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Abstract

We introduce a proximal version of dual coordinate ascent method. We demonstrate how the derived
algorithmic framework can be used for numerous regularized loss minimization problems, including
¢ regularization and structured output SVM. The convergence rates we obtain match, and sometimes
improve, state-of-the-art results.

1 Introduction

We consider the following generic optimization problem associated with regularized loss minimization of
linear predictors: Let X1,...,X,, be matrices in R%** let ¢1,..., ¢, be a sequence of vector convex
functions defined on R¥, and g(-) is a convex function defined on R?. Our goal is to solve min,cgs P(w)
where

Plw) = |13 (X w) + Ag(w) | 1)
=1

and A\ > 0 is a regularization parameter. We will later show how to use a solver for () for several popular
regularized loss minimization problems including ¢ regularization and structured output SVM.

Let w* be the optimum of (I). We say that a solution w is € p-sub-optimal if P(w) — P(w*) < ep. We
analyze the runtime of optimization procedures as a function of the time required to find an e p-sub-optimal
solution.

The dual coordinate ascent (DCA) method solves a dual problem of (). Specifically, for each i let
¢} : R¥ — R be the convex conjugate of ¢;, namely, ¢} (u) = max,cgr (2 u — ¢;(2)). Similarly we define
the convex conjugate g* of g. The dual problem is

max D(a) where D(a) = %Z —¢f (—ay) — A\g* (/\111 ZXiozi)] ; 2
i=1 i=1

acRkxn

where «; is the i’th column of the matrix «, which forms a vector in R*. The dual objective in has a

different dual vector associated with each example in the training set. At each iteration of DCA, the dual

objective is optimized with respect to a single dual vector, while the rest of the dual vectors are kept intact.
We assume that ¢g*(-) is continuous differentiable. If we define

w(a) = Vg*(v(a)) v(a) = % ZXioq, 3)
i=1



then it is known that w(o*) = w*, where o* is an optimal solution of (2). It is also known that P(w*) =
D(«*) which immediately implies that for all w and «, we have P(w) > D(«), and hence the duality gap
defined as

P(w(e)) = D(a)

can be regarded as an upper bound on the primal sub-optimality P(w(«)) — P(w™).

We focus on a stochastic version of DCA, abbreviated by SDCA, in which at each round we choose
which dual vector to optimize uniformly at random. We analyze SDCA either for L-Lipschitz loss functions
or for (1/7)-smooth loss functions, which are defined as follows.

Definition 1. A function ¢; : R¥ — R is L-Lipschitz if for all a,b € R¥, we have
|¢i(a) — ¢i(b)| < Lla— bl p,

where || - || p is a norm.
A function ¢; : R¥ — R is (1/v)-smooth if it is differentiable and its gradient is (1/~)-Lipschitz. An
equivalent condition is that for all a,b € R, we have

bi(a) < &i(b) + Vou(b) (a — b) + 217”@ .

It is well-known that if ¢;(a) is (1/)-smooth, then ¢} (u) is 7 strongly convex w.r.t.the dual norm: for
all u,v € Rand s € [0, 1]:

61+ (1= so) = —s0i () — (1— )0 () + 2D,

where || - || p is the dual norm of || - || p defined as

lullp = sup u'v.
Jollp=1

We also assume that g(w) is 1-strongly convex with respect to another norm || - || p/:

1
9(w + Aw) > g(w) + Vo(w) " Aw + S| Aw]E,

which means that g*(w) is 1-smooth with respect to its dual norm || - || p-. Namely,
9" (v + Av) < h(v; Av) )
where )
h(v; Av) := g"(v) + Vg" ()" Av + | Avl[f. )

2 Main Results

The generic Prox-SDCA algorithm which we analyze in this paper is presented in Figure [T} The ideas are
described as follows. Consider the maximal increase of the dual objective, where we only allow to change
the i’th column of . At step ¢, let v~ = (An)~1 ", Xiozgt*l) and let w1 = Vg*(v=1). We will

(t) (t=1)

update the ¢-th dual variable o;” = «; + Aqy, in a way that will lead to a sufficient increase of the dual



objective. For primal variable, this would lead to the update v®) = o1 4 (An)~1X;Aq;, and therefore
w®) = Vg*(v®) can also be written as

w® = argmax [w'v® — g(w)| = argmin [wT <n_1 ZXi%(t)> + )\g(w)] .
w i=1

w

Note that this particular update is rather similar to the update step of proximal-gradient dual-averaging
method in the SGD domain [Xiao, [2010]. The difference is on how a® s updated, and as we will show
later, stronger results can be proved for the Prox-SDCA method when we run SDCA for ¢ > n iterations
with smooth loss functions.

