature. With the system expansion and tempera-
ture decreasing, the influence decreases. So qfqs
decreases to approaching 1. It is also found that
at fixed temperature, the influencing factor qfqs
increases with increasing r0. This is because in a
larger motion volume, the probability of the char-
monium being influenced by the surroundings is
larger, so that the influencing factor qfqs is larger.

3 Conclusion

We study the low-pT transverse momentum spec-
trum of J/ψ by physical calculation instead of by
data fitting. We analyze the particle number dis-
tribution of J/ψ after regeneration because after
that the number of J/ψ is nearly constant. After
regeneration J/ψ is influenced by flow, quan-
tum and strong interaction effects. Under these
effects, near the critical temperature, J/ψ and the
nearest neighbouring meson may well form a two-
meson structure. With the evolution of the system,
the two-meson structure will disintegrate. We set
up a two-particle fractal model(TPF model) to
describe the two-meson structure. From the whole
picture, J/ψ and π form a two-meson structure;
from the partial picture, J/ψ and π show a two-
quark structure. In our model, we propose that
under the three effects, J/ψ-π molecule state,
J/ψ and π form a self-similarity structure. We
introduce an influencing factor qfqs to describe
the flow, quantum and strong interaction effects
and an escort factor q2 to describe the binding
and the three effects. By solving the probability
and entropy equations, we obtain the values of
qfqs and q2 at different collision energies and cen-
trality classes. By substituting the value of qfqs
into distribution function, we obtain the trans-
verse momentum spectrum of low-pT J/ψ. We
compare our calculation with the experimental
data and find a good agreement. We also analyze
the evolution of qfqs with the temperature. It is
found that qfqs is larger than 1. This is because
the flow, quantum and strong interaction effects
induce the two-meson structure and decrease the
number of microstates. We also find that qfqs
decreases with decreasing the temperature. This is
consistent with the fact that J/ψ is typically influ-
enced near critical temperature, with the system
expansion and temperature decreasing, the influ-
ence decreases. Our TPF model can be used to

6



study other mesons and resonance states in the
future.
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