In order to motivate the proximal SDCA algorithm, we note that the goal of SDCA is to increase the
dual objective as much as possible, and thus the optimal way to choose A«; would be to maximize the dual
objective, namely, we shall let

Aq; = argmax [1@‘((% + Aay)) — Ag* (0D 4+ ()\n)_lXiAai)] .
AaiGRk n

However, for complex g*(-), this optimization problem may not be easy to solve. We will simplify this
optimization problem by relying on (). That is, instead of directly maximizing the dual objective function,
we try to maximize the following proximal objective which is a lower bound of the dual objective:

1 1
argana [L67(~(as + Aa9) = 3 (V470 TOn) X + L) Kidasly )
AaiER’“ n 2

. ) 1
= argmax [—¢i (—(ai + Ac)) — w VT XA, — KHXz‘AaiH%)'
Aa; Rk n

However, in general, this optimization problem is not necessarily simple to solve. We will thus also propose

(t=1)

alternative update rules for Aq; of the form Aw; = s(u — «; ) for an appropriately chosen step size

parameter s > 0 and any vector © € R¥ such that —u € 8¢i(XiT w(t_l)). Our analysis shows that an
appropriate choice of s still leads to a sufficient increase in the dual objective.

We analyze the algorithm based on different assumptions on the loss functions. To simplify the state-
ments of our theorems, we always make the following assumptions:

o Assume that the loss functions satisfy
1 n
quﬁi(O) <1 and Via, ¢i(a) >0 .
n
i=1

e Assume that max; || X;|| < R, where

X; /
1, = sup 1l
w0 |[ullp

Under the above assumptions, we have the following convergence result for smooth loss functions.



Procedure Prox-SDCA

Parameters scalars A,y (y can be 0), R, norms || - || p, || - || pr
Let o9 = 0,20 = Vg*(0)
Iterate: fort =1,2,...,T"
Randomly pick ¢
Find Aq; using any of the following options (or achieving larger dual objective than one of the options):
Option I:
Aqj € argmaxp,, [—Gﬁf(—(%@_l) +Ac)) — 0D XA — 5 HXiAOCiH%’}
Option II:
Let ube s.t. —u € 9¢; (X, wt1)
(t=1)

7

Let s = argmax ¢ g 1] {‘@f(_(a(tfl) +52)) —swt D' X,z — % ||Xiz|]%,}

Letz=u—«

(2
Set Aq; = sz
Option III:
Same as Option II but replace the definition of s as follows:
$i(XT wt=D) 47 (—al' ) 4utD " x0TV 4 722
2115 (v+HI X112/ (An))

Lets =
Option I'V:
Same as Option III but replace || X;||? in the definition of s with R?
May also replace ||z||%, with an upper bound no larger than 4L? for L-Lipschitz non-smooth loss
Option V (only for smooth losses):

Set Aq; = #}m (_vqbi(XiTw(t—l)) _ a@(tﬂ))

a® — o= 4 Aqye;
v® — =D 4 (An) 71X A
w) — Vg*(v®)
Output (Averaging option):
Leta = T%TO Z;TF:TOH at=1)
Let @ = w(@) = 72 Yy 4q wY
return w
Output (Random option):
Let @ = a® and @ = w® for some random ¢t € Tp + 1,...,T
return w

Figure 1: The Generic Proximal Stochastic Dual Coordinate Ascent Algorithm




Theorem 1. Consider Procedure Prox-SDCA. Assume that ¢; is (1/v)-smooth for all i. To obtain an
expected duality gap of E[P(w™)) — D(aT))] < ep, it suffices to have a total number of iterations of

2 2
T> (n + %) log((n + %) . é)
Moreover, to obtain an expected duality gap of E[P(w) — D(&)] < ep, it suffices to have a total number of
iterations of

R? R2 1
fo= (n " M) log((n + 55) - m=myep)-

The linear convergence result in the above theorem is faster than the corresponding proximal SGD result
when T > n. This indicates the advantage of Proximal SDCA approach when we run more than one pass
over the data. Similar results can also be found in |Collins et al.| [2008]], ILe Roux et al.| [2012]], Shalev-
Shwartz and Zhang|[2012] but in more restricted settings than the general problem considered in this paper.
Unlike traditional batch algorithms (such as proximal gradient descent, or accelerated proximal gradient
descent) that can only achieve relatively fast convergence when the condition number 1/(\y)) = O(1), our
algorithm allows relatively fast convergence even when the condition number 1/(Avy)) = O(n), which can
be a significant improvement for real applications.

For nonsmooth loss functions, the convergence rate for Prox-SDCA is given below.

Theorem 2. Consider Procedure Prox-SDCA. Assume that ¢; is L-Lipschitz for all i. To obtain an expected
duality gap of E[P(w) — D(@)] < ep, it suffices to have a total number of iterations of

4(RL)’ > max(0, [nlog(0.5An(RL)™2)]) +n + M :

T>To+n+
€p Aep

Moreover, when t > Ty, we have dual sub-optimality bound of E[D(a*) — D(a®)] < ep/2.

The result shown in the above theorem for nonsmooth loss is comparable to that of proximal SGD.
However, one advantage of our result is that the convergence is in duality gap, which can be easily checked
during the algorithm to serve as a stopping criterion. In comparison, SGD does not have an easy to imple-
ment stopping criterion. Moreover, as discussed in [Shalev-Shwartz and Zhang| [2012]], faster convergence
(such as linear convergence) can be obtained asymptotically when the nonsmooth loss function is nearly
everywhere smooth, and in such case, the practical performance of the algorithm will be superior to SGD
when we run more than one pass over the data.

3 Applications
There are numerous possible applications of our algorithmic framework. Here we list three applications.

3.1 /; regularization assuming instances of low /; norm

Suppose our interest is to solve ¢; regularization problem of the form

1< -
i - 7 i ) 6
min n;:lcb(xz w) + ollwl (6)



with a positive regularization parameter 0 € R,. Assume also that R = max; ||z;||2 is not too large.
This would be the case, for example, in text categorization problems where each z; is a bag-of-words
representation of some short document.

Let w* be an optimal solution of (6) and assum that ||w*[|2 < B. Choose A = £ and

1 (o)
g(w) = S llwlz + S el - @)
Consider the problem:
1 n
in P(w) := |— e A : 8
min P(w) = | £ 37 e ) + Ag(w) ®)

Then, if w is an (¢/2)-approximated solution of the above it holds that

1 - * *
< EZ(bz(m:w )+ o||lw|1 +e.
i=1

1 — T N . . €
- ;@(wi w) +oll@lly < P(w) < P(w’) + 5
It follows that « is an e-approximated solution to the problem (6. Hence, we can focus on solving (8] based
on the Prox-SDCA framework. Note that if our goal is to solve a general L;-Ly regularization problem
with a fixed ) independent of e, then linear convergence can be obtained from our analysis when the loss
functions are smooth. However, this section focuses on the case that our interest is to solve (6), and thus
A is chosen according to €. The reason to introduce an extra £5 regularization in (7)) is because our theory
requires g(w) to be 1-strongly convex, which is satisfied by (7) with respect to the ¢2-norm.
To derive the actual algorithm, we first need to calculate the gradient of the conjugate of g. We have

* 1 g
Vg (v) = argmax |w'v — =[Jw|3 — <[lw|:
w 2 A

I *1 |w — H2 + < lw]|
— argmin w v w
gw 2 27\ !

A sub-gradient of the objective of the optimization problem above is of the form w — v + $z = 0, where
z is a vector with z; = sign(w;), where if w; = 0 then z; € [—1, 1]. Therefore, if w is an optimal solution
then for all ¢, either w; = 0 or w; = v; — %sign(wi). Furthermore, it is easy to verify that if w is an optimal
solution then for all ¢, if w; # 0 then the sign of w; must be the sign of v;. Therefore, whenever w; # 0 we
have that w; = v; — {sign(v;). It follows that in that case we must have |v;| > §. And, the other direction
is also true, namely, if |v;| > § then setting w; = v; — $sign(v;) leads to an objective value of

oN\2 o o 9
el o — =) < s
()\) + )\(”UZ| )\) — ‘U’L| 9

where the right-hand side is the objective value we will obtain by setting w; = 0. This leads to the conclusion
that

_ v; — Isign(v;) if |v| > &

Vig"(v) = sign(vi) [jui| = 5], = { R

0 0.W.

The resulting algorithm is as follows:

'We can always take B = 1/0 since by the optimality of w* we have ||w*||2 < [|w*|1 < 1/0.



Procedure Prox-SDCA for minimizing (0) using ¢ as in ()

Parameters
regularization o
target accuracy e
B > ||w*||2 (default value B = 1/0)
Run Prox-SDCA with:
[ ~Ilp=1"1.1Illpr = Il ll2, and R > max; [|z;|
\=¢/B?
Vig*(v) = sign(v;) [|vi] — £

In terms of runtime, we obtain the following result from the general theory, where the notation O()
ignores any log-factor.

Corollary 1. The number of iterations required by Prox-SDCA, with g(-) as in (1), for solving (6) to an
accuracy € is

5 2 132
O <n+ i f ) if Vi, ¢;is (1/~) —smooth
€

~ L2R2B?
<n+

@) 5 > if Vi, ¢; is (L) —Lipschitz
€

In both cases, R is an upper bound of max; ||z;||2 and B is an upper bound on ||w*||.

Related Work

Standard SGD requires O(R? B2 /€?) even in the case of smooth loss functions. Several variants of SGD, that
leads to sparser intermediate solutions, have been proposed (e.g. [Langford et al.| [2009]], Shalev-Shwartz and
Tewari| [2011], [ Xiao| [2010], Duchi and Singer| [2009], |Duchi et al.| [2010]). However, all of these variants
share the iteration bound of O(R2B?/e?), which is slower than our bound when ¢ is small.

Another relevant approach is the FISTA algorithm of|Beck and Teboulle| [[2009]]. The shrinkage operator
of FISTA is the same as the gradient of ¢g* used in our approach. It is a batch algorithm using Nesterov’s
accelerated gradient technique. For smooth loss functions, FISTA enjoys the iteration bound of

RB
o(72).
VA
However, each iteration of FISTA involves all the n examples rather than just a single example, as our
method. Therefore, the runtime of FISTA would be

O<dnj¥i).

In contrast, the runtime of Prox-SDCA is

o(a(+7))




. . RB
which is better when n > NGE

choose ¢ larger than €2(1/n?) for machine learning problems. In fact, since the generalization performance
of a learning algorithm is in general no better than O(1/n), there is no need to choose ¢ = o(1/n). This
means that in the statistically interesting regime, Prox-SDCA is superior to FISTA.

Another approach to solving (6) when the loss functions are smooth is stochastic coordinate descent
over the primal problem. [Shalev-Shwartz and Tewari [2011]] showed that the runtime of this approach is

O (dnB2> 7
€

under the assumption that ||z; || < 1 for all 7. Similar results can also be found in Nesterov|[2012].
For our method, each iteration costs runtime O(d) so the total runtime is

o(a(+))

where R = max; ||7;||2. Since the assumption ||z;||o < 1implies R? < d, this is similar to the guarantee of
Shalev-Shwartz and Tewari [2011] in the worst-case. However, in many problems, R? can be a constant that
does not depend on d (e.g. when the instances are sparse). In that case, the runtime of Prox-SDCA becomes
O (d(n + B?%/ e)) , which is much better than the runtime bound for the primal stochastic coordinate descent

method given in |Shalev-Shwartz and Tewari [2011].

This happens in the statistically interesting regime where we usually

3.2 /; regularization with low 7/, instances

Next, we consider (6) but now we assume that R = max; ||x;||« is not too large (but max; ||z;||2 might be
large). This is the situation considered in |Shalev-Shwartz and Tewari [2011].

Let w* be an optimal solution of (6)) and assumeﬂ that ||w*||; < B. Choose \ = Tog@ypz and
3log(d o
o) = 2D 2 4 T ©)
2 A
where ¢ = lolgo(gd()dzl. The function g(w) is 1-strongly convex with respect to the norm || - ||; over R (see

for example Kakade et al. [2012]). Consider the problem (8] with g(-) being defined in (9). As before, if
w is an (e/2)-approximated solution of the above problem then it is also an e-approximated solution to the
problem (6). Hence, we can focus on solving (8) based on the Prox-SDCA framework.

To derive the actual algorithm, we need to calculate the gradient of the conjugate of g. We have
T 3log(d)

* . g
Vg*(v) = argmin | —w v+7||w||c21+—||w||1 )
w 2 A

The 7’th component of a sub-gradient of the objective of the optimization problem above is of the form

3log(d)sign(w;)|wi|9™" o

—v; + - + -z,
lwllg A

*We can always take B = 1/o since by the optimality of w* we have ||w*||; < 1/0.



where z; = sign(w;) whenever w; # 0 and otherwise z; € [—1, 1]. Therefore, if w is an optimal solution
then for all 7, either w; = 0 or

q—2 q—2
ol e Nl
il = sign(w) 10 o (v — Ssign(wy)) 3Topd (sien(wi) v — 3.

Furthermore, it is easy to verify that if w is an optimal solution then for all 4, if w; # 0 then the sign of w;
must be the sign of v;. Therefore, whenever w; # 0 we have that

—2
1g—1 — Hng 1 E
i 31og(d) (’”Z‘ A) '

It follows that in that case we must have |v;| > §. And, the other direction is also true, namely, if |v;| > §
then w; must be non-zero. This is true because if [v;| > , then the i’th coordinate of any sub-gradient of
the objective function at any vector w s.t. w; = 0 is —v; + 5 z; # 0. Hence, w can’t be an optimal solution.
This leads to the conclusion that an optimal solution has the form

1 "
Vig*(v) = 4 Sgnw) (a (joil = %)) if fol > 5 (10)
0 otherwise

where

_ Vgl 1 A= _ast Y
= ot~ atog@ | 2 (=3 =g | X (= 5)°
which yields

1 o\ T
“= | 3log(d) Z <|Ui\—x> : (11D

The resulting algorithm is as follows:

Procedure Prox-SDCA for minimizing (6) using g as in (9)

Parameters
regularization o
target accuracy €
dimension d
B > ||w*||1 (default value B = 1/0)
Run Prox-SDCA with:
o =1-11lIlpr =1+ lloc. and R > max; ||zi[|o
A= Sog(@B?

Vg*(v) according to and

In terms of runtime, we obtain the following



Corollary 2. The number of iterations required by Prox-SDCA, with g as in (), for solving (6)) to accuracy
€1s

2132
( R'B log(d)> if Vi, ¢;is (1/) —smooth

O
L?’R%2B?1
< R 0g(d)> if Vi, ¢; is (L) —Lipschitz

In both cases, R = max; ||z;||~ and B is an upper bound over ||w*||;.

Related work

The algorithm we have obtained is similar to the Mirror Descent framework |[Beck and Teboulle| [2003]] and
its online or stochastic versions (see for example [Shalev-Shwartz| [2011] and the references therein). It is
also closely related to the SMIDAS and COMID algorithms [Shalev-Shwartz and Tewari| [2011]] as well as
to dual averaging Xiao| [2010]. Comparing the rates of these algorithms to Prox-SDCA, we obtain similar
differences as in the previous subsection, only now B is a bound on ||w*||; rather than ||w*|2 and R is a

3.3 Multiclass categorization and structured prediction

In structured output problems, there is an instance space X and a large target space ). There is a function
Y X x Y — R% We assume that the range of 1/ is in the /5 ball of radius R of R%. The prediction of a
vector w € R? is

argmaxw ' Y(z,y) .
yeY

There is also a function § : ) x ) — R, which evaluates the cost of predicting a label ¢y’ when the true label
is y. We assume that §(y,y) = 0 for all y. The generalized hinge-loss defined below is used as a convex
surrogate loss function

ma [8(y',y) — w b(w,y) +wT(ey)]
The optimization problem associated with learning w is now

A 1 «
min [2llw!\%+nz (H;,%Xé(y’,y» —w (i, i) +w%(a:i,y’)>] : (12)

=1

The above optimization problem can be cast in our setting as follows. W.lL.o.g. assume that ) =
{1,...,k}. For each i and each j, let the j’th column of X; be ¢)(z;, 7). Define,

oi(v) = mjax(d(j,yi) — vy, +v5) .

Finally, let g(w) = 3||w||3. Then, (I2) can be written in the form of (T).

To apply the Prox-SDCA to this problem, note that g is 1-strongly convex w.r.t. || - ||2 and that ¢; is
2-Lipschitz w.r.t. norm || - || . Indeed, given vectors u, v, let j be the index that attains the maximum in the
definition of ¢;(v), then

¢i(v) = di(u) < (8(4,yi) — vy, +v5) = (60, yi) — uy, +u5) < 2|v = ufloo -

10



Therefore || - ||p = || - [[1and || - [|pr = || - ||2- If we let

R> m?tzZ)(muj)H%

then we have that

1Xil| = sup || Xiully = max || (zi, )]l < R .

u#0 HUHI ui||ull1=1

To calculate the dual of ¢;, note that we can write ¢; as

cbz—maXZﬁg (J, i) — vy, +05)

BeAF
where AF = {5 >_;Bj < 1;8; > 0} is the non-negative simplex of R*. Hence, the dual of ¢; is

07 () = max [va — g,(v)|

:maxmﬁin v a—ZBJ (4, yi) — vy, +v5)

v

:mﬁinmax v a—Zﬁ] (Jsyi) — vy, +v5)

= min | 810(, i) + max v +vyzZ||/8||1

The inner maximization over v would be oo if for some j # y; we have a; # 3. Otherwise, if for all j # y;
we have a; = (3; the inner objective becomes

Uy, (ayi — By, + Zﬁj) = Uy, (O‘yz‘ + Z aj)
J

J#Yi

Therefore, the objective would again be oo if o), # — j#y: @~ In all other cases, the objective is zero.
Overall, this implies that:

©.¢) 0.wW.

$(a) = {Zjajé(j,yi) if Y0, =0 AVi#y0>0A Y, ;<1

Finally, we specify Prox-SDCA (using Option IV with 2 as an upper bound of || z|| p, and the random out-
put option), and rely on the fact that a sub-gradient of ¢;(v) is a vector e;—e,, with j € argmax; (6(j, yi) —

11

Vy; + Uj)'



Procedure Prox-SDCA for structured output learning

Parameter scalar A
Letw® =0 ; R > max; j ||o(z, j)|2
Vi, wEO) = 0 (we’ll maintain wZ@ = ()\n)_lXiozgt) and w®) =3, wlgt))
¥, DY = 0 (we’ll maintain D" = 7 (a®))
Iterate: fort =1,2,...,T"
Randomly pick ¢
Let j € argmax; (0(5,5:) — w'™D To(xi, 1) + w= Top(a;, 5))
Let P; = (X, w™Y) = 6(j, 1) — w0 Top(ws, vi) + w= T(ay, 5)

PH-D@_U+)\nw(t_1)—rw(t_l)

Let s = L IRZ/0w) L

DY« (1= 5D + 553, 1)
wf (1= )™+ s0n) (@l vi) — Bl )
w® =1 4 wgt) — wlgt*l)

Output:
Return @ = w'®) for some randomt € Ty + 1,...,T

Note that even if k is very large, the above implementation does not maintain « explicitly, but only
maintains d-dimensional vectors. Therefore, we can implement the above procedure efficiently whenever
the optimization problem involves in finding 7 can be performed efficiently. This is the same requirement as
in implementing SGD for structured output prediction.

Corollary 3. Prox-SDCA can be implemented for structured output prediction. To obtain an expected
duality gap of at most €p, it suffices to have a total number of iterations of

20 (2R)?

T > max(0, [nlog(0.5An(2R)~2)]) +n + e
P

)
where R is an upper bound on ||¢(x;, j)||2. The most expensive operation at iteration t is solving

argmax (6(j, yi) —w To(as, i) + wY To(ay, j)) : (13)
J

Remark 1. Since for this problem, ||z||%, in Option IV can be bounded by L? = 4 instead of 4L* = 16, the
proof of Theorem2|implies that the constant 20 in Corollary [3|can be replaced by 5.
Related Work

For structured prediction problem, SGD enjoys the rate

- [ R?
O~ )
()
while the most expensive operation at each iteration of SGD also involves solving (I3). Therefore, our

bound matches the bound of SGD when n = O <§—:) The main advantage of our result is that it bounds

12



duality gap which can be checked in practice. Moreover, the practical convergence speed can be faster than
what is indicated in Corollary [3] when the non-smooth loss function can be approximated by a smooth loss
function, as pointed out in|Shalev-Shwartz and Zhang| [2012].

Recently, |[Lacoste-Julien et al.| [2012]] derived a stochastic coordinate ascent for structural SVM based
on the Frank-Wolfe algorithm. Their algorithm is very similar to our algorithm and the rate they obtain for
the convergence of duality gap matches our rate.

Note that the generality of our framework enables us to easily handle structured output problems with
other regularizers, such as /1 norm regularization.

4 Proofs

Note that the proof technique follows that of [Shalev-Shwartz and Zhang| [2012], but with more involved
notations of the paper. We prove the theorems for running Prox-SDCA while choosing Aq; as in Option 1.
A careful examination of the proof easily reveals that the results hold for the other options as well. More
specifically, Lemmaonly requires choosing Aq; = s(ugt_l) — agt_l)) as in (I4), and Option III chooses s
to optimize the bound on the right hand side of (16)), and hence ensures that the choice can do no worse than
the result of Lemma[I| with any s. The simplification in Option IV and V employs the specific simplification
of the bound in LemmalI]in the proof of the theorems.

For convenience, we list the following simple facts about primal and dual formulations, which will be

used in the proofs. For each ¢, we have
—aj € 0¢i( X w), X[ w* € 9¢;(—a)),
and Lo
w* =Vg*(v*), v*'= ™ ;X,»a;‘.
The key lemma is the following:

Lemma 1. Assume that ¢] is y-strongly-convex (where v can be zero). Then, for any iteration t and any
s € [0,1] we have

E[D(a(t)) — D(a(tfl))] > E)Q G

E [P(w~) = D) = (Z) 2+

S
n n

where
n

1 Y(1 = s)An - -
av=1y (\XZ-HQ - (8)) E [l ™~ ol V3],

i=1
and —ugtfl) c 8¢¢(X2Tw(t_1)).
Proof. Since only the 7’th element of « is updated, the improvement in the dual objective can be written as
n[D(a®) — D(a®1)]
_¢*<_az(t)) — ng* (U(t—l) + ()\n)_lXZ-Aai» _ _¢*(_a§t—1)) ~ ng* (v“‘”))
(

(
> (—gi)*(—ozit)) — Anh (v(t_l); ()\n)_lXiAaZ)) - (—(;5*(—04?71)) — Ang* (v(t_l))> .

A B
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By the definition of the update we have for all s € [0, 1] that

A= max —¢*(—(a(t_1) + Aq;)) — Anh ( =1 (an)~ 1X¢Aai>

)

> —* (= sV = alT))) = Anh(D; ) LX) — oY) (4

From now on, we omit the superscripts and subscripts. Since ¢* is y-strongly convex, we have that

" (—(a+s(u—a))) = ¢"(s(—u)+(1=s)(=0)) < 56" (—u)+(1=5)¢" (=) — 25(1—s)[[u—0ll} (15)

2
Combining this with and rearranging terms we obtain that
A= —s¢(—u) = (1= s)¢"(-) + %8(1 = s)llu—al[h = Anh(v; (An) s X (u — @)
_ * * v 2 * T s? 2
= —s"(—u) = (1= )67 (=) + Ls(1 = 5)[[u— all} = Ang"(v) — s X(u—a) = S| X(u—a)3
2
* * * S
> —5¢"(—u) = (1 = 5)¢"(—a) + %8(1 = s)u—allh = Ang"(v) = sw' X (u—a) = S| X|P*|lu - |}
— sl T X+ (o)~ Mg )+ (40 -9 = ) fuall 4 st () + 0T xa),
s (X Tw) B

where we used —u € 9¢(X "w) which yields ¢*(—u) = —w ' Xu — ¢(X "w). Therefore

A-—B>s [cb(XTw) +¢*(—a) +w' Xa+ (7(12_ ) S”XH2> [[u II%} : (16)
Next note that with w = Vg*(v), we have g(w) + g*(v) = w " v. Therefore:
P(w) — D(« Z@X w) + Ag(w —(—Zqﬁ ())
= Z di( X w) + - z;qﬁf(—ai) + A w v
i=
= Z (gf)Z X w) + ¢F (—ay) + wTXZ-ai) .
Therefore, if we take expectation of w.r.t. the choice of ¢ we obtain that

LEA- B2 EP(w) - D@)] - S (160 = S s -l

—c®
We have obtained that

sG®
2n

= E[D(a") - D(al"")] = E[P(w ") - D(al' )] - a7)
S
Multiplying both sides by s/n concludes the proof of the lemma. O
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We also use the following simple lemma:
Lemma 2. Forall o, D(a) < P(w*) < P(0) < 1. In addition, D(0) > 0.

Proof. The first inequality is by weak duality, the second is by the optimality of w*, and the third by the
assumption that n=' >~ ¢;(0) < 1. For the last inequality we use —¢}(0) = —max,(0 — ¢;(2)) =
min; ¢;(z) > 0, which yields D(0) > 0. O

4.1 Proof of Theorem/I]

Proof of Theorem[I] The assumption that ¢; is (1/)-smooth implies that ¢ is y-strongly-convex. We will

apply Lemmawith s = #}m € [0, 1]. Recall that || X;|| < R. Therefore, the choice of s implies that

1—35)A 1-—
”XZ.H2_MSR2_7S RQ—RQ:O,
s s/(An7)

and hence G(*) < 0 for all ¢. This yields,

E[D(a) = D(a!""V)] = = E[P(w!"V) — D(al""V)].

s
n
Butsince ¢}, ") := D(a*) = D(at"D) < P(w®1) = D(at=V) and D(a®) - D(at-D) = (i1 —l0),
we obtain that
E[G(Dt)] < (1-2) E[egfl)] < (1- %)tIE[eSDO)] <(1- %)t < exp(—st/n) = exp (RQ:\'W;’Y”) .
This would be smaller than ¢p if
t> (n+ %) log(1/ep) .

It implies that

E[P(w®) — D(a®)] < gE[eg — ) < %E[eﬁ?]. (18)

So, requiring eg) < >ep we obtain a duality gap of at most ¢ p. This means that we should require

2 2
t> <n+%> log((n+%)-$),

which proves the first part of Theorem|I]
Next, we sum (I8) overt = Tj,...,T — 1 to obtain

T-1

w®) — D(a® _ " RID(a™DY — D(a™Y]
3 (P = D) £ s EID(l) - D(a™)

T —-1Tp

Now, if we choose w, & to be either the average vectors or a randomly chosen vector over t € {1y +
1,...,T}, then the above implies

_ _ n b n (To)
E[P(@) = D(@)] < Sy BID(@T) = D)) < S s Blep™)

It follows that in order to obtain a result of E[P(w) — D(a@)] < ep, we only need to have

T s(T—Ty)ep (T —To)ep
Elep,")] < T = - h
n —+ Yy
This implies the second part of Theorem [I] and concludes the proof. O
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4.2 Proof of Theorem 2|

Next, we turn to the case of Lipschitz loss function. We rely on the following lemma.

Lemma 3. Let ¢ : R¥ — R be an L-Lipschitz function w.r.t. a norm || - | p and let || - || p be the dual norm.
Then, for any o € R s.t. ||| p > L we have that ¢* () = oco.

Proof. Fix some o with ||a|p > L. Let 2 be a vector such that ||zo||p = 1 and a"xg = ||| p (this is a
vector that achieves the maximal objective in the definition of the dual norm). By definition of the conjugate
we have

¢*(a) = supla " z — ¢(x)]

x

> —¢(0) +swla’ & — (¢(x) — $(0))]
> —¢(0) + sl;p[aT z — Ljjz — 0] p]

> —¢(0) + Sclig[OéT (cxo) — Lllcxol| p]
= —¢(0) +sup(flaflp — L) e = oo

A direct corollary of the above lemma is:

Lemma 4. Suppose that for all i, ¢; is L-Lipschitz w.rt. || - || p. Let GY) be as defined in Lemma |I| (with
v =0). Then, G® < 4 R? [,

Proof. Using Lemma [3| we know that Hagt_l) |p < L, and in addition by the relation of Lipschitz and
sub-gradients we have Hugtfl) ||p < L. Combining this with the triangle inequality we obtain that ||uz(»t71) -

a"V||2) < 4L2, and the proof follows. O
We are now ready to prove Theorem 2]

Proof of Theorem[2] Let G = max; G® and note that by Lemma we have G < 4R?L2. Lemma with
~v = 0, tells us that

Oy _ iat-Dy] > 5 -1y _ prat-y _ (5)2 &
E[D(a?) = D(1)] > = E[P(w()) = D) - (2)" 5 19)
which implies that
Elep)] < (1- ) Elep 1+ (2)" 5 -
We next show that the above yields
) « 2G
Elen] < S@nri—t) 20)

forall t > ty = max(0, [n log(QAneg)/Gﬂ ). Indeed, let us choose s = 1, then at t = t(, we have

(t) t _(0) G -t/n (0) | @ G
Eley] < (1-3) ep + W1—(11—1/n) <eMen) + o < &
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This implies that holds at ¢ = ?g. For ¢ > ?p we use an inductive argument. Suppose the claim holds
for t — 1, therefore

S - S 2 S S 2
Elef)] < (1-2) Bl +(2)* & <(1-2) o T (2) 5%

Choosing s = 2n/(2n —to+t — 1) € [0, 1] yields

() 2 2G 2 e
Elep] < <1 - 2n—t0+t—1> Xen—tori-1) T (2n—tg+t—1> 2X

_ 2G 1— 1
- >\(2n—t0+t—1) 2n—to+t—1

_ 2G 2n—to+t—2
— A2n—to+t—1) 2n—to+t—1
< 2G 2n—to+t—1
— )\(2n—t0+t—l) 2n—to+t
_ 2G

— A(2n—to+t) -

This provides a bound on the dual sub-optimality. We next turn to bound the duality gap. Summing (19)

overt =Ty + 1,...,7T and rearranging terms we obtain that
1 d n sG
E Pw =D — D(atDN | < —  EID(a) — D(a(T0) Bl
=10

Now, if we choose w, & to be either the average vectors or a randomly chosen vector over t € {1y +
1,...,T}, then the above implies

BIP(w) - D(@)] < <" BD(e™) ~ D)) + 32

If T > n+ Ty and Ty > tg, we can set s = n /(T — 1) and combining with we obtain

E[P(w) — D(a)] < E[D(a'D) — D(aT0))] + 2)\(TG_TO)
< E[D(a*) — D(aT0)] 4 2A(TG—T0)

< 2G n G
- )\(21”& — o+ T[)) 2)\(T — TO) '

A sufficient condition for the above to be smaller than e p is that T > % —2n+tpand T > TH + %. It
also implies that E[D(a*) — D(a(T0))] < ep/2. Since we also need Ty > to and T' — Tjy > n, the overall

number of required iterations can be
To > max{tg,4G/(Xep) —2n+to}, T — Ty > max{n,G/(Aep)}.

We conclude the proof by noticing that eg) <1 (Lemma, which implies that £y < max(0, [nlog(2An/G)]).
O
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